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SUMMARY
The present paper, re-examines the general model by Sapra et al. [13]
which was based on the mathematical deduction and empirical verifications.
It develops a complete mathematical proof of the general expression
determining the minimum sample size for collecting plant germplasm
diversity for genetic conservation with an overall objective of retaining at
least a copy of each allele with some preassigned probability of conservation.
It considers sampling from a large heterogeneous diploid or auto-polyploid
population under a broad range of mating systems.
Key words: Allele, Auto-polyploid, Conservation, Diploid, Germplasm,
Polysomic model, Sample.

I. Introduction
Plant explorers and conservationists are generally concerned with the
ultimate sampling problem of collecting genetic material (vegetative or seeds)
from large populations with a view to conserve the germplasm diversity with a
certain degree of assurance. The number of plants needed to conserve the
germplasm diversity has been discussed in a number of papers (Allard [1],
Bennett [2), Qualset [12), Marshall and Brown [10], Bogyo et al. [3],
Chapman [5], Yonezawa [15], Crossa [6], Yonezawa and Ichihashi [16], Crossa
et al. [7], Lawrence et al. ([8], [9]) and Brown and Marshall [4] using
probability models mainly for diploid species. Sapra et al. [13] proposed.a
polysomic model for collecting plant variability from a population under broad
range of mating system. However, the said model was based on the empirical
verification of the results. The present paper, re-examines the said model and
develops the general expression with complete algebraic treatment.

2. Diploid Model
Di-allelic and Single Locus
In considering the problem of sample size,' it is convenient to begin by
considering the simplest case of conserving pair of alleles at a single locus in a
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sample drawn at random from a population of individual plants. The analysis of
the problem is then extended to the situation where there are more than two
alleles per locus at several of the independent loci. Suppose we wish to conserve
a gene, which occurs in a population in just two allelic forms, Al and A2 • The
genetical variation at this locus will have been completely conserved when a
sample drawn from the population contains at least one copy of each of these
alleles. We assume that the species in question is a diploid one. Let the
frequencies of the three genotypes at this locus be G I of A.A(, G 2 of A I A2 and G 3
of A2A2, where G I + G2 + G3 =1. Consider, now, the composition of a sample of
size, m, drawn at random from this population. Our objective of conserving the
variation of this locus will be achieved if the sample contains one heterozygote,
A 1A2 or one each of the homozygotes, of AlAI and A2A2• There is a risk,
however, that a sample will contain either AlAI or A2A2 individuals only, a
possibility which we wish to avoid. The probability that a sample size m
contains AlAI individuals only is, by the normal probability rules, (GI)m.
Similarly the probability that all m individuals in the sample are A 2A 2 is (G 3)m.
Hence the probability that the sample does not consist of either AlAI or A2A2
individuals only is 1- (GI)m - (G 3)m. But any sample which is not one or other of
these extreme kinds must contain at least one Al and at least one A 2 allele. Thus,
the probability, P that a randomly drawn sample of size m contains at least one
copy of each allele is
P[A h A2 ] = 1- (G1)m - (G 3)m
In order to define the relationship between the genotype frequencies, G(,

G2 and G3; and the allele frequencies of AI and A2, PI and P2' respectively, where
PI+P2=1. When individuals set a proportion of their seeds, s, by self-fertilization
and the remainder, (l-s) by random mating, the relationship between genotype
frequencies and allele frequencies is
Table 1. Diploid with 2 alleles

Genotype

Designation

Frequency

AlA.

G,

P12(1 _ F,) + P1F.

A{A 2

G2

2PIP2(1 - F I)

A2A2

G3

pi (1- F 1) + P2F 1

where F I = s/(2 - s) is the coefficient of inbreeding. Let the allele A 2 is rare
having a frequency of Po (say Po::; 0.1). Then the probability P is given by
P = 1- (1- po)m_ (po)m
or
where,

=(1- po)m+ (po)m
a =1 - P

a

(1)
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Multi-allelic and Single Locus

3 Alleles
Let us consider a population with 3 alleles A h A2, and A3 having allele
frequencies as Ph P2 and P3 at a locus. The five genotypes along with the
frequencies are as follow
.
Table 2. Diploid with 3 alleles
Genotype

Frequency

.A.A\

p\2 (1- F 1) + p\F 1

A2A2

2
P2 (1- F\) + P2F 1

A)A)

pl (1 - F.) + P3F.

A1A2

2p\P2(1 - F\)

A2A)

2P2P3(l - F\)

A3A1

2p3P.(l - F.)
The expression for evaluating sample size, m can be fonnulated as
3

3

L

P [A h A2, Ad = (1- ex) = 1- LP(Af +
P(AjAj)C
i=1
l=i<jS3
where P [A h A2, A3] is the probability of including all the 3 alleles at least once
in a sample of size m, P(Ait is the probability of missing allele, Ai, and P(Ai Ai>"
is the probability of missing both the alleles, Ai and Aj . Let us assume that out of
these three alleles one is abundant and the other two are rare having identical
frequencies (say Po). After calculating various probabilities and simplifying the
expression we get
P[A h A2, A3 ] = (1 _·ex)
where
ex = (2Po)m {2po(1- F\) + Fd m- 2Pom{Po(1- Fd +Fd m
+2(1-po)m{(l-po)(I-F\)+Fd m
- (1 - 2Po)m{ (1- 2Po)(l - F 1) +Fd m

(2)

4 Alleles
Let us consider a population with 4 alleles A h A2, A3 and A.. having allele
frequencies as Ph P2, P3 and P4' The ten genotypes along with the frequencies are
as follow
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Table 3. Diploid with 4 alleles
Genotype

Frequency
p/(l - F I ) + PIF,
P22(1 - F I ) + P2 F I
2
P3 (1 - F I ) + P3F I
pl(l- FI ) + P4F I
2plP2(l - F I )
2PIP3(l - F I )
2PIP4(l - F,)
2P2P3(l- PI)
2P2P4(l - PI)
2P3P4(l - PI)

A,A,
A2A2
A]A]
Pu.Pu.

A,A 2
AlA]
AIPu.

A2A]
A2Pu.
A]Pu.

The probability expression for evaluating m for including at least a copy of each
allele is

P(A 1, A 2 , A 3 , A 4 l
4 4 4

=1- LP(Aj)C +
i=l

L

l=i<jS4

P(AjA/ -

L

P(AjAjAk)C

l=i<j<kS4

where P(Ai)C is the probability of missing Ai , P(A j Aj )C is the probability of
missing both Ai and Aj ; and P(Ai Aj Ak)C is the probability of missing 3 alleles
(Ai, Aj , A k) at a time. Let us assume again that AI is abundant and A2 , A 3 and ~
are rare and each having an identical frequency of Po. After calculating various
probabilities and simplifying the expression we get
P [ A 10 A 2, A 3• ~ l = I - ex
where
ex = (3po)m {3po(1- F() + Fd m- 3(2po)m {2po(1- F I )+ fdm
+ 3pom{Po(1-F() +Fd m+ 3(1-Po)m{(l-po)(1-F1) +Fd m
- 3(1 - 2po)m{(l- 2po)(1 - F() + Fd m
+ 3(1 - 3po)m{ (1- 3po)(1 - F 1) + Fd m

(3)

On critically examining (1), (2) and (3), we can generalize the case for 'a'
alleles, under the assumption that there are 'a' alleles at each locus and out of 'a'
alleles, (a-1) are rare having identical frequency of Po and the ath allele having a
frequency of [1 - (a - 1)Pol. Thus, for 'a' alleles we get the following probability
expression for evaluating the sample size

(4)
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where 0.1 is the first summation and 0.2 is the second summation. Now we will
evaluate 0.1 and 0.2 as follow
The rth term of summation aJ, contains the term {(a - r)po(l - F 1) + Film
which is so small that it is almost negligible. Therefore
0.1'" 0
( because (a - r)po < I
(a-r) Po(l- F 1) < (1-F 1)
(a - r) Po (l - F\) + F 1 < I )

=>

Let us evaluate 0.2. We will consider the first term of 0.2 and it will be
shown for this case, that the other terms of 0.2 are negligible and can be dropped.
After dropping these terms we get
0.2 = (a - 1)(1 - po)m{(1 - Po)(l - F\) + FIlm
Since 0.\ '" 0, therefore, a'" 0.2. Taking log on both sides and solving for m
we get
log a -Iog(a -1)

m > --=---,...=.-'-----'--

(5)

log [(1- Po)2(1- F\) + Fj]

Proof for ignoring all the terms of 0.1 and 0.2 (except first) are negligible by
calculating the limit of r th term of both the summations. The rth term of 0.1 is
[(a - r)po]m'[(a - r)po(1- Fj) + Fj]m' = Exp(Y\)
where

where m' = m as given by (5) and Y1is equal to the terms inside the exponential.
Now it can be shown that Y j is negative, therefore, Exp (Y j ) is maximum when
Y1tends to zero. In that case Exp(Y I) = 1. Therefore minimum value of Po, a and
r that make Y 1 approaching to 0 are required. Now we will obtain the limiting
value ofExp (Y 1) by calculating the individual limits
It

[log(1- Po) + log {(1 - Po )(1- F\) + Fd]

Po --+ 0

=

It

10g(1- Po) + It log{(l- Po)(l- F\) + Fd

Po --+ 0

Po --+ 0

=-Po(2-F\)
It log(a - r)po + 1t log[(a - r)po(1- F\) + Fj] = -{1- (a - r)po}{2 - Fd
Po ->0

Po --+0

Putting the values of these limits, we get the limiting value of the r th term of 0.1
as follows
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Exp(Y)

=[~]
{l- (a - r)po} / Po
a -I

The maximum value of this limit is attained when r = 1 and a = 2

= 1.91E-25 for a = 0.05 and Po = 0.05

= 1.0E-9 for a = 0.05 and Po = 0.10
Now we will prove that the terms of summation a2 (other than the first i.e.
r ~ 2 ) are negligible. The r1h term of a2 is
[1- rpo]m'[(l- rpo)(l- Fj) + Fj ]m'

=Exp(Y2)

where
Y =
(Ioga-Iog(a-I)}
10 [(1)][(1)(l-R)+R]
2 log{ (1- PO)2(l- FI ) + Fj} g
rpo
rpo
1
I
where m' =m as given by (5) and Y2is equal to the terms inside the exponential.
Now it can be shown that Y2 is negative, therefore, Exp (Y 2) is maximum when
Y2 tends to zero. In that case Exp (Y2) = I. Therefore, minimum value of Po, a
and r that make Y2 approaching to 0 are required. Now we will obtain the
limiting value of Exp (Y 2) by calculating the individual limits.
It log[(l- rpo){(l- rpo)(l- FI ) + Fj}]

Po -->0

=

It log(l- rpo) +
Po -->0

It log {l- rpo(l- FI )}

Po-+O

= - rpo - rpo(l- Fj) = - rpo(2 - Fj)

Putting the values of individual limits, we get the limiting value of the r th
term of a2 as follows
Exp(Y) =[~] r
a-I

=a(l-poVpo

=

=

Exp(Y2) is maximum when r 2 and a 3. Therefore, the maximum value
of the limit is at (aJ2i; and for a = 0.05 and 0.1, values are 0.000625 and
0.0025. Thus, these are the maximum possible values of the second t~rm of
summation az.
Multi-allelic and Multi-locus
Let there is A independent loci and at each locus the first (a-l) alleles occur
at an identical low frequency of Po and that the ath allele occurs at a frequency of
[1 - (a - l)Pol. Then the probability for capturing alleles from all the loci is the
product of the probabilities for each locus. The probability for a single locus as
from expression (5) is .
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p= I-a. ... I-(a-I) (13d m

(6)

where 131= log{ (1 - Pol(l - F I) + (l - Po) Fd
Now the probability that at least a copy of each allele from all the loci can
be obtained as follow
p= I-a. ... [I-(a-I) {13d m]A

(7)

Taking log on both sides and after simplification, (7) reduces to
m> log{I- (1- a.)"I.} -log(a -1)
log 131

(8)

From expression (8), we can derive following two important expressions;
one for random mating (s = 0) and the other for exclusive selfing (s = 1).
Random Mating (s = 0)
log{I- (1- a.)III.} -log(a -1)
m > ---=::....:...-----'-----'-----'---=:;-'------'210g(l- Po)

(8a)

Selfing (s = 0)
log{I- (1- a.)"I.} -log(a -1)
m > ---=::....:...-----'-----'-----'---=:;-'------'log(l-po)

(8b)

The expression (8a) obtained here for inbred population (s = 1) is the same
as of Crossa et al. [7] obtained for a population of infinite size subdivided into
many highly homozygous lines with a class of alleles.
3. Polysomic Model

Diallelic and Single Locus
Let us consider a large 2k-auto-polyploid population with 2 alleles Al and
A 2 at a single locus having frequencies PI and P2 respectively, reproducing by
constant proportions of selfing (s) and random mating (1 - s), with no double
reduction or selection. Such a population at equilibrium can be denoted as
2k
Z == ( A(2k , Al 2k-1 A2 , A l 2k-j A2 i,
, A2 )
PI 2k ( I-Fk ) + PI F k, 2kCI PI 2k-1 P2 ( 1- F k ), 2kC; PI 2k-j P2 j (l-Fk)... , p/k( I-F k )

+ P2 Fk
The sum of the allelic frequencies and the sum of the genotypic
frequencies as given above are one. F k is the theoretical population inbreeding
coefficient at equilibrium for a 2k-ploid organism and is related to the
proportion of selfing (s) by the following formula (McConnell and Fyfe [11])
F k= s I {2k-(2k-I)s}
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When k = I, the population becomes a diploid. Our objective of
conservation that a randomly drawn sample from a 2k-ploid population captures
at least one copy of each of these alleles can be achieved if the sam~le contains
either one of the heterozygotes or one each of the homozygotes AI k and A22k .
The probability of capturing at least one copy of each allele excluding the
probability of selecting only one of the homozygotes in a sample of size m, as
suggested above by Lawrence et al. [8] for diploid models. Thus, following the
same logic, the probability that a randomly drawn sample of size m contains at
least a single copy of each allele at the said lOcus is
P[A" A 2] = 1 - a = 1 - {PI 2k(1_ F k) + PI Fk}m - {P2 2k ( 1 - F k ) + P2 F k }m

(9)

We can further simplify the above expression by assuming that the allele
A2 is rare in nature and occurs with a frequency of Po- Then we can rewrite (9)
as

Tetraploid with 3 Alleles
The expression for a tetraploid population with 3 alleles AI> A 2, and A 3;
and with 15 genotypes is formulated as
3

P[A I ,A2,A3l=(1-a)=I-L P(A j)C+
i=1

3

L

P(AjAj)C

(11)

l=i<j:>3

After calculating the various probabilities as mentioned earlier and
assuming that alleles A2 and A 3 are rare, having a low frequency of Po and AI is
abundant with a frequency of (1-2po), we get the simplified expression as below

a = (2po)m {(2po)3(1 - F 1) + Film - 2pom{P03(1- F I ) + Film
+ 2(1 - po)m{(l- po)3(1 - F I) + Film
- (l - 2po)m{(l - 2pO)3(1- F 1) + Film

(12)

Now looking at (1), (2), (3), (10) and (12), we can very easily generalize
expression for auto-ployploids (2k-ploid) for 'a' alleles as follows

a=

[1)

a-I
~(_l)r-I
:=1 {(a-r)po}m [{(a-r)po}2k-1 (l-E)+F,]m

+
or

%(_l)r-t a~I){(l_rpO}m{(l_rpO)2k-I(1_F')+F.}m

(13)

a = al + a2

where al and a2 are the first and second summation of a. Let us again evaluate
al and a2 for auto-polyploids. Here, it can be seen that
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<x,S;~(-1)a-I

III

[1)

aID
r-1 {(a-r)po}

Now the term [(a-r)po]m is so small that it is almost negligible. Therefore,
<Xl "" O. We will only consider the first term of the summation, <X2, Other terms of
<X2 are almost negligible. Thus, after dropping the negligible terms of <l2, we get
<X "" (a-1)(1-po)m[(1_po)2k.I(1-Fk)+Fk]m
The expression for evaluating sample size, m can be written as
log <X -log(a -1)
m > --='----~-....:...
log[~k] _

(14)

where

Proof for Ignoring Terms of <XI and <X2
Now we will prove that all the terms of <XI and <X2 (except first term of <l2)
are negligible by calculating the limit of rib term of both the summations. The rib
term of <XI here in this case is
[(a - r)po]ID'[{ (a - r)po }2k-1 (1- F\) + F\ ]ID' = Exp(YI )
where

where m' = m as given above and Y I is equal to the terms inside the exponential.
Now it can be shown that Y I is negative, therefore, Exp (Yd is maximum when
Y tends to zero. In that case Exp (Y I ) =1. Therefore, minimum value of Po, a, k
and r that make Y I approaching to 0 are required. Now we will obtain the
limiting value of Exp (Y I) by calculating the individual limits. The limiting
value of the r 1h term is

1) [~]L

Exp(Y =

a-I

where
L = {l- (a - r)po} + (1- F\ )(1- (a - r)po2k-l)
Po + (1- F\ ){1- (1- Po)2k-l}
Now for maximizing Exp(YI), L has to be minimized. L is minimum when
k = I, r = 1 and a = 2. In that case the limit becomes
Exp(Y ) = (<x)(I- Po) / Po
I

=1.91E-25 for <X = 0.05 and Po= 0.05
=1.0E-9 for <X = 0.05 and Po = 0.10
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Similarly we can evaluate the rth term of the summation,
value is given by

0.2'

The limiting

2) [~]L

Exp(Y =

a-I

where
L = rpo +(1-!\){I-(I-rpO)2k-l}
Po +(I-!\){1-(I-PO)2k-l}

Exp(Y2) is maximum when a = 2, Fk = 0, r = 2 and k = 2. Thus, the
maximum value of 2nd term of the summation, 0.2 is 8.21168E-4 for Po = 0.05
and 3.12E-3 for Po =0.1.
Multi-allelic and Multi-locus
From expression (8) and (14), we can easily deduce the tinal expression
determining minimum plant sample size for 2k-polyploids, for capturing multi
allelic and multi-locus diversity
m>

10g{1- (1- a)1/),,} -log(a -1)
10g(J3 k )

(15)

Here, it can be seen that when k = 1, i.e., when the population is diploid the
expression (15) reduces to (8). Expression (15) can be further re-written to
isolate the effect of polysomic inheritance on the sample size as
A

m>-B+C

(16)

where
A= log {(1_(l_a.)llA.} -log (a-I)
B =log (1 - Po)
C =log {(1 - Po) 2k-1 (1 - Fk )+ Fd
When the individuals mate at random i.e., s =0, (16) reduces to
A
m>2B
and when there is a complete selting i.e., s = 1, we get
A

m >B

(16a)

(16b)

4. Discussion

Our expression (16), m > A/(B+C), determines minimal sample size,
whereas, Crossa et al. [7] obtained m > AlB, which is possible when C = 0 or
the population in consideration is completely inbred (s =1). The term C involves
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the polyploidy parameter (k) and the corresponding inbreeding coefficient (Fk );
hence, it accounts for a reduction in sample size owing to deviations from
selfing and diploidy. For a given ploidy level, reduction in sample size continues
until the state of complete random mating, where sample size reaches a
minimum value of N2kB. Thus, for any given population, minimum sample
size lies between N2kB and NB. The upper bound (NB) is attained under the
condition of no random mating (s = 1) and is unaffected by the ploidy level. As
we deviate from complete inbreeding, the role of ploidy in reducing minimal
sample size increases until the minimum value (N2kB) is reached. This occurs
under the condition of no selfing (s = 0). Thus, the sample sizes under this
condition for diploid, tetraploid, hexaploid and octaploid populations are almost
mu / 2, mu / 4, mu / 6, and mu / 8, respectively. Here mo is the upper Qound of the
sample size i.e. NB.
We made an attempt to determine a theoretical minimum number of
vegetative samples for capturing all the alleles from a population with a given
probability of conservation. We developed a general model by considering a
2k-auto polyploid population under a broad range of mating systems by
extending statistical treatment to the models of Lawrence et aI. [8]. The required
minimum sample size under our model is N(B + C) which lies between the
bounds A/2kB and NB, attained under the extreme conditions of no selfing and
no random mating. Crossa et al. [7] reported a similar conclusion, but for a
diploid model. They indicated that if there are no associations between genes
within individuals at any loci, then the required sample size is exactly half the
sample size of that under perfect association. If the degree of association is
unknown, then the required sample size is between rn/2 and m. Our general
model yields the same results as given by the said authors when k = 1 and s = 0
or 1. Minimum sample sizes for given probabilities of conservation, rare allele
frequencies, and numbers of alleles and loci, under our set of assumptions, have
a lower bound, NB for all inbred populations irrespective of ploidy level.
Sample sizes are smallest under random mating equilibrium. Sample sizes in this
state reduce further with increasing ploidy levels. The behavior of our model
confirms the conservative characteristics of genetic variability related to
polysomic inheritance.
Notably, our treatment here only provides a model for the required
minimum sample size for collecting the plant materials. With most species,
however, it will usually be possible and, indeed, considerably more practicable,
to collect seed from the individuals of a population. When seed is collected,
sampling is done from the next generation, because the plants raised from this
seed are the offspring of the plants from which the collections have been made.
When the individuals of a population always set their seed by self-fertilization,
all of the progeny raised from seed taken from a single individual are expected
to be, mutation apart, identically the same as their parent. Hence, when s = 1,
nothing can be gained by taking more than one seed per plant. When individuals
mate at random, the offspring raised from seed taken from a single individual
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are no longer expected to be genetically identical either among themselves or to
their maternal parent. Potentially, questions of how many seeds per plant should
be sampled or whether we can achieve greater efficiency by collecting more
seeds from a smaller number of plants have been investigated by Yonezawa and
Ichihashi [16] using probability models, Lawrence et al. [9] based on the
analytical procedures of quantitative genetics and Sapra et al. [14].
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