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SUMMARY

In this article the evolutionary algorithm is applied to stratifYa multivariate population. The
algorithm is illustrated for agricultural data originating from the Agricultural Census 2002, conducted
by the Central Statistical Office of Poland. The results obtained are compared with the results of a
classical non-linear optimization method. Finally, the usefulness of global optimization methods in
multivariate stratification is discussed.
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1. INTRODUCTION

Lednicki and Wieczorkowski (2003) used the
simplex method of NeIder and Mead (1965) to perform
multivariate stratification.The simplexmethod is a local
optimizationmethodand hencemaybe inefficient.Kozak
(2~:::1) investigated this problem in a univariate
stratification, and found that the random search method
appeared to be more efficient than the simplex method.
Niemiro (1999) applied the random search method in
other problems of univariate stratification, whereas
Keskinturk and Er (2007) proposed a genetic algorithm
for univariate stratification. Therefore, there is a scope
of improvement in multivariate stratification by making
use of global optimization methods.

The aim of the paper is to show that evolutionary
algorithms can be efficiently applied in multivariate
stratification.Theapplicationofthe algorithmispresented
on the basis of a two-dimensionalagriculturalpopulation
and itsresultsarecomparedwith the resultsof the simplex
method of Neider and Mead (1965).

2. EVOLUTIONARY ALGORITHM FOR
STRATIFICATION

In this section, the use of evolutionary algorithm

J University of Texas at Brownsville and Texas Southmost
College, Brownsville, Texas 78520, USA

for stratification is explained. Evolutionary algorithms
are not elaborated here, for details one may refer to
Goldberg (1989), Michalewicz (1992), Back (1996),
Heitkoetter and Beasley (2001), and many others. The
algorithm proposed in this paper is, in a way, a synthesis
of the Genetic Algorithms (GAs), Evolutionary
Programming (EP), and Evolution Strategy (ES).

Let us formulate the optimization problem first.
Assume that a population U is subdivided into J
subpopulations. Each/h,j = 1, ..., J, subpopulation is to
be stratifiedintoL strata(whereL isassumedfixed)using
k auxiliary (stratification) variables. Let us assume that
survey variables are strongly correlated with auxiliary
variables, a common assumption in survey practice. We
aim at finding such an array a of strata bour.darieswhich
minimises an overall sample size, i.e., the sumof sample
sizes from the subpopulations, with respect to fixed
coefficients of variation Cj(i = 1, ..., k, where k is the
number of stratification variables) of estimators of the
population mean of the variables in the subpopulations.
The objective function is of the form

J

f(a\,...,aJ) = I,f(aj)
j=\

Given aj (which are, in fact, the parameters we are
looking for), the procedure of evaluation of the values

(I)
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f (aj) in the lh subpopulation is as follows (Lednicki and
Wieczorkowski 2003). First, evaluate sample siz~s for
each Yi, i = I, ..., k

(

L-I

)

2

(

L-I

)

-1

flaj) =NjL + L WjhSjih YTiCf+Njl L WjhS;ih
h=1 h=1

j = I,... J (2)

where ~(aj) is the minimum sample size for the ithvariable
from the lh subpopulation required to obtain the desired

level of precision of estimation, SIih is the variance of

the ithvariable in the hthstratum ofthelh subpopulation,

Yji is the population mean ofYi in the lh subpopulation,

Cjis the fixed value of coefficient of variation (cv) of the

estimator of the population mean of the ithvariable, Nj is
the size ofthe jth subpopulation, and Wjh = Njh / Nj.

Next, on the basis of the values ~(a) evaluate a final
objective function given by (Lednicki and Wieczorkowski
2003)

L-]

f (aj) = N jL + L njh
h=1

(3)

where

njh = . ~ax {(nj -NjL)ajih },h=I,...,Ll-I,...,k

nj = .~ax {fi (aj)}l-I,...,k

(

L-I

J

-I

ajih = WjhSjih L WjhSjih
h =1

Function (3) assumes the Neyman optimal sample
allocation between strata, under the take-all stratum
approach (Lednicki and Wieczorkowski 2003). The
optimization problem is to find an array a of strata
boundaries which minimizes the objective function (3)
under constraints

Njh ~2, 2:S;njh:S;Njh,h = 1,...,L - 1 (4)

We consider here a situation in which distribution

of the survey(and stratification)variablesis right skewed.
In such a situation an efficient procedure is to create a so
called "take-all" stratum, in which all units are taken to
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the sample (Lavalee and Hidiroglou 1988,Rivest 2002,
Lednicki and Wieczorkowski2003).The take-all stratum
approach is taken into account in the equations (I) - (4).

In such a stratification procedure, it is assumedthat
strata boundaries can be represented by the array a. Then
a specific L-rot-180 stratification geometry is used; in
the bi-variate case strata have a form of the capital L
rotated through 180 degrees (Briggs and Duoba 2000,
Lednicki and Wieczorkowski 2003), in which case
stratum boundaries can be representedby an array awith
elements

r all

a = la(L~ ])1

... alk

1.~. a(L ~ I)k

(5)

where ahi,h = I, ...; L - I; i = I, ..., k is the particular
stratum boundary. On the basis of(5) we can indicate to
which strata a particular unit belongs. Consider a unit
stratum indicator function L(X, a) which for the mth
population element assumes a value

Lm(Xm,a)

{

I ifXim :S;ail

= h ifai(h_I)<Xim:S;aih andXi'm:S;ahi.,h=2,...,H-I

H if X >a - ,
c
. "- 1 k '" - I N)1m I(H I) 1,1 - ,..., ,1 :;CI,m- ,...,

There are some software programs that enable the
user to use genetic algorithms (e.g., a package rgenoud
in the R language - see R Development Core Team 2005).
Their algorithms are universal, i.e., they can work with
any function. Certainly, adapting the evolutionary
algorithm to the specificity of stratification may make
the algorithm work faster and thus be more efficient.

Let us introduce some aspects of the algorithm,
namely representation, initialization of a population, and
operations of crossover and mutation.

Representation. The algorithm can work on arrays a
which have been presented in (5). Then, formally a
particular chromosome (the individual) would be
represented by the array a, and each stratum boundary
would be a particular allele of a chromosome. Next, the
population would have a form of a block matrix [aiL
where I, (I = I, ..., m), is an index of the individual. But
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an alternative approach is to use vector a' consisting of

strata boundaries, i.e., the rows of the array a, combined
into a vector

a' = (all ,...,al(L-J),...,akl ,...,ak(L-I)f (6)

In such a case some operations, e.g., the crossover,

are easier to carry out. Therefore, th:::vector a' will be

used as the chromosome (individual). Its elements will

be called the alleles. However, the length of a' must not

be too small because some of the operations of the
algorithm would not work. Let us assume that its length

is not smaller than 6. In general, the proposed algorithm

works most efficient when we stratify a population into
more than two strata.

Initialization. Some individuals of the initial population

can be generated by means of the univariate stratification

method for each variable; for instance, approximate

methods ofDalenius and Hodges (1959), Eckman (1959),

or Mahalanobis (1952) can be used. In a case of random

individuals, strata boundaries for the ithauxiliary variable

should be drawn from the interval (min(Xj), max(Xj»

and then sorted out by its values.

Crossover. Next two crossover operations, i.e., a one-
point and two-point crossover, are introduced. An
algorithm of the one-point crossover is as follows:

. Draw a random integer from an interval

(2,(L-I)k-I); it will be a point of exchanging the

information, i.e., the crossover point.

. Copy all the information from a parent A from the
start up to the crossover point, and copy all the
information from a parent B from the crossover
point to the end of the chromosome, i.e., the vector
of strata boundaries a'. Create a second offspring
in the same way, but "changing the sex of the
parents", i.e., topy all the information from the
parent B from the start up to the crossover point,
and all the information from the parent A from the
crossover point to the end of the chromosome. In
such a way, the new chromosome gets the head of
one parent's chromosomecombinedwith the tail of
the other (Heitkoetterand Beasley2001). Sort each
part of the chromosome regarding the variable Xi,
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The two-point crossover algorithm is as follows:

. Drawtwo randomdifferentintegersfroman interval

(2,(L-I)k-I); they will be .the crossover points.

. Copy the information from the parent A from the

start up to the first crossover point, and from the

second crossover point to the end of the parent A;

copy the information from the parent B from the

first crossover point to the second crossover point.

Create a second offspring by "changing sex of the

parents", like in the one-point crossover. Remember

to sort the obtained offspring.

As one can see, the two-point crossover should not

be used in case of a short vector a'. In each step of the

algorithm we can choose the type of the crossover in a
random way with a given probability.

Mutation. In GAs, a mutation probability Pmis often
fixed as an inversion of the population size, i.e.,
Pm= m-I, where m is a number of individuals in the
population(Delong 1975).In EPthe mutationprobability
is much greater than in GAs. But considering our
representation, such a small probability would lead to
"impoverishing" of the population, and in consequence
we couldnotobtainthe optimalsolution.HencePmshould

be quite large, for instance Pm~0.5 . The mutation

procedure is as follows. For each allele ofthe mutating
individual

. Generate a random number u ~ U (0, I)

. Ifu < Pm'where Pmis the fixed mutation probability,

go to the next step; else the allele does not change.

. Change the considered allele, i.e., the strata
boundary for the ithvariable, by the rounded value

of a variable z-N(O, <rz), where <rzis fixed.

(investigations detected that the efficient value of
<rz can be obtained from

<r==(1 Oq-I [max(X)-min(X)]).

. Finally sort the individuals in the same way as in
the crossover procedure.
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Selection. Selection ensures that the best individuals

survive. The importance of selection is pointed out by
Holland (l962a, b) in his elaborations on adaptive
systems.An important aspect of the selection in the EAs
is a fitness function. It characterizes the fitness of the

individualsto the environment. In EAs, minimization of
the objective function resolves itself into maximization
of a fitness function.

There are many fitness functions. In our algorithm

the following one was applied (Cheng and Gen 1994)

maxf(xJ)-f(XI)+Y

g(xD = J () . () ,I,J=I,...,mmaxf XJ -mmf xJ +Y
J J

(7)

where g(XI) is the value of the fitness of individual XI>
f(xD is the value of the objective function for the individual

XI>maxf(xJ) is the maximum value off(x) in a particularJ

generation, Yis the given positive coefficient (say y= 1).

There are many types of selection, of which the most

often used are the fitness proportional selection, roulette
wheel, and stochastic tournament selection. We will use
the last one. Its algorithm consists of the following steps

. Draw T individuals from the population (with equal

probabilities); carry out the tournament - from
among the T individuals, choose the one with the
bestfitness, i.e.,withthe greatestvalue of the fitness
function; T is fixed, usually T = 3. .

. Repeat, the above procedure m - 1 times to get the

population consisting of m - 1 new individuals.

Furthermore, combine the selection with the cloning
of the best individual. This results in taking the best

individual from the parental population to the new selected
population, and then carrying out the selection for getting
the rest of the m - 1 individuals. .

Algorithm

A problemis to find avectora' (oflength (L- l)x k)
which minimizes the objective function (1) under the
constraints (4). Here is the algorithm

1. Fix the size of a population, i.e., a number m of
individuals. Create the random population
consisting ofm individuals, i.e., m vectors a'.

2. For each individual check up the constraints (4). If

they are not fulfilled, mark the objective function

for the individual with some large value.

3. Carry out the crossover m times, to obtain 2m

offsprings.

4. Carry out the univariate mutation for each offspring

and each variable independently.

5. Clone the best individual and then carry out the

stochastictournamentselectionfromthe population

consistingof 2m- 1individuals(withoutthe cloned
one).

6. Repeat steps 2 - 5 a fixed number of times, say R.

An individual with the best fitness in the last, Rth,

generation is a solution of the problem.

One can change some elements of the algorithm

body,e.g., we could decide to use someother formof the
crossover, mutation, selection, or fitness function. We

also have to decide about the population size (i.e., the

number of individuals), number of iterations, and about

a presence of determinant individuals in an initial

population.

3. EXAMPLE

In this section, the algorithm is illustrated for an

agricultural data set based on the Agricultural Census

carried out by Central Statistical Office of Poland in 2002.

Two stratification variables are cereals and potato area;

the frame consists of the farms with an agricultural land

larger than 2 hectares. The population is subdivided into

16 subpopulations (Voivodships, the main administrative

provinces of Poland). The results of the algorithm are

compared with the results of the simplex method of Neider

and Mead (1965).

The results obtained are presented in Table 3. Ten

strata are constructed; the fixed coefficients of variations

of the estimators of the population mean of the variables

in the Voivodships are the same for both estimators:

CI = C2 = C = 0.005 (for each Voivodship).
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Table 1. Sample sizes from provinces required to obtain a
precision of mean estimation of two stratification variables
(a cereals and potato area) equal c] = C2= C= 0.005, got by
using the simplex method (S) and the proposed evolutionary
algorithm

Source: Own calculations based on CSO of Poland data from the

Agricultural Census 2002

Generally, the final results of the evolutionary

algorithmare betterthanthe resultsof the simplexmethod,

i.e.,the overallsamplesize is smaller.Note that the results

of the simplexmethod are equally good or slightlybetter

in five Voivodships(10, 16, 18, 28, and 30).

5. DISCUSSION AND CONCLUSIONS

The main aim of this paper is to show that global

optimization methods can be efficient in multivariate

stratification.One of the methodsof global optimization,

the random search method, was shown to be efficient in

univariate stratification (e.g., Kozak 2004, Kozak and

Verma 2006). In this paper we have shown that global

optimization methods can be efficient in multivariate

stratificationas well.The evolutionaryalgorithmisshown

to be more efficient than the simplex method of Neider

and Mead (1965). However, we do not claim that the/

proposed algorithm is really the best one. Based on our

results, wejust say that evolutionary algorithms should

be considered as a method that can optimize the
multivariate stratification.
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In the example considered, 25 individuals
(chromosomes) represented by vectors, and 50
generations are used. For someVoivodshipsthe simplex
method appeared to be little more efficient. This could
be corrected by applying more generations in AE
algorithm; certainly, it would result in a longer working
of the algorithm. Eventually, the body of the algorithm
could be changed to optimize its work.

Wehave presented application of the algorithm in a
particular stratification problem, presented by Lednicki
and Wieczorkowski(2003). However, the algorithm can
also be applied for any other stratification problem, for
instance, where we stratifY a multivariate population
subject to fixed sample size and aim at minimizing
coefficients on variation of the estimators under study.
In fact, in the proposed algorithm a form of the objective
function and constraints does not matter.Just change the
formulas in the algorithm, and it will work properly.

This discussion inclinestowards the conclusionthat

evolutionary algorithms are worth recommending in
multivariate stratification. The results and conclusions

are preliminary in nature. Further studies should regard,
first, the optimum form of the algorithm, and second,
optimality of its parameters. However, the results and
discussion from the papers by Kozak (2004) and
Keskinturk and Er (2007) and from this paper show that
in univariate and multivariate stratification one can

efficiently make use of global optimization methods.
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