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§1. REsuME |

IN Part I of this paper a modification of MacMahon’s formula had
been dzveloped for the direct and exhaustive enumeration of the
standard Latin squares of any order n, and this formula was applied
to the enumeration of the 6x6 Latin squares. Although the 6x6
squares had already been exhaustively enumerated before, no such
enumeration except that attempted by Norton (1939) so far existed
for the 7X7 squares. In this paper the formula established in the
earlier part has been applied to the complete and exhaustive enume-
ration of the 7X 7 Latin squares. It is interesting to recall in this connec-
tion that Norton (1939) in his own words only presented, *“ an extensive
—possibly an exhaustive—study of 7x 7 Latin and higher squares.”
It would be shown that his figure 16,927,968 actually falls short of the
true size of the universe of standard 7x 7 Latin squares by 14,112,

Before beginning with the calculations, we shall first restate, without
proof, the three main results established in Part I, as these would be
used again and again in the sequel.
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THEOREM I.—* The number of standard Latin squares of side ‘n’
is enumerated by the formula : g )

‘Ru D(1345---n) D(1245...”) D(1235...n) ces D(1234 i=1) (]345 n). (1245...n)
(1235...m)...(1234. . .n = n-=1), o (1.1

where the (n — 1) partitions may be written down by striking out in
turn the numbers 2, 3, 4, ...n from the series of integers 1,2, 3, ...n;
and where - the operatlon D()\l)\2 A 18 performed-upon the product
$1-$2. .. ¢, of symmetric functions denoted by partitions, by abstracting
the partition (A;4,...2,) from the product in all possible ways, one
part at most being taken from each factor, and adding the terms.”

Of ‘course, the totality of Latin squares of -order n, whether
standard or non-standard, is given, as is well known, by

IL=nl(n—D!'R

so that the direct ‘evaluation of R, is considerably simpler than the
task of evaluating 7, from the usual MacMahon formula :

I, = D" a5,y (123...00)".

on)

.Tueorem IL—“Let the universe of standard Latin squares of’
order 1 containing the letters a, ¢, d, e, f, ... in the second-row second-
column cell be denoted by

An’ Cn’ Dn’ Ew’ F‘1

Then
. Cﬂ:D":Eﬂ:Fﬂ:

So that the obvious relation

Rn = An + Cn -+ Dn + Eﬂ + FR + .
becomes ,
Rn = An + (f'l - 2) Cn' (12)

Also the analyéical expressions for A, and C, are obtained from the

formula (1-1), if in applying the first operation D 1315...4y> We Testrict

ourselves to the following terms alone: :
(i) For A,—where'1 is deleted only from the first factor (1345.-, 1)

of the operand, and 3, 4, 5, ...n from the remain-
ing factors, :

(i) For C,—where 3 is deleted only from the first factor (1345. . .n)
of the operand, and 1, 4, 5, ...n from the remaijn- )
ing factors, t

and.the remaining operations are kept unaltered.”
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This reduces the problem of enumeration to the evaluation of
A, and C, only.

THEOREM III.—“If two terms of a set, obtained after a D-opera-
tion, are connected by a pzrmutation which leaves the remaining
D-operators invariant, then the two terms are equinumerous, i.e.,
lead to the same numerical result on performing the remaining
D-operations,”

To avoid confusion, the -bracket notation of partitions shall be
exclusively reserved for the symmetric functions of our formule, unless
explicit reference is made to these connecting permutations.

§2. TﬁE FORMULA FOR ENUMERATING 7X 7 LATIN SQUARES
Formula (1.1) for the case n = 7, when written out in full is—
R; = Dgusery Duasseny Dazssery Doessery Dssssry Diazasssy [P,

where P is the following product of symmetric functions: (2.1)
P = (134567) (124567) (123567) (123467) (12.3457) (123456).

Denoting the operators by 8, and the factors of the operand by f;
we can write the above formula as follows:

R, = 81-82-83-84-85-86-[f1-f-3-fa-f:;~f5-f6] (2-2)

where,

3, = Duassu S - (134567)

8y = Dossery fr = (124567)

83 = Dgagsen) and, S = (123567) 2.3)

8y = D 103467 Ja = (123467)

85 = D 133657 £ = (123457) .

8g = D(1234:)s) fs = (123456)
so that '

P =fifoSs-SJsSs:Ss:

§3. OUTLINE OF DiFFERENTIAL OPERATIONS WITH THE
ATTENDANT REDUCTIONS

The following operator-wise descriptive summary provides a brief
over-all picture of the entire calculations. The reductions mentioned
at each stage are a consequence of using Theorems II and 11I as given

above in the résumé,
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Writing the formula (2.1) in the form:
R, = 8,.8,.85.8,.85.85 [P] 3.D

where the 8’s denote partition-deleting operators and P is the product
of symmetric functions ‘ f;> expressed in partitional notation as given

in (2.3) above, we have shown in §4 that §,. P generates the sum of
309 terms, and have also reduced them to only eight terms, such that

5.P = 2 ax, ' (3.2)
i=1 .

where the a’s are known coefficients and the x’s denote symmetric-
function products as given in Table I.

It follows from (3-2) that
8
8.8, P = X a,(8;.x,).
i=1

In §5 are given the complete expressions for each of the 3,.x;
(i=1,2,...8), the second operation 8, generating 663 terms in all
(vide Table 11)..

In'§ 6a we have reduced each §,.x; to the form
Z Wiy Yitr)
the weights w, and the syrrimetric-function products y, being given in
Table [1I. The y’s are only 127 in number.

In § 6b we reduce the 127 y,’s above to only 40 representative y;’s,
so that we may write

. .
8.8 P = 2 a; (Zwiy) Yirry)
i=1 r

127

= Z by, sy,

=1
40
= 2 ¢y say, (3.3)
p=1 P7P ’
where jj, js, ... are some of the numbers from 1,2, ...127 (vide

‘Table 1V). Hence, from (3-1) and (3-3)
40
Ry= £ ¢, (85.8:.8:.8.3,). (3.4)
- p=1

This reduction of the 663 terms, generated by 8,, to the 40 y’s has been
the main rour de force leading to the present enumeration,
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The evaluation of the 40 quantities (vide Table V)

83.84.85.84.(y))
next confronts us with the heaviest, .though routine, part of the
problem, as it involves the application of 8;.85.84 to the 1159 terms
generated by 8,3y, These calculations have been briefly illustrated in
§7 by means of an example for the case :

85.8,.85.8, ().

The remainder of the work, §§8 and 9, is pretty simple, being
only the formation of a cumulative sum of products, leading directly
to the value of R,,

§ 4. THE FIRST OPERATION §, = D 131567y —REDUCTION TO EIGHT TERMS

We shall now apply the first operator D 134561, to the product

P=1fafsfsfsfs. The operation breaks up into two parts, according
as

3

(1) 1 is deleted from the first factor * f;’,
or (ii) 3,4, 5, 6 or 7is deleted from the first factor ‘.

Proceeding as in Theorem 1I, it follows that the five sets in (ii)
obtained by deleting 3, 4, 5, 6 or 7 are equivalent, so that (Theorem II)

R,=4,-+5C, : 4.1
where,
A, =¢ [(34567)-0(34567, Jo S5 1afs Sl
C7 = £ [(14567)-D(14567; fzfsfdfsfs] (4.2)
and

£ =0,.8,.5,.5,.5, y

Next, it follows from Theorem III, that equivalent terms are obtain-
ed through permutations which keep ¢ = 3,.3;.5,.8;. §; invariant, ie.,
factors of the transformation

(12). (34567).

¢

Reduction of A,

Applying D g4, We can delete 4, 5, 6 or 7from *f,’. This gives
the following four sets of terms:

Ay = £ [(34567) {(12567). D s5n, fofifsfs +. - (Dropping 4 from fy) (4.3)
+ (12467). Disagoy Sofofofo +-.C 5, 5 L, ) (4.4)
+ (12457). Disas, SofafeSs +..C ., 6, ) (4.5
+ (12456). Digssy - fofafefs 3] --C 5, T, ) (4.6
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* Using the transformations (45), (56), (67) which keep the product
fs-Ji-fs-fs and the operator ¢ invariant, we notice that the four sets
above are connected as follows :

Set . e . 4.3 4.4 @5 4.6
Connecting Permutation .. 45) (56) 67)
and so, by Theorem 11I, are equivalent,
Hence, we obtain
Ay = 4. £ [(34567) (12567). D 3567y - f5-S3-S5-fs-] (@)

Performing the operations indicated in [ ] in («), we obtain:

Ay=4-¢ [(34567) (12567). (12567) (12346) (12347) (12345) + = (ay)
N o . (12347) (12345) (12346) + (a5)
, o .(12467) (12367) (12345) (12345) + (a5)
N w -, (12356) (12347) (12345) + (o)
., o . (12357) (12345) (12346) + (as)
. ,  .(12457) (12367) (12346) (12345) - (aq)

C e (s o (12346) + (@) (@)

.(12456) (12367) (12347) (12345) + (o)

: (12357) (12346)
”» » o » mm) (123.47)-] (210)> (a31).

Notice that the first three factors of each term are obtained by
deleting in order 1, 4, 3.
The a’s are connected by the following transformations :

oy = Gy, a3 az a1, )
(56) (67)
@ %3 Uy % O Qg. J
(67) (56) (67) (56) (67)
: Thus under the operation ¢, we have the following equivalences :
; Oy ™~ gy Gy ™Y Og Y Qpy, Gy SV U5~ Qg A Og A Qg A g,

- *N.B.—Take either both upper or both lower factors.
2 Thus a; .. (34567) (12567).(12457) (12357) (12346) (12346)
\ and, ag .. (34567) (12567).(12457) (12356) (12347) (12346).

T his convention is followed later on as well.
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so that
A, = 4¢f [2a, 4 305 + Gayl.

Renaming a;, aj, @, a5 X;, X,, X, respectively, we may write this
equation in the form: .

A, =4€ [2x; + 3%, +  6x4]

= £ [8x; + 12x, + 24x,] .7
where the explicit expressions for the x; are:
Xy .. (12345) (12346) (12347).(12567)2.(34567),
Xy .. (12345)%,(12367) (12467) (12567).(34567),
X3 .o (12345) (12347) (12356) (12467) (12567) (34567)..

We have reduced 4, to the evaluation of three terms.

Reduction of C, .

Applying D 4567, We can delete 1, 4, 5,6 or 7 from ¢ f,’. This gives
the following five sets of terms:

Cy = £-[(14567) {(24567). Dyser, -/ fufs fo + (Dropping 1 from f,) (4.8)
+ (12567). Dyseny - So fufs o+ C 0 4, ) (4.9)

+ (12467)'D(]467)'.f3f:1 ﬁ')fﬁ + ( ” 5 u‘ ) (4 10)
+ (12457). Daasny-Ffafsfs + C 5 6 5 )& 1D)
+ (12456). Dagsey f fafs fo3] €7 5y T -5 ) (412)

Using the transformations (45), (56), (67) which keep the product
fa-fu-fs-fo and the operator ¢ invariant, we notice that the last four
sets above ate connected as follows:

Set .. . .. (4.9 4.10)  (4.11)" (4.12)
" Connecting Permutation .. (45) (56) (67)
and so, by Theorem IlI, are equivalent.
Hence, we obtain,

C., = §. [(14567) (24567)'D.(4567) -f3f4fsfs =+
+ 4.(14567) (12567). D 1567, -f5 f1 f5 fo-) »

Performing the operations indicated in [ ].in (y), we obtain:
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C, = g-[{(14567) (24567).(12367) (12367) (12345) (12345) + - - (1)
' . L. (12356) (12347) (12345) + (vs)

. L., (12357) (12345) (12346) + (s
. ,.(12357) (12367) (12346) (12345) + ()

12357) (12346
’s LR] . 33 %1735——6—;.((1_2-3?7% (12346) + (75): ('yﬁ)

.(12356) (12367) (12347) (12345) + (v)

(12357) (12346)

bR »

4.{(14567) (12567)- (23567) (12346) (12347) (12345) (o)

s L., (12347) (12345) (12346) + (vy)
L(23467) (12367) (12345) (12345) + (v
(12356) (12347) (12345) +  (713)
N ... (12357) (12345) (12346) - (7,
L(23457) (12367) (12346) (12345) +  (715)

(12357) (12346)
? ) . i m (12347) (12346) + (716)’ (717)

.(23456) (12367) (12347) (12345) -+ (r10)
(12357) (12346)
’ ey . s (12356) (12347) (12347) j](?’w) ('}’20)

Notice that the first three factors of each of the terms y,—y, are -
obtained by deleting in order the numbers 3, 1, 4; and the first three
factors of each of the terms y,,-yso are obtained by deleting in order
the numbers 3, 4, 1.

bR »” * bRl

E3 ] bR

’” ”»

The y’s are connected by the following transformations :

Y1 Ys Yo Y= Ve Y4 = Vo Y8 = Y

(56) (67) (67) (57)
Also,
Y10 = Y11, Y12 7.16 Y20
(36) (67)
Y5 Yu Y13 Yis Y Ve

(56) (67)

(57) (56) (67)




32 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS
Thus, under the operation ¢, we have the following equivalences :

VIV ™ Vo V2 ™ Ve Y4~ Y ™~ Ve ™~ Vs
- also,

Y10 ™ Y Y12 ™Y Ve ™ Y20 Y18 ™ Y14 Y Y15 ™ Y17~ Yis ~ Y1,
so that ' )
G =¢ [Byy + 6y,) + 4-_(2'}’10 + 3y + 6¥13)].

Renaming v, vy, Y100 %135 Y13 8S Xy Xs5 Xg» X7, Xg respectively, we
may write this equation in the form

Cyp = € [(3xy + 6x5) + 4-(2x + 3%, + 6x4)]

= £ [Bx, 4 6x5 + 8x4 4 [2x; 4- 24x,] 4.13)
where the explicit expressions for the x, are:
X .. (12345)2,(12367)2. (14567) (24567),
x? .. (12345) (12347) (12356) (12367) (14567) (24567),
Xe .. (12345) (12346) (12347) (12567) (14567) (23567),
Xp .. (12345)%.(12367) (12567) (14567) (23467),
xg .. (12345) (12347) (12356) (12567) (14567) (23467).

We have reduced C, to the evaluation of five terms.

The results of this section may be summarised as follows:

Summary of Results

We have shown that

R, = A, +5.C,,
where

A, = £.[8x; + 12x, + 24x,]
C; = &£.3x; + 6x5 + 8xg + 12x; + 24x,]
£ =8,.8,.5,.5,.8, '




A SIMPLIFIED METHOD OF ENIjMERATING LATIN SQUARES—II 33

" and the x’s stand for the following products of symmetric functions :

TABLE I

8,.P reduced io eight X’s

x; Term

X (12345) (12346) (12347). (12567)2.(34567)

Xy (12345)2.(12367) (12467) (12567) (34567)

X, (12345) (12347) (12356) (12467) (12567) (34567).
Xy (12345)2,(12367)2.(14567) (24567)

X5 (12345) (12347) (12356) (12367) (14567) (24567)
Xg (12345) (12346) (12347) (12567) (14567) (23567)
X, (12345)2.(12367) (12567) (14567) (23467)

Xg (12345) (12347) (12356) (12567) (14567) (23467).
8, P = (8x,+12x,+24x3)+5. (3x, 4 6x5+8x¢+12x7+24x)

It is evident that,
Number of terms in 4, = 8 -+ 12 - 24 = 44,
" Number of terms in C, = 3 4 6 - 8 + 12 + 24 = 53,
Number of terms in R, = 44 + 5X53 = 309
so that the problem has been reduced to the evaluation of eight £.x°s
instead of 309.

It will also be noticed that for any term, say x;, the digits Within
each factor as well as the factors appear in ascending order. This
procedure has been found convenient for the sake of uniformity and
identification, and will be adhered to throughout.

§5. THE SECOND OPERATION 8, = D 5567 APPLIED TO THE EIGHT X’s

We shall now give the results of applying the second operator
Dyaseny O Xi, Xp, ...Xg in sub-sections 1,11, ... VIIL ~ The terms
obtained will be numbered #,, t;, f5, -+ for each x afresh. ‘It is also
3
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important to observe that 8, generates the sum of these #,’s, and the

sign - connecting them has been omitted only for the sake of brevity, -

1. 8, applied to x,
To write down the terms generated by :
D 124567, [(12345) (12346) (12347).(12567).(12567). (34567)].
There are only five ways of deleting 1, and we djvide the work

into five stages corresponding to these five ways, Consider the first
way or stage (i) where, deleting | from the first factor, we obtain

(2345).
Now in this stage, there are only four ways of deleting 2, giving

the pairs : .
' (2345) (1346), (2345) (1347),

(2345) (1567), (2345) (1567).

Corresponding to these four ways of deleting 1 and 2, there are the
following ten ways of deleting 4, giving the triplets:

(2345) (1346). (1237), (2345) (1346).(3567),

(2345) (1347).(1236), (2345) (1347).(3567),
(2345) (1567).(1236), (2345) (1567).(1237), (2345)(1567). (3567),
(2345) (1567).(1236), (2345) (1567). (1237), (2345) (1567). (3567).

A..sufficient description of these triplets is that they have been
obtained by deleting, in order, the numbers 1, 2, 4.

It is now easy to delete the remaining numbers 5, 6, 7 for each
of these triplets in all possible ways, This gives all the terms in
stage (i).

In stage (ii), we delete 1 from the second factor, and proceed as
above to form triplets. The remaining stages are also completed in
a similar manner, and the sum of all the terms thus generated clearly
gives 8,-x;.

This explanation of method may then be summarised in the form:

' ¢ Delete, in order, the numbers 1, 2, 4 and next 5, 6, 7 in all poisible‘ ways.’

We shall use this language again later.

Of course, we could delete 1, 2, 4, 5, 6 and 7 in any manner and
order we may choose, and the result would be independent of the method

chosen. We have given here the procedure detailed above only for

describing the particular order in which the terms f, of this section
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have been obtained, In addition, there are no chaunces of missing
a term, and uniformity is maintained. ’

A similar explanation holds for 8, applied to the other x ’s—except
x; where we delete, in order, the numbers 7, 6, 5 and next 1, 2, 4 in
all possible ways. :

Evidently, a square term will give a common multiplier 2 1. Hence
8,"x, generates the sum of the following terms:

2% ()

(2345) (1346). (1237) (1257) (1256) (3467) -
L., (1267) (1256) (3457) ty
L. (1261 (1251 (3456). 1
L .(3567) (1234) (1267) (1257) f

(2345) (1347). (1236) (1257) (1256) (3467)" t
L. (1267) (1256) (345T) ‘s
L. .. (1267)(1257) (3456) b
L. .(3567) (1234) (1267) (1256)- e

1267) (3457

(2345) (1567). (1236) (1234) &_257%3_46% o
L, (1237 (1234) 8%288—22% hu e
L L.(3567) (1234) (1234) (1267) fa
25 (i) ' |
(2346) (1345).(1237) (1257) (1256) (3467) -ty
L. L (1267) (1256) (3457) s
.. (1267) (1257) (3456) e
L, .(3567) (1234 (1267) (125T) 1
(2346) (1347).(1235) (1257) (1256) (3467 e
L. (1267) (1256) (3457) o
L. (1267) (1257) (3456) »
(3567 (1234) (125T) (1256)  tn

1267) (3457
(2346) (1567).(1235) (1234) 21257; 23 467)) ap fas
1257) (3456 :
L (1237)(1234)51256§E3457§ o 1o

L(3567) (1234) (1234) (1257) tas

I ”
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O1° xg—(Contd.) |
2 (iii)

(2347) (1345).(1236) (1257) (1256) (3467)

s o« o (1267) (1256) (3457)

’ o ss (1267) (1257) (3456)

» »  +(3567) (1234) (1267) (1256)

(2347) (1346). (1235) (1257) (1256) (3467)

» » o« s (1267) (1256) (3457)
w e (1267) (1257) (3456)
w o w o +(3567) (1234) (1257) (1256)

(1267) (3456)

’ (2347) (1567). (1235)(1234)(1256)(3467)

1257) (3456

no (1236)(1234)§1256;E3457;

w s -(3567) (1234) (1234) (1256)

| 2x) 7) (3457

2

(2567)(1345)(1236)(1234)21227;E3467;

1267) (3456
’ w o '(1237)(1234)ETESE%%EZG7;
b -(3567) (1234) (1234) (1267)

267) (3457

(2567) (1346). (1235)(1234)5}257;§3467;
1257) (3456

o (1237)(1234)E1’56;E3457;

w o -(3567) (1234) (1234) (1257)

(1267) (3456)

(1256) (3467)
(1267) (3456)
(1256) (3457)
.(3567) (1234) (1234) (1256)

(2567) (1347). (1235) (1234)

w o .(1236) (1234)

1 b

(2567) (1567).(1235) (1234) (1234) (3467)
.(1236) (1234) (1234) (3457)
.(1237) (1234) (1234) (3456)
.(3567) (1234) (1234) (1234)

3 3

b2l kRl
» bR ]

t35: t36

3, L3g

f39

4o, tn

Lygs 143
tyy

lysy lag

fazs tas
lgg

50, 51
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Hence
8y = 2.(ty +ts +... - I5s).
II. &, applied to x,

To write down the terms generated by
D assery [(12345).(12345). (12367) (12467) (12567) (34567)]

We delete, in order, the numbers 1, 2, 4 and next 5, 6, 7 in all
possible ways, Hence 8,.x, generates the sum of the following terms:

2% (i)

amsaﬂﬂamngggamngﬁ% fy fa
(1237) (1256)

28 s . s (lj%) (]7)—5_7) (3467) t33 t4
(1237) (1246)
Yt e (E
(2345) (1367). (1235)5:3223(1 67)&3223; o s

(1247) (1256) . |
o e e TS (467) oy T
. .(1267)(1234)%%%%%%%%%%%% ot hs
o esmasy RS
(2345) (1467). (1235)§}§§Z§(1267)%%%§g% s e
(1237) (1256)
s IR . 23 (]2—36) W) (3467) r17’_ 118
b e s 0230 ) g
(2345)(1567)(1235)21532§E}§j$§(3467) s tas
o 2RO

(1237) (1246)
(1236) (T247) Foss T2s

b -(3567) (1234)
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8, xg—(Contd.)
2X(i1)

(2367) (1345).1235) {30 (1267) gjgg; fars o
(1247 (1256) e,

» e (1246)(1357)

(1257) (34s6) =, .
(]256) (3457) . ¢31s *32

(1247) (1256)

”» . -(1267) (1234)

b (3567) (1234) (e 0 o Tt

(2367) (1467). (1235) (1234) 8;28 822% fass 130

- (2367) (1367). (1235) (1234) 8;:8 822% tars Ts
2 (iii) |

(2467) (1345). (1235) 8223 (1267) 832’6/; 400 Ta0

e 8—528 %;%% (3467) feay fan

L . .(356T) (1234) E% %1%_23_; s

(1257) (3456)

(2467) (1367). (1235) (1234) {7 e tss i

(1237) (3456)

(2467) (1567) (1235) (1234) {7365 ) tis Tas
2% (iv)
246
(2567) (1345).(1235) %%g—g 8—227; (3467) ties 5o
(1237) (3456)
b 267 (I234) [ e

(1237) (1246) o
(1236) (1247) 53 el

(1247) (3456) o
(1246) (3457 5 fs6

(1237) (3456) ;
(1236) (3457) fors fos

(%5(7) (1234)

23 1

(2567) (1367).‘(1235) (1234)

(2567) (1467).(1235) (1234)
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Hence. ’ B
’ 82.x2= 2‘.(1‘1 +t2 +..l+t58‘)-‘
III. 5, applied to Xy

To write down the terms generated by

D 1456y [(12345) (12347) (12356) (12467) (12567) (34567)].
To facilitate identification of equivalent terms, this differential
- operation is carried out in a slightly different order. Here, we delete .

in order the numbers 7, 6, 5 and next 1, 2, 4 in all posisble ways.
Hence 3,.x; generates the sum of the following terms:

(¥

- (1238) (1235). (1234) 2467 (1367)

(1467) (2567)

(2345) (1467)
(1345) (2467)

(2467) (1567)

(356T) -, 1

» »  (1267) g 3 567) tg, 1

b DB o
. B
(1234) (1247). (1234) ggggg 822;; G5t
w .{1236) 8?3512 gggg 3567) -t fas
W .(1267) gig Eggg G56) b
., . .(3467)(1235)%%%8—2—%. s, T
(1234 (1257) (1239 gggg gjg;; (3567). | ts T
(£ DR ceel Caen 66D e ta
L a2 BOUED

Q49 (1356) (pen o g

T (139 (25%)
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3, xs—(Contd )

(1234) (3457).(1234) gggg (1267) 82233 fass Ta
S (1236)(1235)(532;; 822;3 tyry Ias
w §23—45§(1267) (éggg e
w5 (1267) (1235) ggggg 832;; o 1o
e BB
(i) |
(1246) (1239).(1239) ggj;; 8222 (3567) oo Ts
W L(1267) ggg 83‘1% BS6T) " ton tos
b 06 (239 EEDCED gt
R et N
(1246) (1257).(1234) Eﬁig gggg (356T) iy tas
L. .(1236) ggg ggjg{ (3567) s Ta-
. (3467) (1235) ggj;; 8328 s T
e E2345; (1237) gggg fio, fxo
(1246) (3457).(1234) (1237) gggg; gggg fo1s 1sa
WL .(1236) (1235) gggg 822;)) leas fon
B S it N
b (1267) (1235) ggggggg oty fae
(2345) 1237 8328 leos Fao

2] 2 . 33 (1345)



tR] 3

(1256)(1247)(1734)

bRl 3

3 bR ]

b4 bRl

53

(iv)

(3456) (1235).(1234) (1237)

3 L

- . 53 LR

.(3467) (1235)

.(1236)

(3467)(1235)

(1255) (3457).(1234) (1237)

(1236) (1235)

©oo (1345) (2347)

-7 (1345)

(2345) (1347)
> (1345) (2347)

(2347) (1467)
(1347) (2467)
(2347)( 1467)
(1347) (2467)
(1467)
(2467

(3567)

(2345)
> (1345)

(2345) (1347)
». (1345) (2347)
(2347) (1356)
(1347) (2356)
(2345) (1347)
(1345) (2347)

(1237)

(1267)

(3567)

(1347) (2356)
(1356)
(2356)
(2356) (1467)
(1356) (2467)

7)(1356)
» ( (1347) (2356)
(2347) (1467)
(1347) (2467)
(1467)
(2467)

- (2345)

(1267)

(2345)
0 (1345)

(2345) (1347)

(1237) 5. 0L

(1267)

(2467) (1567)
(1467)(2567)
(1567)
(2567)
(2347) (1467)
(1347) (2467)

(1467)
(2467)

(2347)

= sy 02 261)
.(1267) (1235)

(2349) (1237

(1267)

(3567)

(2347) (1356)

A SIMPLIFIED METHOD OF ENUMERATING LATIN SQUARES—II

(iif)
(1256) (1235).(1234)

Te1, Lge
Toas Tea
fos> oo
Ters T8
fe9 Tno
Ir1s 72
i3, T
175, Ing
Iz, Izg
I29: Tgo
Tgy, Ige
?ss:’s;

g5 Igg

Tg1s Ige
Tg9; a0
fo1; I9s
To3s oy

t5, Tog
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Oy ng—(Contd.)

(3459 (1247).(1234) (1237 239 (1567

(2347) (1567)
(1347) (2567)

(1567)
2567)

(2347) (1356)
(1347) (2356)

.(1236) (1235)

b3 3

‘ 234
‘ W e %,ggam

.(1267) (1235)

» b

(2345)

(1385) (1237)

‘ bR} 3 . 2

(2356)

(2356) (1467)
(1356) (2467)

‘ (2347) (1356)
| T (1347) (23%)

(2347) (1467)
(1347) (2467)

(1467)
(2467)

’3456)(1257)(1234)(1237)

(1267)

.(1236) (1235)

(2345)
(1345)

| | (2345) (1347)
) : AN G DY ex 20

(1237) 122

(1267)

Hence

By. Xy = .(fl Tty ).
} 1V. 8§, applied to x,

To write down the terms generated by

(1356)

l9i> o3

Z99s T100

01> t102

T103s Ti04

t105: tlUG

Ho7s Tios

109> 170

Nt I1g

tass

H1ss 116

Dgaary [(12345).(12345). (12367). (12367). (14567). (24567)].

We delete, in order, the numbers 1, 2, 4 and next 5,6, 7 in all

possible ways.

4 (i)
(2345)(1345)(1567)(1237)(1236)(’467)
.(2567) (1237) (1236) (1467)

(1237) (2456)
(1236) (2457)

35 2

(2345) (1367).(1235) (1467)

(1237) (1456)

23 b2 . E ] (

(1236) (1457) %467

Hence 8,.x, generates the sum of the following terms:

t3’ t4

15’ tG




A SIMPLIFIED METHOD OF ENUMERATING LATIN SQUARES—I 43

237) (2456
(2345) (1367).(1567) (1234) %z%; %15—73 o ts
1237) (1456
b 56T (1234)%12—3—6;%@% for o -
(2345) (4567).(1235) (1237) (1236) (1467) I
L, .(1567) (1234) (1237) (1236) -
43 (if)
237) . (2456
@367 (1345).(1235) %; (1467) %437; fias Taa
(1237) (1456)
E) EX] . L} (1236) (1457) (2467) tlé: tl(i
o s 0 D
37) (14
o s 0230 RN
(2367) (1367).(1235) (1234) g_}g_gg (%‘g% fops as
(2367) (4567). (1235) (1234) % %%; tass fas
43¢ (i)
(4567).(1345)..(1235) (1237) (1236) (2467) fas
L. .(2567) (1234) (1237) (1236) oo
(4567) (1367). (1235) (1234) E%%gi—g% tars fas

(4567) (4567).(1235) (1234) (1237) (1236) oo

Hence
8o Xy =4.(t; + 15 ... ty).

—

V. 8, applied 10 X,
" To write down the terms generated by
D gsssen, [(12345) (12347) (12356) (12367) (14567) (24567)].

We delete, in order, the numbers 1, 2, 4 and next 5, 6, 7 in all
possible ways. Hence 8,.x; gencrates the sum of the following terms :

'_,_,_,»——r\__/—-—\) i P

e
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8 x5—(Contd.)
@)
(1237) (2456)

@349 (1347).(1567) (1236) G220 3459 tyy 1
” s« w o (1235) (1236) (2467) 13
(1237) (1456)
s s (1235) (1236) (1467) te
(1237) (2456)
(2345) (1356).(1257) {120 (1467) G259 _—
(1237) (1456)
13 ) . s m(ﬁ) (2467) ISJ ’10
w o -(1567) (1234) (1237) (2467) »
» o .(2567) (1234) (1237) (1467) fe
(2345) (1367). (1237) (1236) 8223 822% fras Ty
b mw (1235) (1467) (2456) s
W . (1235) (1456) (2467) f1e
4
b e s 29 I ESD
2
b s g (ZAED
1 (2345) (4567).(1237) (1236) g;gg Sg% 51> tas
L . (1235)(1236) (1467) fas
o . (1567) (1234) (1236) (1237) fos
(i)
‘ (2347) (1345).(1567) (1236) Eggg 83252 tas: ag
‘ W e . (1235) (1236) (2467) e
L a (2567) (1236)8338 8:??; fas tao

(1235) (1236) (1467) 13

bR ER) ' EE ]




'A SIMPLIFIED METHOD OF ENUMERA.. /

(1237) (245-6)_ o

(2347)(1356)(1235)(1236)(1467)(2457) fa1, 132
(1237) (1456)
i ') R . 11 (1236) (1457) (2 67) t337 t34 )
o e @ RS e
1237) (1456
111 LX) (2567) (1234) E1236; E1457; t317 138
(7347)(1367)(1235)(1236)513223{%3223 39 1o
e oy (1235) (1467) (2456) fa1
W e ., (1235) (1456) (2467) ta
w s .(1567) (1234) (1235) (2456) fss
W - s +(2567)(1234) (1235) (1456) tu
: (2347)(4567).(1235)(1236)%%%%%%%%%%2% lass e
W ., (1235)(1236) (J46T) g
e .(1567) (1234) (1235) (1236) lis
(iif)
(2356) (1349)-(1237) 8;38 (1467) gﬁ% fior a0
- (1237) (1456) A \
u. 2 . H1) (1236) (1457) (2467) t51! t52
wo .(1567)(1234)(1237)(2467) s
. ., -(2567) (1234) (1237) (1467) tsa
(1237) (2456)
(2356)(1347)(1235)(1236)(1467)(2457) fess I

- . (1237) (1456)
SN (PXON (EED)

(1237) (2456) :
536 0457) - v fw

(1237) (1456)
(1236) (1457) Pors Loz

(2467) o7, Iss
» b (1567) (1234) 2255~

» » (2567) (1234)



//4?/JOURNAL OF THE INDIAN SOCIETY- OF AGRICULTURAL STATISTICS

x5—(Contd.) |

| (2356) (1367).(1235) (1234) (Lae)) 245T)

(1457) (2467)

(1457) (2456)
(1456) (2457)

. ., (1567) (1234) (1234) (2457)
’ ., -(2567) (1234) (1234) (1457)

(2356) (4567).(1235) (1234) (1237) (1467)

(1237) (1456)
(1236) (1457)

.(1567) (1234) (1234) (1237)

’ »  -(1237) (1234)

w . -(1237) (1234)

(iv)

- (2367) (1345).(1237) (1236) {17555 G5757)

(1235) (1467) (2456)
(1235) (1456) (2467)
4 (1236) (2457)
(1235) (2467)

(1236) (1457)
(1235) (1467)

(2367)(1347).(1235)(123§)E%§§%%§%§§§;

(1235) (1467) (2456)
W . ., (1235) (1456) (2467)
L(1567) (1234) (1235) (2456)
(2567) (1234} (1235) (1456)

, (1467 (2457)
(1457) (2467)

(1457) (2456)
(1456) (2457)

L(1567) (1234) (1234) (2457)
.(2567). (1234) (1234) (1457)
(1236) (1457)

bH b . bR

T 9 3 N »”

(1567) (1234)

2 2]

.(2567) (1234)

2 E3

2 b2l . »

9 22

» 2

[(2367) (1356).(1235) (1234

.(1237) (1234)

b »

R I B

» 3

(2367) (4567).(1239) (1234) (7335) (1467 -

.(1237) (1234) (1235) (1456)
L(1567) (1234) (1234) (1235)

b2 »

’” Ed]

(1457) (2456)

e3> Loy

’65’ t66

by Ins
lzs, )

fa1s Tga



(v)

(4567) (1345). (1237) (1236) {L237) (2436)

(1236) (2457)
w . s (1235) (1236) (2467)
(2567) (1234) (1236) (1237)

(1237) (2456)
(1236) (2457)

3 "

(4567) (1347).(1235) (1236)

2] EH . ”

I bl

(4567) (1356).(1235) (1234) (1237) (2467)

(1237) (2456)
(1236) 1 2457)

.(2567) (1234) (1234) (1237)

(1236) (2457)
(1235) (2467)

.(1237) (1234) (1235) (2456)

» o -(2567) (1234) (1234) (1235)
(4567) (4567).(1235) (1234) (1236) (1237)
.(1237) (1234) (1235) (1236)

.(1237) (1234)

” s

b bRl

(4567) (1367).(1235) (1234)

» »

Hence :
8y.X5 = (fy it ).

VL. 8, applied to x4

To write down the terms generated by

@)
(1457) (2356)
(2345) (1346). (1237)(1267)(1456)(2357)
(1257) (2356)
L [E I $ (1256)( 67)(2357)
) o (1257)(1456)(2367)

(1256) (1457)

(1267) (2357)

(1567) (1234) (e

23 3

A SIMPLIFIED METHOD OF ENUMERATING LATIN SQUARES—II

(1235) (1236) (2467)
.(2567) (1234) (1235) (1236) -

Lyis tog

t99

AT
fiots Tioe

Li03
t04

lyos
1065 L107

tos
t109s t110

i
Lae
H1s

114

Dgaser, [(12345) (12346) (12347) (12567) (14567) (23567)].

We delete, in order, the numbers I, 2, 4 and next 5, 6, 7 in all
possible ways. Hence 3,.x4 generates the sum of the following terms:

tl: tz

t3’ t4

‘t5z tG

Iz g
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8, xy—(Contd.)

(1457) (2356)

(2345) (1347).(1236) (1267) 1456) 3357) te, 1o
. (1257) (2356) :
3] L . 29 (1256) (1467) (2357) tlla t12

. (1257) (1456)
» » o (1256) (1457)

(1267) (2356)

(2367) fi3, I

b (1567 (1230) (a0 B3 .
(2345)(1567).(1236)(1234)%%%2%%%%%2;% ot
1467) (2356
e ey GBS
L (1567) (1234) (1234) (2367) o
457 -
(2345)(3567)(1236)(l234)§i§23§§}4673 to, s
1267) (1456
. 2 any FREEY
L. .(1567) (1234) (1234) (1267) f2
) 1457) (2356
(2346) (1345). (1237)(1267)514562223573 s fan
(1257) (2356) '
tH) 39 LH) (1256) (1467) (2357) t29> Z3{)

© (1257) (1456)

no» v (1256) (57 PP fen il

. s (1567) (1234) %}%g;% g;%g;g s Fn
(2346) (1347). (1235)(1267)2}3223%3322; [
e BB .
(1257) (1456) pcos

» s (1256) (1457)

(1257) (2356)
(1256) (2357) far Ta

’ b -(1567) (1234) ==




A SIMPLIFIED METHOD OF ENUMERATING LATIN SQUARES—II-

(1467) (2357)
(1457) (2367)

(1457) (2356)
(1456) (2357)

o, .(1567) (1234) (1234) (2357)

(1267) (1457)
(1257) (1467)

(1257) (1456)
(1256) (1457)

., .(1567) (1234) (1234) (1257)
(i)
(2347) (1345).(1236) (1267) w2

(2346)(1567)(1235)(1234)

’ ” (1237)(1234)

(2346) (3567).(1235) (1234)

" s (1237) (1234) Zr52p

(1457) (2356)

(1257)
b3} b} . bE] (1256)

_ (1257) (1456)
»o b2 (1756) (1457)
(1267) (2356)
(1256) (2367)

(1457) (2356)
(1456) (2357)

(2356)

(1467) 7357

(2367)
o . (1567) (1234)

(2347) (1346).(1235) (1267)

(1257)
b 2 . LR} (1256)

(1257) (1456)
nom e (1756) (1457) |

(1257) (2356)
(1256) (2357)

(1467) (2356)
(1456) (2367)

(1457) (2356)
7 (1456) (2357)

o . .(1567) (1234) (1234) (2356)

(1267} (1456)
(1256) (1467)

(1257) (1456)
(1256) (1457)

. . -(1567) (1234) (1234) (1256)

(1467) 5357
(2367)

oy (1567) (1234) 2227
(2347) (1567).(1235) (1234)

’ » (1236)(1234

(2347) (3567).(1235) (1234)

.(1236) (1234)

1 3

(1456) (2357)

(2356)

tygs laa

lass lgg

t47

4, Lig

fegs Is1

I52

Is3, Isq
Isss Isg
len, Tss
I59, L60
Tets Loo
Lgas Los
Toss Lgg
Lezs Tes
Lgg, Lig

s 72
t73
fogs bas
ties 77

I8
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8, xs—(Contd )
(iv)

(1467) (2357)

(2567) (1345).(1236) (1234) (1 £ 10y Tao
e sy d EB
. .(1567) (1234) (1234) (2367) o
(2567) (1346).(1235) (1234) 8:2% 8;2,}? gy g5

b 2230 e B g
. -(1567) (1234) (1234) (2357) o5
(2567) (1347).(1235) (1234) 8:28 g;g% bt
. : 4 6

B S DY) et/ PR

.. (1567) (1234) (1234) (2356) tos
(2567) (3567).(1235) (1234) (1234) (1467) for

” v .(1236) (1234) (1234) (1457) lys

L, .(1237) (1234) (1234) (1456) o

. ,, -.(1567) (1234) (1234) (1234) ty,
) (1267) (2357)

(4567) (1349).(1236) (1234) (5 53 fas fa
(1267) (2356)

I} E3] (1237) (1234) (1256) (2567) t100, t101

(1267 (2357) o
(1257) (2367) . 102 Tuoa
(1257) 2356)
(1256) (2357) 1015 haos
(1267) (2356) o
(1256) (2367) 105> Doz
(1257) (2356) o
(1256) (2357) 108 T105
(4567) (1567).(1235) (1234) (1234) (2367) f1o
. ., .(1236) (1234) (1234) (2357) hu
w s .(1237) (1234) (1234) (2356) ts

(4567) (1346).(1235) (1234)
» ., .(1237) (1234)
(4567) (1347). (1235) (1234)

’ »  -(1236) (1234)




A" SIMPLIFIED METHOD OF ENUMERATING LATIN SQUARES— i1 51

(4567) (3567).(1235) (1234) (1234) (1267) tis
., .(1236) (1234) (1234) (1257) tia
s - (1237) (1234) (1234) (1256) -ty

Hence,
8 Xg == (t1 + ity tllo)
VIL. 3, applled 1o x; -

To write down the terms generated by
D 12567y [(12345).(12345).(12367) (12567) (14567) (23467)]

We delete, in order, the numbers 1, 2, 4 and next 5; .6, 7in all
possible ways.. Hence 3,.x, generates the sum of the following terms :.

2% (i)

(1237) (2346) . .-
(2345)(1345)(1567)(1236)(1267)(2347) t 'ty
(1237) (1456) - .
o (2367)(1236)(1267)(1457) oty 4
(1237) (1256) .
”"n (LI ] (m ('1—2_57) (1467) Is, :'ts
(2345)(1367)(1235)(1267)E}2§Z;§§g:$; o 1s
(287 (2346)
' Kl LI I 3y (1256) (1467) (2347) ) t!b th
3 2 (1567) (1234) Ei;gg; Eg:;jg; . - tll; t12
. : 1257) (1456
) it e Y
g (1237) (2346) ' '
(2345)(1567)(1235)(1236)(1467)(2347) ts, Iy6
L 156D (239 (o O b he
s @ b e
(1237) (1456) I
(2345)(3467) (1235)(1236)(1267) {757 fass Tz

o (1237) (1256) . |
2 ’ . ”» (1236) (1257) (1 67) .t23, 124_
(1237) (1256)

EH) ” (1567) (1234) (1236) (1257‘ 12.'.: t26
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8, x,—~(Contd.)

2 (ii)
(1457) (2346)

(2367) (1345).(1233) (1267) {730 Mty g
(1257) (2346) '
£1) 29 ¢ 5.; (]256) (1467) (2347) . t295 t30
N L CEDF 3 = S
o e B
- : (1457) (2346) .
(2367) (1567).(1235) (1234) {1456) (0347 tasr tag
(1257) (1456) : '
(2367) (3467). (1235) (1234) 3227 (1256 (1257 tans Iag
2 (1237) (2346)
(2567) (1345).(1235) (123 5 (1467) @397 Lass Lao
" (1237) (2346)
1] s.s (1567) (1234) (1236) (2347) tdl’ t42 .
‘.” o i) (2367) (1234) 8;;;; E;jgg; t433 t44',
(2567) (1367).(1235) (1234) 8:2’6’; ggj% | tis, Lag
237) (1456
(2567) (3467).(1235) (1234) 8238 8 457; taas Lig
(@) (1237) (2346) |
(4567) (1345).(1235) (1236) (1267) =2~ @) Lags tso

(1237) (1256)

) :3 . 14 (2367) (1234) (1236) (1257) t51’ t52

257) (2346

(4567) (1367).(1235) (1234) 8228 223 47; gt
234

(4567) (1567).(1235) (1234) 8;32 223 4% b g
e

(4567) (3467).(1235) (1234) 852’8 8222 o 1ss

Hence

8o X7 =2 (t; + 1o +.. -+ I58)-



VIII. 8, applied to Xg

To write down the terms generated by

(i)

(2345)(1347)(1567)(1236)(1257)k2346)

(1256) (2347)
W ., (1235) (1267) (2346)

(1257) (1456)
(1256) (1457)

L., (1235 (1267) (1456)
L .. (1235) (1256) (1467)

(1457) (2346)
(1456) (2347)

(1257) (2346)
e (1256) (2347)

L(1567) (1234) (1267) (2347)

(1267) (1457)
(1257) (1467)

(1457) (2346)
(1456) (2347)

L., L, (1235) (1467) (2346)
. . .(1567) (1234) (1236) (2347)
(1236) (1457)
(1235) (1467)
(1257) (1456)
(1256) (1457)
W ., (1235) (1267) (1456)
W .. (1235) (1256) (1467)

(1236) (1257)
(1235) (1267)

» ,»  -(2367) (1236)

(2345) (1356).(1237) (1267)

(1467) 522

3 3

. s +(2367) (1234)-

(2345) (1567).(1237) (1236)

' »  (2367) (1234)

(2345) (3467).(1237) (1236)

., -(1567) (1234)

A SIMPLIFIED METHOD OF ENUMERATING LATIN SQUARES—II -

D agsen, K12345)(12347)(12356)(12567)(14567)(23467ﬂ

We delete, in order, the numbers 1, 2, 4 and next 5,-6, 7 in all
possible ways. Hence §,.x, generates the sum of the following terms

1, 1g
I3
f4, f5

g
Iy

rS’ r!l

hos I
Ha

Igs T

115’ 116

I

Iis

T19s Tan

Togs tan -

f23

foy

Tas5, Tag
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8y xg—(Contd.)

(i)

(2347)(1345)(1567)(1236)(1257)(2346)

. »  -(2367) (1236) (1256) (1457)

,, PR .(-1235) (1256) (1467)

(1457) (2346)
(1456)(2347)

(2346)
(2347)

(1257) (2346)
(1256) (2347)

(1257) (1456)
(1256) (1457)

(1457) (2346)
' (T456) (2347)

s e . (1235) (1467) (2346)
.(1567) (1234) (1235) (2346)
.(2367) (1234) (1235) (1456)

(1257) (1456)
(1256) (1457)

w e . (1235) (1267) (1456)

(2347)(1356)(1235)(1267)

(1257)

e 3 . :.-, (]256) (]467)

w o (1567) (1234) L2220
(2367) (1234)

s bR

(2347)(1567) (1235) (1236)

b3} 3

L2 L]

(2347)(3467)(1235)(1236)

W .., (1235) (1256) (1467)-

.(1567) (1234) (1235) (1256)

(i)
(2356)(1345)(]237)(1267)(1456)(2347)

(2346)
(2347)

(1257)

53 s . =33 (1256) (1467)

(1567) (1234) (1267) (2347)

(1267) (1457) -
(1257) (1467)

I . 2

(2367) 1234)

L2} I3

(1256) (2347)

(1257) (1456) - -

(1457) (2346)

Tazs Tog

S £

Tae I3

39
g
f34’ ?35
f3gs I3;
138 139
Tags 1g1

t42:‘i43

I505 53

Tsqs Iss
156

leis Isg
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(2356) (1347).(1235) (1267) %‘%8 %%%

(1257) (2346)
” [T T I ZTE;E)(1467)(§§17)

(1257) (2346)
(1256) (2347)

- (1257) (1456)

L(1567) (1234)

83 2]

o (2367)(1234)(1256)(1457) -

(2356)(1567).(1235)(1234)(1467)(2347)
(1457) (2346)
' (1456) (2347)
.(1567) (1234) (1234) (2347)
.(2367) (1234) (1234) (1457)
(1267)( 1457)
(1257) (1467)

(1257) (1456)
(1256) (1457)

L(1567) (1234) (1234) (1257)

bE]

.(1237) (1234)

BT Y

(2356)(3467)(1235)(1234)

.(1237) (1234)

bR ] 3

2 . ?”
(iv)

(2567) (1345).(1237) (1236) (12D (2339)

(1456) (2347)
. .., (1235) (1467) (2346)
.(1567) (1234) (1236) (2347)

(1236) (1457)
(1235) (1467)

» ”

.(2367) (1234)

2 »

(2567) (1347). (1735) (1236) {1356) (2347)

L(1567) (1234) (1235) (2346)
s -(2367) (1234) (1235) (1456)

(2567) (1356).(1235) (1234) (1467) (2347)

(1457) (2346)
(1456) (2347)

L(1567) (1234) (1234) (2347)
L(2367) (1234) (1234) (1457)

bhl b

.(1237) (1234)

22 bR

Pk ER

’ ”

(1457) (2346)

(1235) (1467) (2346) -

t591 t§Q

o ten T2

fgas Los

“loss fee

ter
Tess Tgo

te

In .

. r7$’ fqa

gy I3

Tgrs tga

a3y Ig4

55°
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82' .xS—(Confd.) ’

(1236) (1457)

(2567) (3467).(1235) (1234) (1235) (1367 to3: los
o w o -(1237) (1234) (1235) (1456) tos
won -(1567) (1234) (1234) (1235) oo

v)

(4567) (1345).(1237) (1236) (1257) (2346)

(1256) (2347) lois tyg
’ 38 ST} (1235) (]267) (2346) t99 PR
(1236) (1257)
» " -(_2367) (1234) _(—IE) (1767) 160> 101
1257) (2346 >
(4567) (1347).(1235) (1236) glzwi 52—3—473 | ?103 . ”
. s - s (1235) (1267) (2346) 104
' s (2367) (1234) (1235) (1256) f105 7
(4567) (1356).(1235) (1234) (1267) (2347) l106

(1257) (234)
Zﬁss) (2347) 1075 f108

’ »  -(1237) (1234)

ww -(2367) (1234) (1234) (1257) t300

(4567) (1567).(1235) (1234) (1236) (2347) f110 )
wo s -(1237) (1234) (1235) (2346) - 1,
w o -(2367) (1234) (1234) (1235) f112

(1236) (1257) e
(]_233)(]2—67) C 118> 114
o -(1237) (1234) (1235) (1256) s

(4567) (3467).(1235) (1234)

Hence,
) 8. Xg=(t; - 15 +o Tt gs). -

To sum up, it will be noticed that 8,, operating on the eight x’s,
has generated a total of 663 terms (excluding multiples occurring due
1o squared factors in certain x’s), as follows :

TABLE IT
Number of terms generated by §,
i !12/3 41 5] 6| 7|8 |Total
I |
No. of terms in 8,.x,| 58 ‘ 58| 116 29' 114’ 115 58' 115 | 663
: |
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The numbering starts with #,, t,, t5, ... -for-each 8,.x afresh,‘ and
no confusion need arise, as in the reductions which follow, we shall
first consider the case of each 8,.x separately, and assign new serial
numbers when combining them all.

§6. THE REDUCTION OF THE TERMS GENERATED BY &,

We have now to apply on the 663 terms, generated by operating
with 8, on the eight x’s, the operator

7= 8,.8,.5,.8

But our task will be much lighter if before doing so, we recognise

that by Theorem III, a large number of equivalent terms among them

N can be obtained through permutations which keep % invariant, i.e.,
factors of the transformation:

(123).(4567).
This reduction of the problem will be carried out in two stages:
(i) Intra-Class Reduction

Equalities, under operation 7, within each 3,x; separately will be
given here. Note that the suffixes of the *7,” refer here only

i

to the particular 8,.x under consideration.
(i) Inter-Class Reduction

The reduced terms obtained after intra-class reduction of each -
d;.x are assigned new serial numbers and combined into a
single set, renamed as the set of y’s. Equalities, under
operation %, within this set of y;’s, will be given here.

It will then be found that the 663 terms of Table TI, reduce by (i)

to 127 y,’s, which by (ii) reduce to only 40 y’s, so that we have to

evaluate #.y; only in these forty cases mslead of the original sjx-
hundred-and-sixty-three.

I

S

§6 a. THE INTRA-CLASS REDUCTION OF THE §,.x

f We shall carry out this reduction in eight sub-stages, considering

} each 3,.x, ¢ =1, 2, .. 8) separately. It is also important to remark,
that througnout this section, figures in brackets denote connecting
permutations.

Observe that when the permutation connecting two terms involves
three "'or more numbers, it is essential to point out the term to which'
it applies. In this sub-section and the next, we have used the convep-
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tion that the start of the arrow indicates the term to which' the
permutation applies.

Thus in sub-stage (i), the notation
-
15
- (567)

implies that the permutation (567) when apphed to “t;” transforms it

4 b

into ‘14 °.

s

In what follows, the equinumerous subsets have been separated
by commas.

We obtain the following reductions:

(i) Reduction of 8y.%; = 2.(t; + ty +. ..+ t53)
We notice that the s are connected in the following manner:

> > . > >
Iga oy Iy Iy I L L s sty fag I3
(56) (576) (57) (576) (67) (12)(56) (67) (567) (57) (567) (56)
> - -> -
I3 Ig e s I Ta1, t4 Ig ST 51 fao 130
(67) (567) (57) (567) (56) . (67) (567) (57) (567) (56)

le  lw s fas  ta ity ey tye I lig

- (56) (67) (12) (67) (56) (67) (36) (67) (12) (67) (56)

lag lyg tse far Ty ety fae lzs My ey I,

(56) (67) (12y (67) (56) (67) (56) (67) (12) (67) (56)
1.13 fag Tzo  Tsa  fga lag, Iss  Isg  Isps and t53.
(56) (67) (12) (67) (56) (56) (67)

Taking the ¢;’s with the least suffix in each group as representatlve
of the group, we have thus shown that

8y.x; = 2.[12t; 4 613 + 64, + l2t(J + 12t + 6115 + 3r5a + r58] 6.1
We shall rename these terms as y;, y,, ...y, respectively.
(i1) Reduction of 85.%; = 2.(t; + t5 +...+ t5q)

It is clear that members of each pair of terms are connected by the
transformation (67)—so that we can immediately write down:

82.x2:2.(11 +t2 + 1‘3 ++t53)
=4.(ty Fty 15 o Fts),

only the 29 terms with odd suffixes appearing. Further equalities
will be given for these terms alone,
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We notice that these #’s are connected in the following manner :

ty, I3 5 fay  ty  tn My -l g 13 fs3
(45) .. (12) 45). (12) (12) (45) (67) (12)
[PV PO PR P v’sa’ ta  tn s
(45) (12) (45) 45) (12) 45)
. 4
fan  fs  lis s lyy fg tie  fa, o I I
(45) (12) (45) (23) (457) (45) (12) (45 (45)

This shows that . -

8. %y = 4.[t; + 213 + 4r7 + 4ty + 4t15 + 4t + 8t19 + 2t,]. (6.2)
We shall rename these terms, m order, as yg, Vi - - - Vie-
(iii} Reduction of 8y.%x3 = (t; + ts +. ..+ ti1g)

It is clear that members of each pair of terms are connected by
the transformation (12)—so that we may write down

Sp.Xg=(ty + 1 +...+ t1g)
='2.(l‘1~ +t5 415 e fs),

only the 58 terms with odd suffixes appearing. Further equalities shall
be obtained for these terms alone.

We notice that these £’s are connected in the following manner :

h s 13 Iy - tg fou; fy Zga,
(12) (45) (45) (13) (46) (45) (67) (45) (67)
;:1 g Z;s L g5 I1s g2 s o1,
(456) (45) (67) (457) (453 (67) (45) (67)
o Ts -
(13) (567) (13) (456) (13) (476)
I1g t: o I 115 lag - L7, l
(45) (67) (13) (465) (45) (67) 45) (67)
tys gy Iag lgg, -
(67) . @5 (67)
Zu Is3  Isz a3 g9 ’_:01 her s,
(13)(456) (57) (45) (13)(46) (57) (13)(47)(56) (456) (46)
fa3 tgs, 43 Clas 0 s 149, ’

(45) (67) (12) (45) (67). (45) (67)
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L5y L109, f59 Hiss
(12) 45) (67) ‘ (45) (67)
fgg I23; In I3z, Ir2 Z595
(12) (45) (67) (45) (67) (45) (67)
17 f103, Tgs Tyose
(12) (45) (67) (@5 (67)

This shows that i
By. Xy = 2.[28 HA15+ 2154ty 2t g 120154ty Aty 21051
2o+ 2598151 2053+ 21y 5+ 2y 215+ 255 +21 g5+
231+ 29+ 2179+ 21 g5.] (6.3)
We shall rename thess terms, in order, as y,, ¥4, -
(iv) Reduction of 8. %3 =4.(t; + t, 4-... 4 ty).

We notice that the #’s are connected in the following manner :

. Vage

fas  Tan Iy T

(67) (46) (57 (12)

ly hhe 1; g e iy 13 1y,

(67) (12) (67) (12) (45) (67) (12) (67)

fo t Iy hs hy hiy Iy g

(67). (12) (67) (45) (67) (12) (67)
.fza tag  lyy  lag fag Ty hy  te, and Zae.
(67) (12) (67) (46) (57) (45 (12) (45)
This shows that ‘
8y.xy = 4 [41; - 8t5 4 815 4 81y + £a6]. (6.4)
We shall rename these terms, in order, as Yaq, Vio, - - . Vya.
(v) Reduction of 8;.%; = (t; -+ ta ...+ ti14)
We notice that the #’s are connected in the fol]owmg manner

tgy Ity Is2 Tag 0 g Iy

(12) (57) (12) (45)(67) (12) (46) " (12)
tgs L L Isn lag 1y lgg g

(12) (57) (12) (45 (67) (12) (46) (12)

tgs lag- Tt - Is3 Isg I3 ey g

(12) (57) (12) (45 (6D (12) (46) (12)

tes  l3g  ho I Iy Iy lgg lgg

(12) (57 (17) (45) 67) (12) (46) (12).
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fags It Iy Iy lag 85 ter  la2
(12) (57) (12) (45) (67) (12) (46) (12)
tsge Il fun Iu tyr, tg  tez  lss

(12) (57 (12) 45)(67) (12) (46) (12)
tsg  faa  ha  ls Ly tiz tm f5
(12) (57) (12) (67) (12) (57) (12)

teg Tag Iy Iz e tis  faz I
(12) (57 (12) (45) (67) (12) (57) (12)
feo l3s to In bz tie  ta fs

. (12) (57) (12) (45) (67) (12) 57 12y
tyg -ty lo  lzs tw  his I la
(12) (57) (12) @5 (12) (57 (12)

Lo te Lo tws  fer Im Iy lies

(12) (57) (12) (46) (12) (57) (12)

tyz  fes  te  tws  fes  tw fig . Do

(12) (57) (12) d6) (12) (57 (12)

Ay tys  fep  lis  feg faz lis lier
(12) (57) (12) (46) (12) 7 (12):
oo fes B tor  heo  lu s fmzl

(12) (57) (12) @6) (12) (57 (12)
~and - s = hue
We also notice the following further equivalences :
L Lg, ls t5, Iy 7%
(12) (57) (12) 57) (12) (57) .
Iy log Ls oy, Lz ; I
(67) 45) (12) (47) (56)
ThlS shows that L
8y.x5 = [16 (ty+ta+1t3+113)+8 (45+t1) +16 (t21+t23) +2t113] - (6.5)

We shall rename these terms, in order, as yu, Viss - - - Vsa.

(vi) Reduction of 8,.Xs = (t; + 1t +...+ ty35)
We notice that the ¢’s are connected in the following manner:

+
ty t I I3 tig  lges

(67) (56) (57) (567) (56)

- -
feg Isg ty Iy L lis  Br fa -l T lg  lgs,

(56) (576) (57) (56) (67) (23) (46) (67) (56) (57) (567) (56)
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P P 7 tsal' tss, t11 -tz; Tt '_;.35 157': fsz;
67 (56) (57) (567) (56) 67) (56) (57) (567) (56)

Les | t?s -tas tag  I5  tu | lig 1s 133 f—) Iss  lez
66 (576 (57) (59 (67) @3 (46) (5T (67) (56) (5T) (567) (56)

Lig ts’ I3 Z;s Tss Lot Lo t44 t17 o, las i
©67) (56) (57) (567) (56) (67) (56) (67) '(56) (67)

leg izt ly  lig  lo, for Iy Izs,.

(67) (56) (67) (56) '(67) - (56) . (67)

tis  tiy  fw  tu  Iso I fyg  ls . las  tys ;L .
(67) (56) (67) (56) (67) . €7y (56) (67) (56) (67)

fzg . .lss Zs lg3 lsa: 193,{ foo ~ lgs Izg ls1  lgs  lpay
67 (56) (123) (56) (67) (67) (56) (67) (56) (67)

fgg lsa fgo lsa  Igr Mo, g lgs togs tyrs ‘
(67) (56), (67) (56) (67) (56) (67)

oo  twe  fwo  fes  fwe - fion fwe  fwe  fes  tiw Tws  luwss

(67) (56) (67) (56) (67) (13) (67) (56) (67) .(56) (67) -

et hyw  fus fua o s

(67) (56) (13) (56) (67).
This shows that
3y X = (68,4121, 61561, 1215615 +611, 16155+ 3t5; -+
+6t29+6123+6t26+6f19+6tao+3t94+t97+12’98+6f110] (6.6)

We shall rename these terms, in order, as Vsg, Vsg -+ - Vooe -

(vii) Reduction of 8y.Xg = 2 (t; + t2 A )

1t is ev1dent that the members of each pair of terms, are connected
by the transformation (67)—50 that we may write down

8y.%, =2 (rl_ +t2 +...+t_53) 4
=4.(ty +ty+t;+...Ft5),

only the 29 terms with odd suffixes appearing, Further equatities will
be given for these terms alone, ‘
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We notice that these ¢’s are connected in the following manner :

> >

1 tog 5 I3y I3 iz s I Iy ts1,  has

(23) (46) (57 (4657) (23) (4675)

v - : >

i tys 5 lizs g fas l23 a1, las. Lz s lags 33

(4675) (23) (465) (13) (457)
-> >
l3g tas 5 laz, Tams lgg f51 lsa,  Iss t57.
(12) (4675) (13)(45) (132) (567) (13) (45)
This shows that :
8y.x7 = 4 [21, +f3+2t5+t7 + 2ty -+t 205+t gt
29542195 tog Lo+ 2t 39 Hag g + 3149 +2155]. (6.7)

We shall rename these terms, in order, as Yy, Vosy - - - Vas

t

¥

(viii) Reduction of 8,.Xg = (t; + fa +. ..+ tys)

We notice that the ¢’s are connected in the following manner :

Zg t_:o L f_; t_z)v L50, _;2 I32 len g,
1 (567) (23) (457) (56) (567) (23) (476) (23) (4765) (45) (67) (57)
Iy t14, f5 t; I3 I3 Zs T ts Loss
46) (57) (47) (56) (5T) (23) (47) (56) (4567) (45) (67) (23) (46)
tes ?58 fa ts ~ o s 79 Zn e tes, I t41,
(57) (456) (23) (57) (56) (46) (4765) (576) (23).(45) (47) (56)
> . > > >
tip  I3s g hs e t l4g Less tig L 19 g7,
[ - (56) (465T) (67) (567) (567) (46) (5T) - (56) (576)
Lo fom 789 ?79 ?72 fa1 Zz by,
6n - (12) (456) (132) 467) (13) (4657) (67) (467)
> . > > >
I33 Lgs, Igg ) fa Iz3,
(23) (475) (567) (23) (4567) (467)
> =S > ->
les Iy tm  lis . a3 Lz,
(13) (457) (123) (4567) (67) (576) (12) (476)
?zs _;48 -;)82 f905 2 . s, Ia9 Iso,
(13)(456) (23)(465) (12) (475) (23) (47) (56) (23) (46) (57)
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-> s ->

f3a lse s Iz lagy Lz, Iy L, Iy f76 lgs 192,
(23) 47) -(465) (13) (475) (23) (45) (12) (465)
-> -
Iso Ty, I -ty lea » Toa » lyg I3 Lg1,
(123) (45) (67) (23) (465) (23) (45) (67) (23) (45) (67)
Loy Ig5 fog Zg6,
(67) (23) (45)
- >
L106 f1g tg9 tyy  log Hoz L07,

At 0
(13) (45) (67) 05(13) (567) (13) (45) (67) (12) (56) (67) (576) (46) (57)

- >
l108 Lo Hos, Hog 1109
(12) (57) (23) (4567) (4675)
->
s s hio  Hug His 13-
67y (13) (465) (67) (13) (45)

This shows that

Oy.xg = [Ofy+4t,+2t,+ 4154t -6+ 41421, +21,,+ 6115+
281812819+ 2000ty +215 5+ 815y +6155 41,6+
29520092t 55ty 13ty 205 F A+
250125+ 2t g+ tr0 20052195+ 210 +-8 1471
3100+ 2t105 4110+ 21110]. (6.8)

We shall rename these terms, in order, as vy, Yoy, . - . Vig7.

Summary of Results for Intra-Class Reduction
It has been shown that by virtue of Theorem 111, a large number
of equalities exist, through factors of the transformation:
(123).(4567)
in the set of 663 terms obtained by applying 8, to-the eight x’s. It

follows from equations (6.1), ..., (6.8) that these 663 terms have been,
now, reduced to 127 terms as follows:

TABLE 1l a
Reduction of the number of terms generated by 8,

i 1123 (4|5 6| 7| 8 |Total

No. of reduced terms in S,x| 8182215

9 '18‘19 38 _127‘

We have renamed these terms, in order, as y;, ¥s, Y3, - . - ¥iar.
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It will be seen that to calculate 4, and C, we need the values of
each of the £.x, (i = 1,2, ...8) individually. The intra-class reduction
has transformed the quantities 8,.x;, and hence also the £.x;, to
weighted sums, and it is now necessary to give a comprehensive and
explicit expression for them. These remarks are well illustrated by the
following equation: ‘

Notice that, since

L E=7.8,
we have,
£.x; =7.[0;.x,]
=9 [Zwy;]
= Zw,.(1.5), 6.9)

where, using equations (6.1), ...(6.8), the appropriate weiglts w, and
the corresponding terms y, are as given in the following table:

: TaBLE 111
Reduction of the 8,.x; to the form 2wy,

S1. No.
i W, ) A
8,.X;
1 24 (1237) (1256) (1257) (1346) (2345) (3467),
2 12 (1237) (1257) (1267) (1346) (2345) (3456)
3 12 (1234) (1257) (1267) (1346) (2345) (3567)
4 24 (1234) (1236) (1267) (1567) (2345) (3457)
5 24 (1234) (1236) (1257) (1567) (2345) (3467)
6 12 (1234)2.(1267) (1567) (2345) (3567)
7 6 (1234)2.(1235) (1567) (2567) (3467)
8- 2 (1234)3.(1567) (2567) (3567)
) 8p. Xy
9 4 (1237).(1267)%.(1345) (2345) (3456)
10 8 (1237) (1256) (1267) (1345) (2345) (3467)
11 16 (1235) (1247) (1267) (1367) (2345) (3456)
12 16 (1235) (1247) (1256) (1367) (2345) (3467)
13 16 (1235) (1237) (1267) (1467) (2345) (3456)
14 16 (1235) (1237) (1256) (1467) (2345) (3467)
15 32 (1234) (1237) (1256) (1467) (2345) (3567)

(1234) (1235) (1237) (1567) (2467) (3456)
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1
TABLE 1II—(Contd.) _ ]
|

SI. No. : i

i ey i

By. X3 il
17 4 (1234)%.(1235) (1567) (2467) (3567) !
18 8 (1234) (1235) (1267) (1467) (2345) (3567)
19 4 (1234)2.(1247) (1567) (2356) (3567) )
20 8 (1234) (1236) (1247) (1567) (2345) (3567) .
21 4 (1234) (1247) (1267) (1356) (2345) (3567)
22 4 (1234) (1235) (1247) (1567) (2356) (3467)
23 8 (1234)2.(1257) (1467) (2356) (3567) L
24 8 (1234) (1236) (1257) (1467) (2345) (3567) 1
25 4 (1234) (1257) (1267) (1356) (2345) (3467)
26 4 (1234) (1235) (1236) (1567) (2467) (3457)
27 4 (1234) (1236) (1267) (1567) (2345) (3457)
28 16 (1234) (1235) (1267) (1467) (2356) (3457)
29 4 (1234).(1267)2.(1356) (2345) (3457)
30 4 (1234) (1246) (1257) (1356) (2347) (3567)
31 4 (1236) (1246) (1257) (1347) (2345) (3567)
32 4 (1235) (1246) (1267) (1356) (2347) (3457)
33 4 (1237) (1246) (1267) (1356) (2345) (3457)
34 4 (1234) (1247) (1256) (1356) (2347) (3567)
35 4 (1236) (1247) (1256) (1347) (2345) (3567)
36 4 (1234) (1237) (1256) (1467) (2356) (3457)
37 4 . (1234) (1256) (1267) (1356) (2347) (3457)
38 4 (1236) (1256) (1267) (1347) (2345) (3457)

3y.4
39 16 (1236) (1237) (1345) (1567) (2345) (2467)
40 32 (1235) (1237) (1367) (1467) (2345) (2456)
41 32 (1235) (1237) (1367) (1456) (2345) (2467)

2 32 (1235) (1236) (1237) (1467) (2345) (4567)
43 4 (1234) (1235) (1236) (1237).(4567)?

} 8y. X5
44 16 (1236) (1237)-(1347) (1567) (2345) (2456)
45 16 (1236)%.(1347) (1567) (2345) (2457)
46 16 (1235) (1236) (1347) (1567) (2345) (2467)
47 16 (1236) (1237) (1367) (1457) (2345) (2456)
48 8 . (1235) (1237) (1367) (1467) (2345) (2456)
49 8 (1235) (1237) (1367) (1456) (2345) (2467)
50 16 (1236).(1237)2.(1456) (2345) (4567)

51 16 (1235) (1236) (1237) (1467) (2345) (4567)
52 2 (1234) (1235) (1236) (1237).(4567)2




llllllllll-|llllllllIlllIlllllllllllllIl!lllllIfIIlII--————————————————————————j———*W

A SXMPL]FIED METHOD OF ENUMERATING LATIN SQUARES—II 67

|

| .

| TaBLE 111—(Contd.)
|

SI. No.

i W, Vi

|

3y.Xg

53 6 . (1237) (1267)(1346) (1457) (2345) (2356)

| 54 12 (1237) (1267) (1346) (1456) (2345) (2357)
55 6 (1237) (1257) (1346) (1467) (2345) (2356)
56 6 (1237) (1256) (1346) (1467) (2345) (2357)
57 12 (1237) (1257) (1346) (1456) (2345) (2367)
58 6 (1237) (1256) (1346) (1457) (2345) (2367)
59 6 (1234) (1236) (1467) (1567) (2345) (2357)
60 6 (1234) (1236) (1457) (1567) (2345) (2367)
61 3 (1234)2.(1567)%.(2345) (2367)
62 6 (1234) (1236) (1267) (1457) (2345) (3567)
63 6 (1234) (1236) (1257) (1467) (2345) (3567)
64 6 (1234)2.(1267) (1567) (2345) (3567)
65 -6 (1234) (1236) (1345) (1467) (2357) (2567)
66 6 (1234) (1236) (1345) (1457) (2367) (2567)
67 3 (1234)2.(1235) (1467) (2567) (3567)
68 1 (1234)3.(1567) (2567) (3567)
69 - 12 (1234) (1236) (1267) (1345) (2357) (4567)
70 - 6 (1234)2.(1235) (1567) (2367) (4567)

8g. Xy

71 8 (1237) (1267) (1345) (1567) (2345) (2346)
72 4 (1237) (1267) (1345) (1456) (2345) (2367)
73 8 (1237) (1256) (1345) (1467) (2345) (2367)
74 4 (1235) (1267) (1367) (1457) (2345) (2346)
75 8 © (1235) (1257) (1367) (1467) (2345) (2346)
76 4 (1234) (1257) (1367) (1567) (2345) (2346)
77 8 (1235) (1237) (1467) (1567) (2345) (2346) .
78 4. (1234) (1237).(1567)%.(2345) (2346)
79 4 (1234) (1237) (1456) (1567) (2345) (2367)
80 4 (1235) (1237) (1267) (1456) (2345) (3467) '
81 8 (1235) (1237) (1256) (1467) (2345) (3467)
82 8 (1234) (1237) (1256) (1567) (2345) (3467)
&3 4 (1235) (1257) (1345) (1467) (2346) (2367)
84 4 (1234) (1257) (1345) (1456).(2367)*
85 8 (1235) (1237) (1345) (1467) (2346) (2567)
86 4 (1234) (1237) (1345) (1456) (2367) (2567)
87 4 (1234) (1235) (1237) (1456) (2567) (3467)
88 12 (1235) (1237) (1267) (1345) (2346) (4567)
&9 -8

(1234) (1235) (1237) (1567) (2346) (4567)
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TABLE 11I—(Contd.)

Vi

90
91
92
93
94
95
96
97
98

99

100
101
102
103
104
105
106
107
108
109
110
I11
112

113
114 .

115
116
117
118
119

120 -

121
122
123
124
125
126
127

NDPEDNDWRENDNPODN NN AN L~ NIRRT RERRNARNNDNDNANDNDEAR MDD B

8y. %

(1236) (1257) (1347) (1567) (2345) (2346)
(1236) (1256) (1347) (1567) (2345) \2347)
(1236) (1257) (1347) (1456) (2345) (2367)
(1236) (1256) (1347) (1457) (2345) (2367)
(1235) (1267) (1347) (1456) (2345) (2367)"
(1237) (1267) (1356) (1457) (2345) (2346)
(1237) (1267) (1356) (1456) (2345) (2347)
(1237) (1256) (1356) (1467) (2345) (2347)
(1234) (1267) (1356) (1567) (2345) (2347)
(1236) (1237) (1457) (1567) (2345) (2346)
(1234) (1236). (1567)2.(2345) (2347)
(1234) (1236) (1457) (1567) (2345) (2367)
(1234) (1235) (1467) (1567) (2345) (2367)
(1236) (1237) (1257) (1456) (2345) (3467)
(1235).(1237) (1267) (1456) (2345) (3467)
(1235) (1237) (1256) (1467) (2345) (3467)
(1234) (1236) (1257) (1567) (2345) (3467)
(1234) (1235) (1267) (1567) (2345) (3467)
(1236) (1256) (1345) (1567).(2347)®
(1235) (1267) (1345) (1567) (2346) (2347)
(1235) (1256) (1345) (1467) (2347) (2367)
(1235) (1256) (1356) (1467).(2347)%
(1234) (1256) (1356) (1567).(2347)2
(1235) (1236) (1456) (1567):(2347)2
(1235)2.(1467) (1567) (2346) (2347)
(1235)2. (1267) (1456) (2347) (3467)
(1235)2.(1256) (1467) (2347) (3467)
(1234) (1235) (1256) (1567) (2347) (3467)
(1235) (1256) (1347) (1467) (2347) (2356)
(1234)2.(1567)2.(2347) (2356)

(1234) (1237) (1256) (1457) (2356) (3467)
(1234) (1235) (1236) (1457) (2567) (3467)
(1234).(1235)2.(1467) (2567) (3467)
(1236) (1237) (1257) (1345) (2346) (4567)
(1234) (1235) (1267) (1345) (2367) (4567)

(1235)2.(1267) (1347) (2346) (4567)

(1234) (1235) (1236) (1567) (2347) (4567)
(1234)2.(1235) (1567) (2367) (4567).
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§6 b. THE INTER-CLASS REDUCTION OF THE §,.Xx,

It has been seen—cf. equation (6.9)—that the problem of evaluat-
ing the £.x, (i = 1,2, ...8) reduces to that of finding the values of
the n.y, (i =1, 2, ...127). Still further reduction is possible by means-
of the following inter-class equalities among the y’s constituting the

_ different 8,.x,, through the same transformation as used in the intra-

class reduction above, i.e., factors of the permutation:
(123).(4567).

We have—the figures in brackets denoting connecting permuta-
tions—

> >
N S £ T Yse Yso

(12) (456) (123) (56) (23) (45) (67) _

> > ¢

Ya Vas Yae Yss

(67). (13) (476) (576)
-
JYa Vs Vo
- (123) 45) (67) (67

. >
Yo =W Yis Yas = Vao Yee  Vse T
(45) (67) - (23) . (47) (56) (67) (23) (4567)
> > ) > >
Yice = Vs Yes Yaa Yes Va2
(456) (123) (46) (57) (457) (132) (67)
Year = Vg Y19 " V11s
(13) (57) (45) (67)
. >

Vi Y Ve V122, Vs = Yess Yo B4 T

(23) (12) (12) (45) (13) (467)
> >
341 Va4 Yor

(13) (4756) (576)
> - -> -> ->
Ju Yar Y Vo1, Y12 V3o Ys1 Vo3

(4765) (13) (476) (576) (475) (13) (475) (67)
Yis = Va1 = Jna Yoo ' a

(45) (67)
-> -

Yis  Yes = I Yio Yss Y103

(67) (23) (45) (12) (67) (23) (4576)
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-> > ->
Yie  Ves Yer Yie1, Y18 - Yar Y107

(67) -(123) (67) (67) (123) (46) (57) (132) (4657)
> . - > ) ‘
Va1 " Vs Vs Yos

(13) (4756) (4675) (576)
ﬁ .
Yoz Yas = Va Yoz Y101 = Vso

(23) (476) (23) (45) (67) (45) (67)

> > > )
Ja3 Yus Y115, Yes Ysza Jes

(23) (465) (23) (4765) (13) (4756) (45)
> -
Yoy Vs Y108

_(123) (67) (23) (467)
-> > ->
Ya1 Yes  Vgo, Yas Y55 Y109

(13) (467) (67) (123) (576) (23) (4675)
-
Yaq Yz Jus

(13) (4765)  (57)

>

> >
Yas - V13 Va1, Ve - Vag Y120
(13) (4567) (23) (46) (57) (23) (4765) (23) (467)
> - .
Y51 = Vi Vs Y126 » Y13 = V5o, Yso Vi = Yy
(465) (567) ] (47) (56)
T Vs Yor Voo Y11 = Ve J’:_s, Ya Y119 : i
(45) (67) (56) 7N - (57
Y9 Vss Y123, Yz )10, :
(45) (67)  (12) (56) ©n -
and,

Ywes Virs Y113 Viugs Vias, Viose

Summary of Results for Inter-Class Reduction

This reduction shows that it is sufficient for us to calculate the
7n.y; only for the following set of 40 values of j:—
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TARLE IV

The representative set of ¥;’s-

Set” ~Values of j

j= 1,2, 3, 4 5 6 7 & 910

) 11, 12, 14, 15, 16, 18, 21, 22, 23, 25,
29, 31, 32, 34, 35, 36, 42, 43, 50, 59,

60, 61, 69, 78,102, 111, 113, 114,124, 125,

Notice that, by virtue of Theorem III, the 663 terms generated by
the operation 8,.x,(i= 1,2, ...8), have been reduced by means of
intra-class and inter-class reductions, to the 40 terms y; as given above
in Table 1V, .

§7. THE EVALUATION OF THE FORTY REPRESENTATIVE 7.Y;

We have now to apply the four differential operations:
= 8.8,.85.04
to the 40 y,’s of Table 1V.

As an illustration, we give below in outline the calculations
necessary to evaluate n.y;. The other 7.y,’s may be similarly evaluated.
The forty values of the ».y; thus obtained are given in Table V, at the
end of the following example:

Example
To evaluate 7.y, i.e.,
85.8,.85. 8¢ [(1237) (1256) (1257) (1346) (2345) (3467)]1.

We shall first apply the operator 8; = Da3567y to the term yi.
We divide the work into four stages, according as 1 is deleted from the
first, second, third or fourth factor of y,. Next, using the language
at the beginning of §5, in each stage, we shall delete, in o:-der, the
numbers 1, 2, 3 and next 5, 6, 7 in all possible ways.

The terms generated in this manner are given below after
rearrangement of the factors within themselves in ascending order.
It is well to remember that for some of the other y;’s, those containing
a squared factor give the common multiplier 2!, and thosé containing
a cubed factor give the common multiplier 3 !,
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Hence the third operator 8, = D 124567, acting on y,, generates the

sum of the following 36 terms:

Application of 85 to y,

Serial No.

Term

O VO~ AW —

NS N T S T N U
W~ OV UL AW, —

NS T
[T

26
27
28
29
30
31
32
33
34
.35
36

(125) (146) (156) (234) (237) (347)

© (127) (134) (156) (237) (245) (346)

(125) (134) (156) (234) (237) (467)
(125) (146) (157) (234) (237) (346)
(126) (134) (157) (237) (245) (346)
(125) (126) (146) (237) (345) (347)
(125) (127) (146) (237) (345) (346)
(125) (126) (134) (237) (345) (467)
(125) (137) (146) (234) (256) (347)
(127) (134) (137) (245) (256) (346)
(125) (134) (137) (234) (256) (467)
(127) (134) (157) (234) (256) (346)
(123) (146) (157) (234) (256) (347)

(123).(134) (157) (234) (256) (467) . .

(127)%.(134) (256) (345) (346)
(123) (127) (146) (256) (345) (347)
(123) (127) (134) (256)-(345) (467) -

©(125) (137) (146) (234) (257), (346)

(126) (134) (137).(245) (257) (346)
(127) (134) (156) (234) (257) (346)
(123) (146) (156) (234) (257) (347) .
(123) (134) (156) (234) (257) (467)
(126) (127) (134) (257) (345) (346)
(123) (126) (146) (257) (345) (347)
(123) (126) (134) (257).(345) (467)
(125) (126) (137) (245) (346) (347)
(125) (127) (137) (245).(346)2
(125)2.(137) (234) (346) (467)
(125) (127) (156) (234) (346) (347)
(123) (127) (156) (245) (346) (347)
(125) (127) (157) (234).(346)*
(123) (126) (157) (245) (346) (347)
(123) (125) (157) (234) (346) (467)
(125) (126) (127) (345) (346) (347)
(125).(127)2.(345). (346)*

(123) (125) (127) (345) (346) (467)
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We shall designate lhese terms, for conyenience, as Zj; Zs, .. .Zgg
so that :

oy =12z, + 2y +...4 234 7.1
We have now to apply the three operations: ’
' [ =8,.5.5

to these 36 terms.

Equalities among such terms, obtamed by applying 8; to the yl
occur by Theorem III through permutations Wthh keep the operator
{ invariant, i.e., factors of the transformation:

(1234).(567).
Thus, for example, we have:

Z Zgp-

(67)

' Extensive use has been made of these équivalences in the evé]uation of
the . yJ

Application ‘of the operator { = 38,.5;.8; has been illustrated in
the table below for a few of the 36 terms occurring in (7.1).

Column 1 of the table ‘givés the name of the term., Column 2
gives the result of .applying the operator §, = D 153467, to the term in
column 1. In applying this operator §,, we ‘divide the work into
three stages, according as 1 is deieted from the first, second or third
factor of the term z,. Next, using the Janguage of §5, in each stage
we shall delete, in order the numbers 1, 2, 3 and next 4, 6, 7 in all
possible ways. '

Lastly, column 3 gives the result of applying the operators §;. 8§,
to the terms in column 2. Notice that the last two operations §;.5,
may be carried out orally. The operation 05 = D 193157, Is easily
performed if we start by deleting 7, then the number paired with 7,
then the number paired with this' number, and so on in the same
manner. If this process stops in the middle, we can follow a similar
procedure with the numbers still remaining to be deleted. The last -
operation 8¢ = D(1s3156, Need not be performed, as there is only one
way of writing down the last row of a Latin square when all the
previous rows have been. written down

The total of column 3 clearly represents the result of applying the
operator { = 9,.3;.9, to' the term jn column I. This total appears
in the last row, and is written as L’(z,). Notice that,

{(z) + {(z) +. .. L(ze) = {85y, = 77-)"-1'- ' (7.2)
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Application of the opsrator “ {’ to the terms generated by 8;y, .

Term 34 35.0¢
z (25) (34).(27) (16) (15) (34) + 2
. s s <(47) (16) (15) (23) + 1

(25) (37).(24) (16) (15) (34) + T

(46) (15).(24)7(15) (23) (37) + 2

» s -7 (15) (23) 34 + 2

w s (A7) (15) (23) (23) + 4

(56) (15).(24) (14) (23) (37) +. 1

o s 27 (14) (23) (34) + 1

o a (47) (14) (23) (23). 2

L (z) = 16

' Zy (27) (45).(14) (15) (23) (36) + 2
s -(46) (13) (15) (23) + 1
(34) (17).(46) (15) (23) (25) + 1

(34) (37).(46) (12) (15) (25) + 2

L (34) (45).(27) (12) (15) (36) + 1
(56 (17).(14) (23) (25) (34) + 1

(56) (37).(14) (12) @25) (34) + . 1

(56) (45).(27) (12) (13) (34). 1

10

(z) =

Zy5 2x[(27) (56).(14) (12) 35) 34 + 2 [
»o o (45 (12) (13) 34) + 1
(34) (17).(45) (12) (25) (36) + 1
» o +(46) (12) (25) (35).] n

C' (z15) = 8.




“A SIMPLIFIED -METHOD OF ENUMERATING LATIN SQUARES—II 75

Proceeding in the above manner, we obtain the following set of _
values for the {(z), i=1,2,...36.

{(z) =16 {(z15) = 14 {(zy5) = 14
{(z) =10 £ (z1) =16 £ (206) = 14
{(z5) =14 {(z5) = 8 L (zy) = 12
{(z) =14 £ (z10) = 10 {(z28) = 12
{(z) =12 {(zn) =14 {(z59) = 12
{(zg) = 14 {(zi9) = 14 {(z3) = 10
{(z) =14 {(z19) = 14 L (zy) = 16
Lizg) =10 L (zy) =12 {(z50) =10
{(zg) =14 L (zy) = 14 £ (239) =22
{(zy0) = 14 [ (202) = 16 { (z50) =
£ (z) =14 {(299) = 12 L (z35) = 16
{(z19) = 12 (20 = 12 £ (z30) = 12
Adding up the values of the {(z), i=1,2,...36, we obtain
from (7.2), : o

7I-Y1:_Z(Zl)+ {(z) + L (z9) +---+C(Zau)
=164+10+14 + ...+ 12
=472,

The above exémple illustrates the evaluation of 7. y,. Procecding.
. n a similar manner we can evaluate all the 5.y’s for values of j
mentioned in Table 1V, and thus obtain the following table:

TABLE V

Values of the 40 representative 7.y,’s

i : n.Y;

Yias Vs V11, Vars Veo 456

v Y3, Yios Y18 Vess Voo V3o Vas: Vaes Vses Veos Ves 464

Y1 Y12y Viss YVos, Vs 4_72

Y02 Y111> V11ss V1w -J’124; Y125 | 480

Ya 496

Yas Yoo Yas Yoo Vs Yies Yags Vsor Ve, Vas 512

ySs Yaa 576
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§8. THE VALUES OF THE £.x,(i= 1,2, ...8)

The use of Table V along with the inter-class equalities of §6 -b,'
clearly gives us the values of the 7.y, for all the 127 y’sof Table III.

We have seen before that—cf. equation (6.9)—
£.x,=Zw,(7.9) (8.1)

Using the weights w, given in Table III, and the values of the
representative 7.y, just obtained in Table V, it is now easy to construct
Table VI (see next page). ’

,' From Table VI and equation (8.1), we readily obtain:
£.x; = (456 X 48) -+ (464X 12) + (472 24) 4 (512 30) 4 (576 x2)
- = 21,888 + 5568 + 11,328 4+ 15360 + 1,152
= 55,296, i
= (456 X-32) + (464 % 8) + (472 x48) + (512X 28) |
= 14,592 + 3,712 4 22,656 -+ 14,336
= 55,296. l

E.x

©

£.x;, = (456 X32) + (464X 32) + (472X 24) + (496 x4) + (512 % 24)
= 14592 ‘+ 14848 + 11,328 + 1,984 + 12288
= 55,040.

£.x, = (456 X 64) + (464 16) + (512X 32) + (576 X 4)
= 29,184 + 7424 + 16,384 -+ 2304
= 55,296.

£.%; = (456X 32) + (464X 32) + (472% 16) + (512X32) + (576X 2)
= 14,592 + 14,848 + 7,552 -+ 16,384 + 1,152 _
= 54,528, ,
£.xg = (456 X 30) + (464X 30) 4 (472X 30) + (496 X 6) - (512x 18) + (576 % 1)
= 13,680 -~ 13,920 + 14,160 + 2,976 + 9216 -+ 576
= 54,528.
£.x, = (456 X 32) + (464X 40) + (472X 16) + (512 % 28)
= 14592 + 18,560 + 7,552 -+ 14,336
— 55,040
£.xg = (456 X 18) -+ (464 36) + (472X 26) + (480X 11) + (496 % 2) -+ (512%22)
— 8208 -+ 16,704 -+ 12,272 + 5280 -+ 992 - 11,264
= 54,720, :
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TABLE VI :
Evaluation of the £.x; (i =1, 2,,...8).
SI. No. w Y, Sl. No. W, U SL. No. W, Y,
£.xy ¢.x,—Contd. &.xg—Contd.
1 24 472 31 4 496 56 6 472
2 12 512 32 4 464 57 12 472
3 12 464 33 4 472 58 6 496
4 24 456 34 4 464 59 6 464
5 24 456 35° 4 472 60 6 464
6 12 512 36 4 464 61 3 512
7 6 512 37 4 456 62 6 456
8 2 576 38 4 512 63 6 472
64 6 512
65 6 456
£.x, é.x, 66 6 456
67 3 512
68 1 576
-9 4 512 39 16 464 69 12 464
10 8 464 40 32 456 70 6 512
11 16 456 41 32 456
12 16 472 42 32 512
13 16 456 43 4 576 £.x,
14 16 512
15 32 472
16 8 512 &. x5 71 8 456
72 4 464
73 8 472
£.x, 44 16 456 74 4 464
45 16 464 15 8 456
46 16 472 76 4 512
17. 4 512 47 16 464 71 8 464
18 8 464 48 8 456 78 4 512
19 .4 512 49 8 456 79 4 464
20 8 512 50 16 512 . 80 4 456
21 4 456 51 16 512 31 8 512
22 4 456 52 2 576 82 8 456
23 8 464 83 4 464
24 3 472 84 4 464
25 4 472 £.xq 85 8 472
26 4 512 86 4 456
27 4 456 87 4 512
28 16 456 53 6 472 38 12 464
29 4 464 54 12 456 89 8 512
30 4 472 55 6 464
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TABLE VI—Conzd.

S1. No. w; ny; Sl. No. w; ny; | Sl No. w; ny;
¢.xg ¢.x;—Contd. ¢.xg—Contd.
102 2 480 115 4 464

90 6 472 103 6 472 116 2 512

91 4 456 104 2 456 117 2 456 .

92 2 496 105 4 512 118 2 464

93 4 472 106 6 - 456 119 1 512

94 4 472 107 4 . 464 120 2 464 :

95 6 - 472 108 2 464 121 2 512 -

96 4 456 109 2 464 122 2 512

97 2 464 110 2 464 123 8 464

98 2 512 111 1 430 124 3 480

99 6 464 112 1 512 125 2. 480 .
100 2 512 113 1 480 126 4 512

101 2 464 114 2 480 127 2 512

Collecting together the values of the &- x; just found, we obtain Table VII as

follows :— . .
: ' TaBLE VII
Values of the £.x,(i=1,2,...8)

| i 1 2 3 4 .5 6 7 '

54,720

l £.x, | 55,296 | 55296 | 55,040 | 55,296 | 54,528 | 54,528 | 55,040

We shall now use these values of the ¢.x; for the evaluation of
A, C, and hence R, in the next section.

§9. THE VALUES OF A, C, AND R,

From Table VII and equations (4:7) and (4.13), we immediately
have : '
Ay = €.[8x; + 12x, + 24x,]
= 2,426,880.
and

C, = £.[3x4 + 6x5 + 8x¢ + 12x; + 24x,]
= 2,903,040,
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The value of R,

We have, using equatlon (4.1), and the values of 4, and C, found
above,
.R7 == A7 + 5. C7
) = 16,942,080
which is the total number of different standard 7x7 Latin squares.

The number of Latin squares reached by Norton was 16,927,968
which falls short of the number reached by us by 14,112, Presumably
this is due to one or more species having been missed by Norton
in the process of enumeration.

§10. SUMMARY

In Part 1, MacMahon’s formula for enumerating Latin squares
was simplified and applied to the enumeration of 6 X6 squares. In
this part the formula has been applied to the enumeration of Latin
squares of order n = 7. 1t is found that there are exactly 16,942,080
different standard 7x7 Latin squares which number is greater by
14,112 than the number previously reached by Norton.

ACKNOWLEDGEMENTS

I have to acknowledge with great pleasure my deep gratitude to
Dr. P. V. Sukhatme, who kindly initiated me into the problem, and
but for whose keen interest, and constant encouragement, the present
work could not have been undertaken. It was mainly on his suggestion
that a thorough check of these calculations was taken up in hand and
completed. I have also to thank him for the many critical suggestions
advanced during the course of its revision.

REFERENCES

1. Euler, L. .. “‘Recherches sur une nouvelle espéce des quarrés
magiques,” Verh. Zeeuwsch Genoot. Wetenschappen,
Vlissingen, 1782, 9, 85-239.

2. Tarry, G. .. ‘“Le probléeme des 36 officiers,” Ass. franc. Av. Sci.,
. 1900, 29, 170-203.

3. MacMahon, P. A. .. Combinatory Analysis, 1915, 1, Camb. Univ. Press.

Fisher, R. A., and “The 6x6 Latin Squares,” Proc. Camb. Phil. Soc.,
Yates, F. 1934, 39, 492-507.

Norton, H. W. .. ““The7x7Squares,” Ann. Eug. Lond., 1939, 9, 269-307.

6. Saxena, P. N, .. “A simplified method of Enumezrating Latin Squares

by MacMahon’s Differential Operators. Part I.
The 6x6 Latin Squares,” Jour. Ind. Soc. Agr.
Stat., 1950, 2, No. 2, 161-88.

Paper Received 20th Dec. 1948.)




	PNS-1
	PNS-2

