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§1. Resume

In Part I of this paper a modification of MacMahon's formula had
been developed for the direct and exhaustive enumeration of the
standard Latin squares of any order and this formula was applied
to the enumeration of the 6x6 Latin squares. Although the 6x6
squares had already been exhaustively enumerated before, no such
enumeration except that attempted by Norton (1939) so far existed
for the 7x7 squares. In this paper the formula established in the
earlier part has been applied to the complete and exhaustive enume
ration ofthe 7x 7 Latin squares. It is interesting to recall in this connec
tion that Norton (1939) in his own words only presented, " an extensive

pojsibly an exhaustive study of 7x7 Latin and higher squares"
It would be shown that his figure 16,927,968 actually falls short of the
true size of the universe of standard 7x7 Latin squares by 14,112.

Before beginning with the calculations, we shall first restate, without
proof, the three main results established in Part I, as these would be
used again and again in the sequel,
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Theorem I.—" The number of standard Latin squares of side
is enumerated by the formula :

^n— ^(1345.^(1246...») ^(1235...,,) ••• ^(1234..) (1345. . .«) (1245. . .«)
(1235...«)...(1234...«^]), (l.I)

where the (/; —1) partitions may be written down by striking out in
turn the numbers 2, 3, 4, ...« from the series of integers 1, 2, 3,
and where the operation is performed upon the product
9^1.^2.. .(/>^ of symmetric functions denoted by partitions, by abstracting
the partition from the product in all possible ways, one
part at most being taken from each factor, and adding the terms."

Of course, the totality of Latin squares of order n, whether
standard or non-standard, is given, as is well known, by

/„ = n! (« - 1)!

so that the direct evaluation of is considerably simpler than the
task of evaluating /„ from the usual MacMahon formula :

^» = ^V3...„,.(123...«)''.

Theorem II.—" Let the universe of standard Latin squares of
order n containing the letters a, c, d,e,f, ... in the second-row second-
column cell be denoted by

Then
^n> ^n' ^n' ^n> •

.C„ = D„ = E„=F,

so that the obvious relation

^1, = + D„ + E„ + /'k + ...
becomes

= ^„ + (« - 2) C„. (1.2)

Also the analytical expressions for A,^ and C„ are obtained from the
formula (M), if in applying theoperation £>,1345.we restrict
ourselves to the following terms alone:

(i) For where 1 is deleted only from the first factor (1345.-..«)
of the operand, and 3, 4, 5, ..from the remain
ing factors,

Hi) For C„—where 3is deleted only from the first factor (1345...«)
of the operand, and 1, 4, 5,- ...« from the remain
ing factors,

and the remaining operations are kept unaltered."
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This reduces the problem of enumeration to the evaluation of
A„ and C„ only.

Theorem III.—" If two terms of a set, obtained after a D-opera-
tion, are connected by a psrmutation which leaves the remaining
Z>-op3rators invariant, then the two terms are equinumerous, i.e.,
lead to the same numerical result on performing the remaining
D-operations."

To avoid confusion, the braclcet notation of partitions shall be
exclusively reserved for the symmetric functions of our formulje, unless
explicit reference is made to these connecting permutations.

§2. The Formula for Enumerating 7x7 Latin Squares

Formula (1.1) for the case « = 7, when written out in full is—

-^7 = ^(124507) ^(123561) ^(123467) -0(123457)'̂ (123466) [-P]>

where P is the following product of symmetric functions: (2.])

P = (134567) (124567) (123567) (123467) (123457) (123456).

Denoting the operators by S. and the factors of the operand by
we can write the above formula as follows:

where,

so that

§3.

7?, = Sj^. §2. 83, 84. §5.85.

Si = -0(l345i;-,) A = (134567) N

S2 = •0(124Bli;) f, = (124567)

S3 = ^*(123507) and. /3 = (123567)

S4 = ^(123467) f, = (123467)

85 = ^(123457) /, = (123457) .

Sb = -0(123456) /, = (123456) J

Outline of Differential Operations with the
Attendant Reductions

(2-2)

(2.3)

The following operator-wise descriptive summary provides a brief
over-all picture of the entire calculations. The reductions mentioned
at each stage are a consequence of using Theorems II and III as given
above in the resume.

t

\
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Writing the formula (2.1) in the form:

(3.1)

where the 8's denote partition-deleting operators and P is the product
of symmetric functions '/i' expressed in partitional notation as given
in (2.3) above, we have shown in §4 that S^.P generates the sum of
309 terms, and have also reduced them to only eight terms, such that

8,.P a,x„ (3.2)
i=l

where the a's are known coefficients and the ;c's denote symmetric-
function products as given in Table I.

It follows from (3-2) that

S,.\.P= S a,(S,.x,).
i=l

In § 5 are given the complete expressions for each of the
(/= 1,2, ...8), the second operation 82 generating 663 terms in all
(vide Table II).

In § 6fl we have reduced each 80.Xj to the form

r

the weights u'̂ and the symmetric-function products being given in
Table III. The y '̂s are only 127 in number.

In §6h we reduce the 127 j'/s above to only 40 representative v/s,
so that we may write

(Z'u'i(r) Jk,))
4=1 r

127

= b, say,
» = 1

40

= E Cj^yj^^ say, (3.3)

where are some of the numbers from 1, 2, ... 127 {vide
Table IV). Hence, from (3']) and (3-3)

40

R-, ~ S Cj (83. 84. Sj. 8g.j'i ). (3.4)
;i=l "

This reduction of the 663 terms, generated by 8,, to the 40 j's has been
the main tour de force leading to the present enumeration.
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The evaluation of the 40 quantities {vide Table V)

Sg.S^.Sj.So.Cj,)

next confronts us with the heaviest, though routine, part of the
problem, as it involves the application of 84.3.5.85 to the 1159 terms
generated by Sgj.. These calculations have been briefly illustrated in
§ 7 by means of an example for the case

The remainder of the work, §§ 8 and 9, is pretty simple, being
only the formation of a cumulative sum of products, leading directly
to the value of i?,.

§4. The First Operation 8^ eee D,i3,5„—Reduction to Eight Terms

We shall now apply the first operator D,13156,, to the product
P ~ fifihfiAfu- The operation breaks up into two parts, according
as,

(i) 1 is deleted from the first factor '/j',,

or (ii) 3, 4, 5, 6 or 7 is deleted from the first factor ' f•^\
Proceeding as in Theorem II, it follows that the five sets in (ii)
obtained by deleting 3, 4, 5, 6 or 7 are equivalent, so that (Theorem II)

i?, = -f5.C„ (4,1)
where,

A., = I [(34567).Z),345,,, ./2/3/4/5/e]

C, = I [(14567).i),,.5,,, ./3/3/,/5/e].

and,

^ EEE §,. 83.84. 85. 8g.

Next, it follows from Theorem III, that equivalent terms are obtain
ed through permutations which keep f = 83. S3. S^. 85. invariant, i.e.,
factors of the transformation

(12). (34567).
Reduction of A.,

Applying Z),34567) we can delete 4, 5, 6 or 7 from This gives
the following four sets of terms:

'̂ 7 = ^ [(34567) {(12567).Z),3567)./3f4/5/i; +. .(Dropping 4 from/,) (4.3)
+ (12467).Z),3457,.73/1/5/5„ 5 ,, ) (4.4J
+ (12457).+. .^ „ 6 „ >(4,5)
+ (12456).Z)(34g5,./3/4/5/6.J] ..( 7 ,, ) (4.6)

(4.2)
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Using the transformations (45), (56), (67) which keep the product
fs-fi-fi-fa the operator f invariant, we notice that the four sets
above are connected as follows;

Set .. ... .. (4.3) (4.4) (4.5) (4.6)

Connecting Permutation .. (45) (56) (67)

and so, by Theorem 111, are equivalent.

Hence, we obtain

A,==4.i [(34567) {\1561). D,,,,,fM

Performing the operations indicated in [ ] in (a), we obtain:

^7 = 4-^ (34567) (12567).(12567) (12346) (12347) (12345) +

. ,, (12347) (12345) (12346)+

.(12467) (12367) (12345) (12345) +

. „ (12356) (12347) (12345) +

. „ (12357) (12345) (12346) +

.(12457) (12367) (12346) (12345) +

(12357) (12346)

(<!)

("i)

(t^a)

(«3)

(^4)

("s)

(fie)

• " (12356)'(12347)

.(12456) (12367) (12347) (12345)

(12346) + {a,),{a,Y

(s)

^10

(12357) (12346)
(12347).

• " (12356)-(12347)

Notice that the first three factors of each term are obtained by
deleting in order 1, 4, 3.

The a's are connected by the following transformations:

a^

(56) (67)

."-6 a,.

(67) (56) (67) (56) (67)

Thus under the operation we have the following equivalences:

°-L ~ 1X3 ^ ct; ~ a^i, a4 ~ ~ ag ~ ttg ^ ag ~ a.Q,

(ttio), (ttii).

*N.B.—Take either both upper or both lower factors.

Thus a^ .. (34567) (I2567).(12457) (12357) (12346) (123461
and, as .. (34567) (12567).(12457) (12356) (12347) 02346).

This convention is followed later on as well.
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SO that

A., = 4^ [2a^ + Sag + 6a^.

Renaming aj^, ag, 04 as x^, X3 respectively, we may write this
equation in the form;

A^ = 4^ [2^1 + 3x2 + 6x3]

= + 12x2 + 24x3]' (4.7)

where the explicit expressions for the x. are;

Xi .. (12345) (12346) (12347).(12567)2.(34567),

Xa .. (12345)2.(12367) (12467) (12567).(34567),

X3 .. (12345) (12347) (12356) (12467) (12567) (34567). •.

We have reduced A., to the evaluation of three terms.

Reduction of C^

Applying we can delete 1, 4, 5, 6 or 7 from ' f^. This gives
the following five sets of terms:

Q = ^[(14567) {(24567). £),4567,-/a r4/5/o + (Dropping 1 from/,) (4.8)

+ (12567). D,1507,./3.fi/s/e + ( 4 „ )(4.9)

+ (12467).Z),„e7,-./a/i/o/e + ( 5 „ ) (4.10)

+ (12457).i),1457,-AA/5./"e + ( 6 „ ) (4.11)

+ (12456).0,1450,-/a/ifs/e-}] ( >, 7 - „ .)(4.12)

Using the transformations (45), (56), (67) which keep the product
A-fi-fi-fe ^ind the operator ^ invariant, we notice that the last four
sets above a:e connected as follows:

Set (4.9) (4.10) • (4.11) (4.12)

Connecting Permutation .. (45) (56) (67)

and so, by Theorem III, are equivalent.

Hence, we obtain,

Q = ^ [(14567) (24567).Z),4567,-/s/i/s/e +
+ 4.(14567) (12567). £>,,537,-/s/i/s/e-] (?)

Performing the operations indicated in [ ] in (y), we obtain:
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Q= ^[{(14567) (24567).(12367) (12367) (12345) (12345) + . (yi)
„ . „ (12356) (12347) (12345) + (y,)
„ . „ (12357) (12345) (12346) + (ys)

„ .(12357) (12367) (12346) (12345) + (yd

" " • "

„ .(12356) (12367) (12347) (12345) + (y^)

„ 0.34.}.,,, (,.)

+4. {(14567) (12567)-(23567) (12346) (12347) (12345) + (no)
„ . „ (12347) (12345) (-12346) +. (y,,)

„ .(23467) (12367) (12345) (12345) + {y,,)

„ . „ (12356) (12347) (12345) + (y,,)

„ . „ (12357) (12345) (12346) + (y^^)

„ .(23457) (12367) (12346) (12345)+ ' (yj

(12357) (12346),, ,, ,
" • " (12356) (12347) ^ )+ (Vie). (ri:)
„ .(23456) (12367) (12347) (12345) + (y^s)

(12357)(12346) l-l • , ^ ,
• " (12356) (12347) ^

Notice that the first three factors of each, of the terms y^-y^ are
obtained by deleting in order the numbers 3, 1, 4; and the first three
factors of each of the terms yio-y2o are obtained by deleting in order
the numbers 3, 4, 1.

The y's are connected by the following transformations :

yi Ys Vs, Yi = y2 74 = Ya Vs = Yi<

(56) (67) (67) (57)

Yvn — Yll,. Yi2 , yi6 ^20,

(56) (67)

Yib Yii Yis Yib Yia Yn-

(56) (67) (57) (56) (67)

Also,
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Thus, under the operation we have the following equivalences:

yi 75 ~ 79, Y-i ^ 73 ~ 74 ~ 76 ~ ~ 78>

also,

7io ~ 7u! 7i2 ~ 716 ^ 720! 7i3 ~ 7i4 ~ 7i5 '^-' Yn 7i8 ~ Yig,

SO that

Q = ^ [(37i + 6/2) + 4.(2yio + 3yi2 + 6^13)].

Renaming Yi, Y2, 7io> 7i2> 7i3 as x^, x^, xe, respectively, we
may write this equation in the form

Q = ^ [(3x, + 6x5) + 4-(2x, + 3x, + 6xs)]

= i [3a-4 + 6x5 + 8x5 + 12x7 + 24x„] (4.13)
where the explicit expressions for the x. are:

Xi .. (12345)2,(12367)2.(14567) (24567),

X•5

Xe

x,

x=

(12345) (12347) (12356) (12367) (14567) (24567),

(12345) (12346) (12347) (12567) (14567) (23567),

(12345)2.(12367) (12567) (14567) (23467),

(12345) (12347) (12356) (12567) (14567) (23467).

We have reduced C. to the evaluation of five terms.

The results of this section may be summarised as follows:

Summary of Results

We have shown that

7?, = ^,+ 5.Q,
where

At = t [8x1 + 12x2 + 24x3]

C7 = ^. [3X4 + 6Xg + 8X5 + 12a'7 + 24Xg]

I = §2. 83.§4-85- §6
i
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and the x's stand for the following products of symmetric functions :

Table I

S^.P reduced to eight x's

Term

.Vi- (12345) (12346) (12347).(12567)2.(34567)

X., (12345)^(12367) (12467) (12567) (34567)

X3 (12345) (12347) (12356) (1.2467) (12567) (34567).

Xi (12345)2.(12367)^(14567) (24567)

'^6 (12345) (12347) (12356) (12367) (14567) (24567)

Xe (12345) (12346) (12347) (12567) (14567) (23567)

X-i (12345)2.(12367) (12567) (14567) (23467)

Xs (12345) (12347) (12356) (12567) (14567) (23467).

8,.P ==(8xi+12x2+24a-3)+5.(3x4+6x5+8x0+12x7+24x8)

It is evident that,

Number of terms in = 8 + 12 + 24 = 44,

Number of terras in C, = 3 + 6 + 8 + 12 + 24 = 53, ,

Number of terms in /?, = 44 + 5x53 = 309

so that the problem has been reduced to the evaluation of eight ^.x's
instead of 309.

It will also be noticed that for any term, say Xi, the digits "within
each factor as well as the factors appear in ascending order. This
procedure has been found convenient for the sake of uniformity and
identification, and will be adhered to throughout.

§5. The Second Operation Sj ^>(124507) Applied to the Eight j:'s

We shall now give the results of applying the second operator

-0(124567) to Xi, Xo, ...Xg in sub-sections I, II, ...VIII. The terms
obtained will be numbered t^, t^, t^, • for each x afresh. It is also

3
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important to observe that 83 generates the sum of these t/s, and the
sign + connecting them has been omitted only for the sake of brevity.

I. §2 applied to

To write down the terms generated by :

[(12345) (12346) (12347). (12567).(12567). (34567)].

There are only five ways of deleting 1, and we divide the work
into five stages corresponding to these five ways. Consider the first
way or stage (i) where, deleting 1 from the first factor, we obtain

(2345).

Now in this stage, there are only four ways of deleting 2, giving
the pairs:

(2345) (1346), (2345) (1347),

(2345) (1567), (2345) (1567).

Corresponding to these four ways of deleting 1 and 2, there are the
following ten ways of deleting 4, giving the triplets:

(2345) (1346).(1237), (2345) (1346).(3567),

(2345) (1347).(1236), (2345) (1347).(3567),

(2345) (1567).(1236), (2345) (1567).(1237), (2345)-(1567). (3567),

(2345) (1567).(1236), (2345) (1567). (1237), (2345) (1567).(3567).

A. sufficient description of these triplets is that they have been
obtained by deleting, in order, the numbers 1, 2, 4.

It is now easy to delete the remaining numbers 5, 6, 7 for each
of these triplets in all possible ways. This gives all the terms in
stage (i).

In stage (ii), we delete 1 from the second factor, and proceed as
above to form triplets. The remaining stages are also completed in
a similar manner, and the sum of all the terras thus generated clearly
gives Sj-Xi.

This explanation of method may then be summarised in the form ;
' Delete, in order, the numbers 1, 2, 4 and next 5, 6, 7 in all possible ways'

We shall use this language again later.

Of course, we could delete 1, 2, 4, 5, 6 a;nd 7 in any manner and
order we may choose, and the result would be independent of the method

.chosen. We have given here the procedure detailed above only for
describing the particular order in which the terms t-^ of this section

/

I
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have been obtained. In addition, there are no chances of missing
a term, and uniformity is maintained.

A similar explanation holds for applied to the other i''s except
.\-3 where we delete, in order, the numbers 7, 6, 5 and next 1, 2, 4 in
all possible ways.

Evidently, a square term will give a common multiplier 2 !. Hence
Sj'A-] generates the sum of the following terms:

2x(i)

(2345) (1346).(1237) (1257) (1256) (3467) h

„ . „ (1267) (1256) (3457) h

„ . „ (1267) (1257) (3456). ^3

„ .(3567) (1234) (1267) (1257) U

(2345) (1347).(1236) (1257) (1256) (3467)' t,
„ . „ (1267) (1256) (3457) t,

„ . „ (1267) (1257) (3456)'
„ .(3567) (1234) (1267) (1256) ti

(2345) (1567).(1236) (1234)
(1257)(3467)

. .(1237) (1234) (1256) (3467)

„ .(3567) (1234) (1234) (1267)'

2x(ii)

(2346) (1345).(1237) (1257) (1256) (3467) .
„ . „ (1267) (1256) (3457) t,,

„ „ . „ (1267) (1257) (3456) /le

„ .(3567) (1234) (1267) (1257) t,,

(2346) (1347).(1235) (1257) (1256) (3467)
„ „ . „ (1267) (1256) (3457)

„ . „ (1267) (1257) (3456)

„ • „ .(3567) (1234) (1257) (1256) t,,

(2346) (1567).(1235) (1234)

t 10

'ii> hi

^22) '23(1257)(3467)

(1257) (3456)
' (1256) (3457)

.(3567) (1234) (1234) (1257)

n937U1234^(^257)(^
(1237) (1234) ^j256) (3457)
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Si'A'a—(jOontd.)

2x(iii)

(2347) (1345). (1236) (1257) (1256) (3467)

,, . „ (1267) (1256) (3457) ,

„ . „ (1267) (1257) (3456)

„ .(3567) (1234) (1267) (1256)

(2347) (1346),(1235) (1257) (1256) (3467) ^

„ . (1267) (1256) (3457)

„ . „ (1267) (1257) (3456)

„ .(3567) (1234) (1257) (1256)

(2347,(1567).(I235)(1234)(lg)|̂
(1236) (1234) , ," 1256) (3457)

„ .(3567) (1234) (1234) (1256) ^33

2x(iv)

(2567) (1345).(1236) (1234)

(1237) (1234) (3456)„ (,256)(3467)- '42, ?43

„ .(3567) (1234) (1234) (1267)

(2567) (1346).(1235) (1234) t,,

(1237) (1231) (3456)" ^ (1256) (3457)
„ .(3567) (1234) (1234) (1257)

(2567) (1347).(1235) (1234)

„ .(1236) (1234)

• „ „ .(3567) (1234) (1234) (1256) t,,

(2567) (1567).(1235) (1234) (1234) (3467)

„ .(1236) (1234) (1234) (3457)

„ .(1237) (1234) (1234) (3456)

„ .(3567) (1234) (1234) (1234) /,3
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Hence

®2'^i — 2.(/'i + /a + ... + ('js).

II. §2 applied to x.

To write down the terms generated by

Am507, [(12345). (12345). (12367) (12467) (12567) (34567)]
We delete, in order, the numbers 1, 2, 4 and next 5, 6, 7 in all

possible ways. Hence So.Xj generates the sum of the following terms:

2x(i)

(2345) (1345).(1267)<lgl) (1267) 1^) h' h

" • '> (3^^^) ^3' '4
(1237)(1256)
(1236) (1257)

.3567^0^) (l^)ri267^ / /„ •(356/)^]236)(1247K ^

(2345) (1367).(1235)||gZ) (1267)
^)(^) 3

" • " (1246)(1257)*'
(1257) (3456)
(1256) (3457)

(1247) (1256)
(1246) (1257)

„ .(1267) (1234)

„ „ .(3567) (1234)fu

(2345) (1467).(1235) (1267) t,,, h.

(1237) (1256)
(3467) t." • " (T236)(T257)- ^

„ .(3567) (1234)

(2345) (1567).(-1235) (3467)

(1267) (1234) / ," ^(1236) (3457)
(1237) (1246)
(1236) (1247)

„ .(3567)(1234) -r-l ^
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So'Xa—(Conld.)

2x(ii)

(2367) (1345).(1235) (1267)

(1247) (1256)
" • " (1246)(1257)'̂ ''

" ^ (1256) (3457) ^32

„ .(J30/; (1/J4; ^1246) (1257) '33>'34

(2367) (1467). (1235) (1234) ^35. ^36

- (2367) (1567).(1235) (1234) h,, hs

2x(iii)

:i345).(1235)

(1237) (1256)
(1236) (1257)

(2467) (1345).(1235) [jglj (1267) t,.
99 99

(3467) /41, t^o

r3567UP31^^^237)(1256)

(2467) (1367).(1235) (1234),^jg^j
(2467) (1567). (1235) (1234) t, s

2x(iv)

(2567) (1345).(1235) (3467)

^45! hi

tig, '50

99 9 9

fPfi-UPSI^ ^^237) (3456)
. (1267) (1234) t,,

• ^(1236) (T247)

(2567) (1367). (1235) (1234)

(2567) (1467).(1235) (1234)

^55) ''56

^57> ^58
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Hence

= 2.(^1 + + -.• + hs)-

III. §2 applied to

To write down the terms generated by

^(124567) [(12345) (12347) (12356) (12467) (12567) (34567)].
To facilitate identification of equivalent terms, this differential

operation is carried out in a slightly different order. Here, we delete
in order the numbers 7, 6, 5 and next 1, 2, 4 in all posisble ways.
Hence 82-^3 g®nerates the ww of the following terms:

(1234) (1235).d234)|̂ )g|lj (3567)

" " -0267)1^] 1^5(3567)
rm7vn9^5^ (2467) (1567)

" (1467) (2567)

(2345) (J267) (1^67)
(2567)(1345)

(1234) (1247).(l234)(^g§; (3567)

" " ;('236)<^; <115(3567)

.. ..

(1234) (I257).(l234)<^> g|i; (3567)
n236") (2345) (1467) .^sei)

" (1345) (2467)

(2356)-(1467)
'> " ('2^^^(1356) (2467)

(2345) (1356)
" " (1345) (2356) ^

ti, ?2

's!. h

h-. '0

^7' h

fo> 'ill

hi' hi

h'ii hi

'16) '16

hi> hi

hs' '20

til, hi

hi' hi
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§2 •Xs—(Contd.)

(1234) (3457).(1234) (1267) jiglj
(l...)(P35)(2467) (1567)
^ ^^^1467) (2567)

(1267) (1^)"• (1345)'-^'V(2567)
(2356) (1467)

(1267) (1235)
(1356) (2467)

(2345) (1356),
(1345) (2356) (1267)

(ii)

(1246) (I235).(1234) (3567)

(2345) (1347)
" (1345) (2347)

(2347) (1567)
.(3467) (1235)

(1347) (2567)

(2345) ^^237) (1567)
(1345) (2567)

(1246) (1257).(1234) (3567)

(2345) (1347)
" - '̂̂ ^^^(1345) (2347)^^^ '̂-'

(3467) (P35) (1356)
" 1347) (2356)

(^) (1237) ilM)
" • " (1345) ^ ^'''(2356)

(2356) (1567)
(1356) (2567)

(2347) (1567)

(1246) (3457).(1234)(1237).<^> gig;
.(1236) (1235)

(1347) (2567)

(2345) (1567)
(1345) •''''(2567)

(2347) (1356)
.(1267) (1235)

(1347) (2356)

(2345) ^,237)
(1345) (2356)

'25' '26

h'li ^28

hs! ^30

^31! ' 32

^33' hi

^35) he

hly hi

h»> ho

til, hi

^.i3> hi

Us-, ha -

hv! Ub

hi; ho

hi! hi

h3> hi

JoS! he

hry hs

h^' 'co
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(iii)

(1256) (1235).(1234) (3567) i,,

.(3467) (1235) ^47) (2457)
n M

'C3> '64

(2345) . (1467)
" • " (T345) ^ ^ (2467)

(2345) (J^) .
" • " (1345) (2347) ^

(1256) (1247).(1234) (3567) /„o, /,o

JJ 3>

(2345) (1347)•'•^236)^;J^(3567) '71) '72

„ .(3467) (1235)

,, 5, • ;j rpJ/lO ('237) ?75,
(2345) (_!^)
(T345) ^^ >(2356)

(1255) (3457).0234) (1237) r„

(2347) (1356) (,2„,
" (1347) (2356)

(P36)(1235)^-^^^)
" (1347) (2467)

M >>

^81 ^ ^82

(2345) (1467)
• (1345)^ ^2467)

(1267)
(1345) (2347)

(iv)

(3456) (1235).(1234) (1237)

J? 'J

^87) '88

(2347) ,,:r. (1567)
• " (1347)^ -'(2567)
n-fi7Wn^5^ ^2347) (1467) •.(1267) (1235) ^2467) 'oi'

(-345).,237^ (1467)
(T345) ( ^(2467)
(2345) (1347)

(1267) ^95, /gs
(1345) (2347)
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82'^3—(Contd.)

(3456) (1247).(1234) (1237)

(1236) (12351" ^(1347) (2567) '100

(^)n237^ (^567)
" • " (1345)^ ''(1567) 'loi' '102

(3456)(l257).(1234)(l237)<g|>gg]
(2347) (1356)

" • " (1347) (2356)'m> 'm

„ „ (1236) (1235)

(2345) (1467)
" • " 0345)*- ^(2467) 'ju

(^)(2^
• " (1345) (2347) ^ ^115.^110

" • " (1237) ^105> 'lOG

S> >J

Hence

^2-'̂ '3 = (^1 + '2 +• • •+ 'hg)-

IV. §2 applied to X4

To write down the terms generated by

£>(1245^7) [(12345). (12345). (12367). (12367). (14567). (24567)].
We delete, in order, the numbers 1, 2, 4 and next 5, 6, 7 in all

possible ways. Hence S2..Y4 generates the sum of the following terms:

4x(i)

(2345) (1345).(1567) (1237) (1236) (2467)

„ .(2567) (1237) (1236) (1467)

(2345) (1367)^(1235) (Ig| (|467)
33 73

(1237) (1456)
(1236)0457)'̂ ^

4
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,^7j
(1237) (2456)

(2345) (1367).(1567) (1234)

(1237) (1456) , ,.(2567) (1234)^-^;^;
(2345) (4567).(1235) (1237) (1236) (1467) hi

„ .(1567) (1234) (1237) (1236) h.

4x (ii)

(2367) (1345).(1235) (1467) hsf hi

(1237) (1456)
" • " (1236) (1457) ^ ^

,, (1^) (24^7) ^1" ^18

" "(2567) (1234) h„ h,

(2367) (1367).(1235) (1234) ^22

(2367) (4567).(1235) (1234) '23J hi

4x(iii)

(4567)-(l345).-(1235) (1237) (1236) (2467) h,

„ .(2567) (1234) (1237) (1236) t,,

(4567) (1367).(1235) (1234) '27, '28 '

(4567) (4567).(1235) (1234) (1237) (1236)

Hence

82.X4 = 4.(/j + ''2 +• • •+ '29)'

V. 82 applied to Xj

' To write down the terms generated by

£>,124507, [(12345) (12347) (12356) (12367) (14567) (24567)].
We delete, in order, the numbers 1, 2, 4 and next 5, 6, 7 in all

possible ways. Hence 8.,..Y5 generates the sum of the following terms:
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^a'-"5—(Contel.)

(i)

(2345) (,347).(,567) (1236)

(1<:67-) (2457)
" (1235) (2467)

nS61) (P34) 0^)" ° ^ ^(1235) (1467)

U' h

(1235) (1236) (2467) ^3

U> h

„ . „ (1235) (1236) (1467)

(2345) (I356).(1237)[gj (1467)
(JOT)(I^)

" • " (1236) (1457) ^ '1°
„ .(1567) (1234) (1237) (2467)

„ .(2567) (1234) (1237) (1467)

(2345) (1367).(1237) (1236) H,.

„ „ . „ (1235) (1467) (2456)

„ . „ (1235) (1456) (2467)

tn, t.

'191 ^20

(2345) (4567).(1237) (1236)jgj
„ . „ (1235) (1236) (1467),

„ .(1567) (1234) (1236) (1237)

(ii)

(2347)(1345).(l567)H236)iHg)gl^)
. „ (1235) (1236) (2467) r,,

" .(2567) (1236)

„ , „ (1235) (1236) (1467)

I
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(2347) (1356).(1235) ® (1467) ®
(1237)(1456)

" • " (1236) (1457)^

.(1567) (1234)
(1237) (2456)
(1236) (2457)

(2567) (1234)^)^^
" (1236) (1457)

(2347) (1367).(1235) (1236) (1A51)

„ . „ (1235) (1467) (2456)

„ ,, . „ (1235) (1456) (2467)

„ .(1567) (1234) (1235) (2456)

„ . „ .(2567)(1234) (1235) (1456)

(2347) (4567).(1235) (1236)

„ . „ (1235) (1236) (1467)

„ .(1567) (1234) (1235) (1236)

(iii)

(2356) (1345).(1237) (1467)

(i^) (i^) (2467)
" • " (1236) (1457)^
„ .(1567) (1234) (1237) (2467)

„ .(2567) (1234) (1237) (1467)

(2356) (1347).(1235) [ggj (1467)
• 0^) (!^) (2467)" • " (1236) (1457) ^

(1237) (2456)
.(1567) (1234)

(1236) (2457)

(2567) (1234).(,250/^1^34; ^j236) (1457)

^3lJ '32

'331 ^31

hit he

h^' ha

hs' ho

hi

hi

'43

hi

hsi he

hi

hs

^491 '50

hi> hi

ha

hi

hi! he

hi! t S8

^59) 'eo

'eiJ ^62
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Sa '-^5—{Contcl.)

(2356) (1367).(1235) (1234)

„ .(1237) (1234)

(1467) (2457)
(1457) (2467)

(1457) (2456)
(1456) (2457)

„ .(1567) (1234) (1234) (2457)

„ .(2567) (1234) (1234) (1457)

(2356) (4567).(1235) (1234) (1237) (1467)

(1237) (1234)" ^(1236) (1457)
„ • „ .(1567) (1234) (1234) (1237)

(iv)

(2367) (1345).(1237) (1236)

„ . „ (1235) (1467) (2456)

„ . „ (1235) (1456) (2467)

(1567) (1234)„ „ (^235) (2467)

(2567) 0234)„ -(2^6/) (1/34) ^^235) (1467)

(2367) (1347).(1235) (1236) (2457)
„ . „ (1235) (1467) (2456)

„ . „ (1235) (1456) (2467)

„ .(1567) (1234) (1235) (2456)

„ .(2567) (1234) (1235) (1456)

(2367) (1356).(1235) (1234)

ri237)(1234)l^)(?^^„ (1456) (2457)

.(1567) (1234) (1234) (2457)

„ .(2567).(1234) (1234) (1457)

(2367) (4567).(1235) (1234) [}g|
„ .(1237) (1234) (1235) (1456)

„ .(1567) (1234) (1234) (1235)

^63> ^61

^65' ^66

t,'.

hs

^68

hi

tri

hit hi

• h5

hs

hi, tis

^79> ho

'si! 'sa

^83

hi

hh

he

hi, ha

ha, ho

hi

hi

hs, hi

hb

I
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(v)

(4567) (1345) .(1237) (1236) ® t,,,
„ . „ (1235) (1236) (2467) t,,

„ .(2567) (1234) (1236) (1237)

(4567) (1347).(1235) (1236)

„ . „ (1235) (1236) (2467) t,,,

„ .(2567) (1234) (1235) (1236) • t,,,

(4567) (1356). (1235) (1234) (1237) (2467)

(1''37) (1234) / f„ (1236) :2457) 'lo'

„ .(2567) (1234) (1234) (1237)

(4567) (I367).(1235) (1234)

„ .(1237) (1234) (1235) (2456) t,,,
„ .(2567) (1234) (1234) (1235)

(4567) (4567).(1235) (1234) (1236) (1237)
„ .(1237) (1234) (1235) (1236) t,,.

Hence

§2 '^6 ~ (^1 + '2 + •• •+ hu)-

VI. S3 applied to xg

T0 write down the terms generated by

^(124567) [(12345) (12346) (12347) (.12567) (14567) (23567)].

We delete, in order, the numbers 1, 2, 4 and next 5, 6, 7 in all
possible ways. Hence §2 ..Vg generates the sum of the following terms:

(i)

(2345) (1346).(1237) (1267) ||| h, h

(i^)n467)(^) r .• " (1256)*- (2357)
(1257) (1456)

• " (1256) (1457) *'•' '' '5' ^8
(1267) (2357)

•('̂ ")<123'')(W)(W)
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S-y x—{Cont(].)

(2345) (1347).(1236) 1,^

" • " (1256) ^ (2357)
(1257) (1456)

>> • " (1256) (1457)
(2367) ?i3, tn

„ „ -(1567) (1234)

(2345) (1567).(1236) (1234)

ri237U1234)MS) , ;.(1237) (1234) ^2367)

.(1567) (1234) (1234) (2367)

(2345) (3567).(1236) (1234)

n.3.wp3-(1267) (1456)
" (1256) (1467)

„ .(1567) (1234) (1234) (1267) I,,

(ii)

(2346) (1345).(1237) (1267)

)) )>

if »5

5) >J

5J 5J

• " (1256) ^ ' (2357)

' (1257) (1456)
(1256) (1457)

.,c.a^noa.^(1267) (2357).(1567) (1234) ^j257) ^2367)

(2346) (1347).(1235) (1267)

(1467)(1256) ^ (2357)
(1257) (1456)
(1256) (1457)

(1257) (2356)

„ ,, • n '31.^32

'331 ^31

/aEs f:<

,, ), • !, (1467) '37> ^38

" j> • " '391^10

" " -(1567) (1234) ^1255^(^2357)

I
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(2346) (1567).(1235) (1234) h,

,p.7wp,.ai457)(2356)
» >. .(l^J/) (1456) (2357) ^4 6

„ .(1567) (1234) (1234) (2357) 1,.,

(2346) (3567).(1235) (1234)

" " ^ ' Jy2M){\Wi) '•
„ ,(1567) (1234) (1234) (1257) f,,

(iii)

(2347) (1345).(1236) (1267) ® f,,
(^257)^467^(2356)

" • " (1256) • ^ (2357)
(1257) (1456)

" • " (T256) (TW)
M..-7^no,.^(1267) (2356)

" -(^^(^(1256) (2367)

(2347) (1346).(1235) (1267)

^59' ho

^61! 'ea

(1257) (2356) .
(T256)(^^ '̂-'(2357)
(1257)(1456)

(2367) /je, ^08
(1256) (1457)

ri567)(l234)(l^^(^^ / ?" ^( ^ (1256) (2357) ""

(2347) (1567).(1235) (1234) ^,o

„ .(1236) (1234)

.(1567) (1234) (1234) (2356)

(2347) (3567).(1235) (1234) t,,

" (1256) (1457)

„ .(1567) (1234) (1234) (1256) t.„
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§2" As—(Contcl.)

(iv)

(2567) (1345).(1236) (1234) gg)
.(1237) (1234)

(2567) (1346).(1235) (1234)

(1467) (2356)
(1456) (2367)

.(1567) (1234) (1234) (2367)

(1467) (2357)
(1457) (2367)

(1457) (2356)
(1456) (2357)

.(1567) (1234) (1234) (2357)

(1467) (2356)
(1456) (2367)

" •*^^^^^ ^^^^(1456) (2357)
„ .(1567) (1234) (1234) (2356)

(2567) (3567).(1235) (1234) (1234) (1467)

„ .(1236) (1234) (1234) (1457)

„ .(1237) (1234) (1234) (1456)

„ ..(1567) (1234) (1234) (1234)

(v)

(1457) (2356).(1237) (1234)^^^^

(2567) (1347).(1235) (1234)

(4567) (1345).(1236) (1234)

„ .(1237) (1234)

(1267) (2357)
(1257) (2367)

(1267) (2356)
(1256)(2367)

(4567) (1346).(1235) (1234)

.(1237) (1234)
(1257) (2356)
(1256) (2357)

(1267) (2356)
(1256) (2367)

(1257) (2356)

(4567) (1347).(I235) (1234) [|g}111^;
.(1236) (1234)

(1256) (2357)

(4567) (1567).(1235) (1234) (1234) (2367)
„ .(1236) (1234) (1234) (2357)

„ .(1237) (1234) (1234) (2356)

79> '80

81! ^82

' 83

81) hs

86) ^87

89) ha

91) hi

hz

hi

ho

he

hi

hit hs

'lOO) ^101

'l02> ^103

'lOl) ^105

'l08) ^107

^108) ^109

'no

hu

I
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(4567) (3567).(1235) (1234) (1234) (1267)
„ .(1236) (1234) (1234) (1257)

.(1237) (1234) (1234) (1256)

'H3

^114

^115

Hence,
= Oi + h + • • •+ ^iis)- <

VII. §2 applied to

To write down the terms generated by

ZJ,124567, [(12345). (12345). (12367) (12567) (14567) (23467)].
We delete, in order, the numbers 1, 2, 4 and next 5^, 6, 7 in all

possible ways. Hence Sj.Xy generates the sum of the following terms:

2x(i)

(2345) (1345).(1567) (1267)

,,,^^,(1237),, (1456)„ ,, .(2367) (1457)
(1237) (1256.)
(1236) (1257)

(1467)

(1457) (2346)
(2345) (1367).(1235) (1267)

>> 5)

(1257) (2346)
(1256) (2347)

(1567) (1234)

(1257) (1456)
.(2367) (1234)

(2345) (1567).(1235) (1467)

0567) (1234)„ (1236) (2347)

.(2367) (1234)
(1237) (1456)
(1236) (1457)

(2345) (3467).(1235)[|g^ (1267)
(1237) (1256)

(1467)
(1236) (1257)

(1237) (1256)
.(1567) (1234)

(1236) (1257.)

tl,

h' h

hj h

hy ts

?9i 'lO

til, hi

^13! hi

hsy he

h-i! hs

hs! ho

til, hi

hz, hi

hzi hs
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hiX^—{Contd)

2x(ii)

(2367) (1345).(1235) (1267)

• ® (1467) (^3^9
" • " (1256) (2347)

(2346)
(2347)

(1257) (1456)

(1567) (1234).U30/ju^J^J(J256)(2347)

„ .(2337) (1234)

(2367) (1567).(1235) (1234)

(2367) (3467).(1235) (1234)

2x(iii)

(2567) (1345).(1235)<ig| (1467)
(1237) (2346)

„ .(1567) (1234)

„ ;(2367) (1234)

.(2567) (1367).(1235) (1234)

(2567) (3467).(1235) (1234)

(1256) (1457)

(1457) (2346)
(1456) (2347)

(1257) (1456)
(1256) (1457)

(1236) (2347)

(1237) (1456)
(1236) (1457)

(1457) (2346)
(1456) (2347)

(1237) (1456)
(1236) 0457)

2X(iv)

(4567) (1345).(1235)(ig.j (1267) gg;
(1237) (1256)

„ „ .(2367) (1234)

(4567) (1367).(1235) (1234)

(4567) (1567).(1235) (1234)

(4567) (3467).(1235) (1234)

Hence,

(1236)(1257)

(1257) (2346)
(1256) (2347)

(1237) (2346)
(1236) (2347)

(1237) (1256)
(1236) (1257)

S2.X, = 2 (ii + (2 +. . . -1- tsa)-

^29; ho

^31) ^32

^33) ^34

'35> hn

hT ha

^39> ^40

hi' hi

hit hi

hit he

hit hs

hat ho

hit hi

hat hi

hi! he

hit hs
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Vin. 83 applied to Xg

Tq write down the terms generated by

£•,1.4567, [(12345) (12347) (12356) 02567) (14567) (23467)].
We delete, in order, the numbers 1, 2, 4 and next 5,-6, 7 in all

possible ways. Hence generates the sum of the following terms:

(i) .

(2345) (1347).(1567) (1236) ^.[256) (2347)
„ , „ (1235) (1267) (2346)

(1257) (1456)
" (1256) (1457)

,/ „ . „ (1235) (1267) (1456) t,
„ . „ (1235) (1256) (1467) /,

(2345) (1356).(1-237) (1267)

h

^8) h

(i^)n467^(^^ ^ r» • " (1256) ^ ^(2347)
„ .(1567) (1234) (1267) (2347)

" (1257) (1467)

(2345) (1567).(1237) (1236) ®
„ : „ (1235) (1467) (2346)

„ .(1567) (1234) (1236) (2347)

" " '(2367) (1234)

(2345) (3467).(1237) (1236) ®
„ . „ (1235) (1267) (1456)

„ . „ (1235) (1256) (1467) t,,

'21! '22

23

,(1567) (1234) Jig) '251 ha
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(ii) , .
(2347) (1345).(I567) (1236) '

„ . „ (1235) (1267) (2346) i„

.(2367) (1236) ^3C> ^31

„ . „ (1235) (1267) (1456) t,n

„ . • (1235) (1256) (1467) ^33

(2347) (1356).(1235) (1267)

" • (1256)'' ''("2347)

,, .(,567) (1234)

; .. (2367) (1234) (jlgpij

^34> '35

(2347) (1567). (1235) (1236) {-jigggj '
„ . „ (1235) (1467) (2346)

„ .(1567) (1234) (1235) (2346) t,,

„ .(2367) (1234) (1235) (1456) t,,

(2347) (3467).(1235) (1236) J-gj
„ . „ (1235) (1267) (1456) t,,

„ . „ (1235) (1256) (1467)

' „ .(1567) (1234) (1235) (1256) t,,

(iii)

(2356) (1345).(1237) (1267) [jlgj ^,3
113^) (1467) f i

" • " (1256) ^ °^ (2347)
„ „ .(1567) (1234) (1267) (2347) u,

(2367) (1234) ^ ,
" (1257) (1467) "

43
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(2356) (1347).(1235) (1267)

V . ..
„ „ -(1567) (1234)

„ „ -(2367) (1234)

(2356) (1567).(1235) (1234) (1467) (2347)

„ -(1237) (1-34) ^1^2347) 'eo
„ „ .(1567) (1234) (1234) (2347)

.(2367) (1234) (1234) (1457) t,, .

(2356) (3467).(1235) (1234)

n9^7wn34^(1257)(_14^)„ '0237) (1234) ^^256) (1457)
„ .(1567) (1234) (1234) (1257) t,,

(iv)

(2567) (1345).(1237) (1236)

. „ (1235) (1467) (2346) ,

„ .(1567) (1234) (1236) (2347)

(1236) (1457).(2367) (1234) (,235) (1467)

(2567) (1347).(1235) (1236)

„ „ . „ (1235) (1467) (2346) ' t,,

„ .(1567) (1234) (1235) (2346) t,,

„ .(2367) (1234) (1235) (1456) t,,

(2567) (1356).(1235) (1234) (1467) (2347)

„ -(1237) (1234) ^2347) ^89.'

^8]) '82

'83> 'sd

'89? '90

.(1567) (1234) (1234) (2347)

.(2367) (1234) (1234) (1457)
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(2567) (3467)^(1235) (1234)

„ .(1237) (1234) (1235) (1456)
„ .(1567) (1234) (1234) (1235)

(v)

(4567) (1345).(1237) (1236)

„ . (1235) (1267) (2346)

„ ,2367) (,234)

(4567) (1347).(1235) (-1236) 2^)
^(1256) (2347)

„ . „ (1235) (1267) (2346)
„ .(2367) (1234) (1235) (1256)

(4567) (1356).(1235) (1234) (1267) (2347)
(1257) (2346)

" " 0256) (2347)
„ .(2367) (1234) (1234) (1257)

(4567) (1567).(1235) (1234) (1236) (2347)
„ .(1237) (1234) (1235) (2346)
„ .(2367) (1234) (1234) (1235)

(4567) (3467).(1235) (1234)

„ .(1237) (1234) (1235) (1256)
Hence,

Sj.A-g = (/j 4^ -f . . .

To sum up, it will be noticed that S,, operating on the eight x's,
has generated a total of 663 terms (excluding multiples occurring due
to squared factors in certain x's), as follows:

Table 11

Number of terms generated by Sj

'93' '94

hi

'9(1

'97) 'ac

'99

'loO) '101

'icaj '103

''101

f105

hos

^107) '108

'j09

'110

'in

'U2

'i13j '114

'115

, i
'

2 3 4 5 6 7 8 Total

No. of terms in B^.x. 58 58 116 29 114 115 58 115 663
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