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SUMMARY

A new variant of ranked set sampling namely Stratified Balanced Groups Quartile Ranked Set Sampling (SBGQRSS) is proposed for estimating
the population mean with samples of size m=3k (k=1,2,3,...) drawn independently from each stratum. The SBGQRSS scheme yields an unbiased
estimator for symmetric distributions and biased but consistent estimators for asymmetric distributions. The performance of the mean estimator based
on SBGQRSS is compared with simple random sampling (SRS) theoretically and by simulation studies as well. The simulation study revealed an
increased efficiency of SBGQRSS over ranked set sampling (RSS), and balanced groups ranked set sampling (BGRSS) to estimate the population
mean. A real data set on the parameters of high-density plantation (HDP) apple is used to illustrate the methodology of the SBGQRSS scheme.

Keywords: Ranked set sampling, Balanced groups ranked set sampling, Population mean, High-density plantation, Simulation.

1. INTRODUCTION

The efficiency of sampling design concerning
effectiveness, exactness, and speed can be ensured
by utilizing the information of an auxiliary variable
which is correlated to the variable of interest. When the
information is taken on every unit in the population,
then in such situations some of the variables which are
known for every unit of the population are employed
to improve the sampling plan or to enhance estimation
of the variables of interest. Such variables are termed
as auxiliary variables or concomitant variables. The
problem of improving the estimators of unknown
parameters of interest using the information on auxiliary
variables, highly correlated with the study variable,
has received considerable attention of statisticians in
survey sampling and practice. The information on the
auxiliary variable may be available in one form or the
other or can be made available by diverting a part of the
survey resources at a moderate cost. In whatever form,
the information on auxiliary variables is available, one
may always utilize it to devise sampling strategies that
are better than those in which no auxiliary information
is used.

Corresponding author: Immad A Shah
E-mail address: immad11w@gmail.com

Let X, X,, -, X, be a simple random sample
of size m selected from a probability density function
(pdf) f(x) and a cumulative distribution function

(CDF) F(x), with a finite population mean x and

. 2 .
variance o~ . Let X, X, -, X, Xou, Xos
s Xopis o3 X s Xpi» 5 X, be m independent

simple random samples each of size m in the A
cycle (h=1,2,..,n). The usual SRS estimator of the
population mean is (Kamarulzaman Ibrahim, 2011):

— 1 n m . . )
Xsrs =—ZZX . » With variance given by

mn j-y =1
2
= o
Var(XSRS)z—.
mn
Let X, Ximpns 0o Xy be the order
statistics of the i™ sample X,,, Xip, -5 Xow

(i=12,..,m) in the h™ cycle (h=1,2,...,n). The CDF,
PDF, mean, and variance of the i order statistics
X .y » respectively, are defined by:
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The ranked set sampling method can be described
as follows:

Step 1: Randomly chose m?* units from the target
population.

Step 2: Allocate the m® selected units as randomly
as possible into m sets, each of size m.

Step 3: Without yet knowing any values for the
study variable, rank the units within each set with
respect to variable of interest based on professional
judgment or a concomitant variable that is correlated
with the variable of interest.

Step 4: Choose a sample for actual measurement
by including the i™ smallest ranked unit of the /™ set

(i=1,2,..,m) to obtain a sample of size m.

Step 5: Repeat Steps 1 to 4 for k cycles to obtain a
sample of size mk for an actual measurement.

Then, Xl(l:m)h, X2(2:m)ha cees Xm(m:m)h denote the
measured RSS. The usual RSS estimator of the
population mean is given by

1 k- m

ZZXI(I m)h with

h—l i=1
_ 2 1 &
VaV(XRSS)=%_ﬁ;(Iu(i:m) _:u)z .

(Takahasi and Wakimoto 1968) showed that in
degenerate distributions the efficiency of RSS relative
to SRS is

variance

_ Ve 1
1<€ff( RSS > SRS) V::EXzz;Sm;

Also, Takahasi and Wakimoto (1968) showed that
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Similarly, the balanced groups ranked set sampling
(Jemain et al., 2008) can be described as:

Step 1: Randomly choose m = 3k sets, where
k =1,2,3, ... each of size m from the target population,
and rank the units within each set with respect to the
variable of interest.

Step 2: Allocate the 3k selected sets randomly into
three groups, each group consisting of k sets and each
set having a size equal to m.

Step 3: For each 3k sets in step (2), select for
measurement the lowest rank unit from each set in
the first group, the median from each set in the second
group, and the largest rank unit from each set in the
third group respectively. By this way, we have selected
a sample of size m = 3k units in one cycle. Steps 1-3
can be repeated n times to increase the sample size to
m = 3kn.

If the sample size is odd, the BGRSS estimator of
the population mean y is

Epersso = [ZXz(lm) + Z X(m+1 )+ Z Xl(»«»«)j

i=k+1 i=2k+1
with variance

1 Z:Var(Xl.(l:m)) ZVar[ ('";l:m]J

i=k+1
2
9%k 3k

z Var( i m))

i=2k+1

Var (:[lBGRSSO) =

If the sample size is even, the BGRSS estimator of
the population mean is

e e | P

with variance

Vﬂ?" {Xfl:lim:l} +
z=1

Z ver &

Vﬂ?‘(x*':‘-:m:m)}}

Var(fipcrsss) = 9

:l—:m} + Xil:m—;z:m}]) +

i=2k+1

In order to increase the efficiency for estimating
various population parameters using available
information on the auxiliary variate, variants of RSS
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scheme like Extreme ranked set sampling (ERSS)
(Samawi et al., 1996), Median ranked set sampling
(MRSS) (Muttlak, 1997), Multistage median ranked
set sampling (MMRSS) for estimating the population
mean and median (Jemain et al. 2006, 2007), Percentile
double ranked set sampling (PDRSS) (Al-Omari and
Jaber 2008), Paired double ranked set sampling (Haq
et al. 2016), Mixed ranked set sampling (MxRSS) (Haq
et al. 2014), Neoteric ranked sampling (Zamanzade
and Al-Omari 2016), Stratified percentile ranked
set sampling method for estimating the population
mean (Al-Omari et al. 2011), Stratified quartile
ranked set sampling and double percentile RSS
methods for estimating the population mean (Syam
et al. 2012, 2013) have been developed. In addition
to estimation procedures, goodness of-fit-tests for
Laplace distribution have been investigated in ranked
set sampling (Al-Omari and Zamanzade 2017), entropy
estimators of a continuous random variable in ranked
set sampling (Al-Omari and Haq 2019) have been
proposed, EDF-based tests of exponentiality in pair
ranked set sampling (Zamanzade 2018) have been
carried out, reliability estimation in multistage ranked
set sampling (Mahdizadeh and Zamanzade 2017)
and many other works have been carried out using
the established schemes. Motivated by the already
developed schemes a new variant of RSS is proposed
and is named as “Stratified Balanced Group Quartile
Ranked Set Sampling” and abbreviated as SBGQRSS.
It is a new modified form of ranked set sampling
method suggested for estimating the population mean
of both symmetric as well as asymmetric distributions.
In this scheme, the groups are balanced in the sense
that the same number of observations are taken from
amongst each of the groups using the quartiles and each
of the groups comprises of the same number of sets and
the same number of units.

In the subsequent sections of this paper, a brief
methodology for the proposed scheme is described
for selecting a representative sample of units using a
hypothetical example. The estimators of the population
mean for both odd and even cases along with their
variances are derived. In the last section, the simulation
study to illustrate the efficiency of the proposed scheme
for various distributions is given and the application of
the proposed scheme is described using a real dataset
on High density apple.

2. THE SUGGESTED SBGQRSS

The stratified balanced group quartile ranked set
sampling may be described as follows:

1. Divide the population of sampling units into
population sub-groups, called strata denoted by L
using a concomitant or auxiliary variable as a basis
for stratification. For full benefit from stratification,
the size of the 2™ subpopulation, denoted by N, for
h=12,..., L, must be known.

2. Randomly select mj, =3k where k=1,2,... and
h=1,2,..., L sets each of size m,, from each stratum,
and rank the units within each set with respect to
the variable of interest. Allocate the 3k selected
sets randomly into three groups, each of size £ sets,
which are called as the balanced groups. Here, &k
is any positive integer. However, for practical
purposes, k should be small in order to have a small
sample size, so that the ranking is easy and errors
in the ranking are reduced.

3. For each group in step (2), select for measurement
from the first group the g, (m,, + 1 )’h smallest ranked
unit, from the second group the g,(m; + 1 )’h ranked
unit and from the third group select the g;(m,, + 1 )’]1
largest ranked unit in case My is odd. If My is even,
select for measurement from the first group the
q(m,+1 )’h smallest ranked unit, from the second

group the % {gs(my) + g>(m, + 1)}" ranked unit and

from the third group select the g;3(m, + I ) largest
ranked unit. This step involves the use of quartiles to
obtain a sample from the defined balanced groups.
Note that we always take the nearest integer of
q(my+1)", qx(my,+ 1™, qo(my)" and q3(my,+1)"
where ¢;=0.25, ¢,=0.50 and ¢;=0.75. Since in
the SBGQRSS scheme we choose mj, =3k, so the
minimum set size defined is 3 and using (m;, + [ )’h
term in the product of ¢;, ¢, and g3 allows to choose
exactly the first, second and the third unit from the
defined groups and in this way, the SBGQRSS
is reduced to the original RSS procedure. The
selection of the % {q2(my) + q>(my, + 1))" ranked unit

from the second group in case of even m, is aimed
to select the median unit. The basic advantage of
selecting the median unit is that it is not skewed
so much by a small proportion of extremely large
or small values. Because of this, the median is of
central importance in robust statistics, as it is the
most resistant statistic, having a breakdown point
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of 50%: so long as no more than half the data are
contaminated, the median will not give an arbitrarily
large or small result. Selecting the median ranked
unit also results in the reduction in MSE towards
the estimation of the population mean.

In this way, we have a measured sample of size
m;, = 3k units in one cycle from each stratum. The Steps
(2-3) can be repeated v times to increase the sample
size to 3kv out of 9%’y units from each stratum. The
final sample size from each stratum using SBGQRSS is
m=2i:1mh for one cycle.

The SBGQRSS differs fromtheusual RSS (Mclyntre
1952), QRSS (Muttlak 2003), and the BGRSS (Jemain
et al. 2008) methods. In the usual RSS, we identify and
measure the i” smallest ranked unit of the i” sample
(i=1,2,..., m). In the QRSS method given by Muttlak, if
the sample size n is even, from the first n/2 samples the
q(n+1 )th smallest ranked unit, and from the second n/2
samples the g;(n+ 1 )th smallest ranked unit are selected
for measurement. If the sample size n is odd, from the
first (n—1)/2 samples the g;(n+1 )’h smallest ranked
unit, and from the last (n—1)/2 samples the g;(n+1)™
smallest ranked unit and from the remaining sample
the median ranked unit is selected for measurement.
In the BGRSS method, the measured units consist of
m/3 minima, m/3 medians, and m/3 maxima. But in
SBGQRSS method, the population is stratified based
on a concomitant variable, and a random sample from
each of the strata is divided into 3 balanced groups.
Furthermore, the g, (m;,+1)™ unit is selected from the
1% group, the ¢, (m;,+1)™ unit from the 2™ group and
g3 (my+1)™ unit from the 31 group respectively for
an odd sample size, while in case of an even sample
size the selection of the ordered units from the first
and the third groups remains the same and only in the

1
second group the 3 {q.(my) +q,(m;+ 1)}”’ ranked unit

is selected. Thus, if the quartiles are used to select the
sample units from the balanced groups of each stratum
then the whole procedure is called as stratified balanced
group quartile ranked set sampling. To illustrate the
SBGQRSS method, consider the following example.

2.1 Example

Suppose that we have two strata, i.e. L=2and h=1,2.
Let  Xin(qu(mp+1)  Xin(qalmp)) Xin(galmprn)) and
Xin(gstmp+1) be the g;(my,+ 1), qx(my)”, qo(my+1)"
and g;(m;, + 1)™ order statistics, respectively, of the i

sample in the h™ stratum. Assume that from the first
stratum we select a sample of size m;=6 and from the
second stratum we want a sample of size m,=9. Then
the process as shown below:

Stratum 1: If £=2, then m;=6. Now, select 6
samples each of size 6, so that we have 6 sets each of
size 6 as follows:

{Xiinj:l.:a]uXii(z:&}JX:Ll{S:ﬁ}J Xi1aepX11(560X11(88) }
{XZi(:L:G}JXZi(Z:&}JXz:LI:S:G}J XoiraeX21 (560 X21(6:8) ]
{331-:1:5}1331-;2:5}1331(3:5}1 X316 X31 (560 X31(8:8) ]
(Xs10060Xs12:60Xs1 (3.6 Xs1(06), Xs1 (560 Xs166) )
{351-11:6}151-:2:5}151.:3:@ X512 X51(5:60 X51(6:8) ]
{161-11:5}1351-:2:5}1351cs:s}J Xeirae1Xe1(560 Ko (66 ]

Now, first, rank the units within each set with
respect to a variable of interest using an auxiliary
variable, and then allocate them into 3 groups where
each group contains two sets of size six units. The
groups appear as shown below:

1st GROUP:

Ay = {Xy1006) X1126)X11(3:6) X1106)X11(5:6)0 X11(6:6) )

A; = {XZ:L(:L:G}JXZ:I.(Z:G]JX21(3:6]JXZ:L(—'l:G}JXZi(S:G}JXZ:L(G:G}}

2nd GROUP:

Az = [XSJ.(:L:&}:XS:I.(Z:&)JX:S:I.(E:&):XSJ.(4:6}:“":31{5:6}:X31(&:&]}

Ay = {341-:1:6}1341-12:5}1141-:3:6}1 341.:4:5}1341-:5:s}:X-u-:s:s}}

3rd GROUP:

Az = [XE:I_(:I.:&}:XSlljZ:&]JXS:L(S:&]::':51|:4:6}JX!51|:5:6}:X51(6:6]}

Ag = [XG:L(:L:G}JXG:I.I:Z:G)JX(:i(S:ﬁ-)Jx&i|:4:6}JX6:L|:5:6}1X61(6:6]]

For h=1, select Xj1(g,(m,+1):) units from the
first group for i=1,2, average of Xjirg.(m:e) and
Xi1(gq(m;+1):6) units from the second group for i = 3,4
and Xi1(g.(m;+1):¢) units from the third group for
i=5,6. Take the nearest integer of q;(m;+ 1), g>(m;),

qx(m;+1), and g3(m;+1) where g;=0.25, g,=0.50,
and ¢;=0.75.

Thus, from the first stratum,
1
{X:L:L(z:s}: XZ:LI:Z:E-}JE (X31|:3:6}J X311:4:6}}J
1
E(X41|:3:6}J 141(4:6}1 XEi(E:&}J X&i(E:&}}

is an SBGQRS sample of size 6.
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Stratum 2: If k=3, then m, =9. Now, select 9
samples each of size 9, so that we have 9 sets each of
size 9 as follows:

{Xizlii:'il]u XiZI:Z:B}J X:LEI:S:B}J 112(4:9}: XiZI:E:El}J

Xiz(ﬁ:'?]u Xiz(?:a}: 112{3:9}: Xizca:a}}

{XZZI::L:EI}J XZZI:Z:EI}J XZZI:E:EI}J XZZI}!:EI}J XZZI:E:E!}J

Xzz(a:a}: Xzz(?:'a}: Xz2(8:9)) Xzz(a:a}}

{XSZI::L:B}J XSZI:Z:B}J XSEI:S:B}J XSZIH:B}J XSZI:E:E!}J

Xaz(a:a}: Xaz(?:l;}: X3o(2:9)) 332(9:9}}

{X4ZI:1:9}J X4ZI:2:9}J XJIE(S:B}J 142(4:9} X4Z(5:9}J
X4z|:s:9}: X4z|:?:9}: Xs208:9), 142{9:9}}

{XEZ(:L:B}J XEZ(Z:B}J XEE(S:B}J XEZI}!:B}J XEZI:E:B}J
st{a:a}: st{?:a}: stis:a}: 152{9:9}

{XEZI::L:B}J Xea(2:9) Xez(a:9) Xezian) Xsz(59)

Xe2(69) Xez(7:9) Xe2(8:9) Xazia:a}}

{X?Z(:L:B}J X7202:9) X72(3:9) X72089) X72(59)

X72069) X72(7:9) X72(83:9): X?Z{B:B}}

{XBZI::L:B}J XEZ(Z:B}J XEE(S:B}J XBZI}!:B}J XBZI:E:B}J

st{s:a}: st{’r:a}: Xeo(a:0), st{a:a}}

{XBZI::L:B}J XBZ(Z:B}J XBE(S:B}J 192(4:9}! XBZ(E:B}J

Xaz(a:a}: XBZ(?:B}J Xo2(8:9), Xaz(a:a}}

Now, rank the unit within each set with respect
to a variable of interest, and then allocate them into 3

groups where each contains three sets each of size nine
units. After ranking the groups appear as shown below:

1st GROUP:

Ai = {Xizl:i:‘?}:xizfz:‘?}: XiZI:S:B}J XiZI:JI-:B}J XiZ[E:B}J
Xiz-:e:a}xxiz(?:a}: -"'512(3:9}: Xiz-:a:a}]

4, = {XZZ(:L:B}J XZZI:Z:B}J XZZI:S:B}J XZZI:JI:B}J XZZI:E:B}J
Xzz(s:a}: Xzz(?:'a}: Xaa(z:9) Xzz(a:a}]

AS = {332(1:9} XSZI:Z:B}J XSZI:S:EI]J XSZI}!:B}J XSZI:E:B}J
Xaz(s:a}: Xaz(?:a}: X3ziz9) st-:a:a}]

2nd GROUP:

Ay = {X42l:1:9}J X42l:2:9]u X42{3:9}J X42,:4:9}, X42{5:9}J

X4z-:s:9}J X4z-:?:9}1 Xizizon X42-:9:9}]

Ag = {XEZI::L:B}JXEZI:Z:B}J XEZ{S:B}J XEZI:JI-:B}J XEZ[E:B}J
XEZI:G:B}J st-:?:a}J Xs2(9) st-:a:a}]
A& = {XGZ(:L:B}J X&Z(Z:B}J XEZI:S:B]J X&ZH:B}J X&Z(E:B}J
st(s:a}: st-:?:a}: Xezio) st-:a:a}]
3rd GROUP:
Az = {X?zii:B}J X72029) X7203:9) X720809) X72(5.9)
X72(69) X72(7.9) X7202:9), X?Z(B:a}]
AB = {XSZ(:L:B}J XBZI:Z:B}J XBZI:S:B}J XBZI:JI:B}J XBZI:E:B}J
st(s:a}: st(:-‘:a}: Xaz(za) st(a:a}]
AB = {XBZ(i:B}J XBZI:Z:B}J XBZI:S:B}J XBZI:JI:B}J XBZI:E:B}J
Xaz(s:a}: Xaz(:-‘:a}: Xoz(ga) Xazca:aj}
For h=2, select Xjz(g,(mg+1):5) units from the
first group i.e. for i=1,2,3, Xiz(g.(my+1):5) units from
the second group i.e. for i=4,5,6 and Xiz(q.im,+1):9)

talggl

units from the third group for i =7,8,9. Take the nearest
integer of ¢q;(m,+1), q>(m,+ 1) and g3(m,+ 1) where
CI[:O.25, q2=050 and CI3:075

Thus, from the second stratum, we have;
{212(3:9}1 KZZES:B}J XSZI:S:EI}J X42|:5:9}J XEZ(E:B}J

X&Z(E:B}J I?ZEB:B}: Xaz(a:a}: Xaz(a:a}}

Therefore, the SBGQRSS units are:

1
Xiiiz:ﬁ}sxzr:z:a}:i(131(3:6}331(4:6}1

XﬁifE:&}JXj.Z':S:B}JXZZ':S:B}JXEZ':S:B}JX4Z':5:9}J

! |
E (X4iI:S:G}J 341(4: 5}}13 5105160

352(5:9}1352(5:9}:3?2(3:9}: st(a:a}:xaz(m}

Thus, we get a final SBGQRSS sample of size m
equal to Xi—yMy=my +my;=6+9=15 The
mean of these units is used as an estimator of the
population mean.

3. ESTIMATION OF POPULATION MEAN

The stratified balanced group quartile ranked set
sampling estimator of the population mean is defined
as:
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CASE I:Whenmh is oddie fork=1,35,7,..

_ W,
XSBGQRSSG = Z

h=1

me.q -

”k

Xin(galmp+Dmy) T
i=k+1
3k

Xin(gaimy+1)mp)
=T+l

—, Ny, is the A" stratum size and N is

the total popula‘uon size. The variance of SBGQRSSO
is given by:

where, Wy, =

k

L
VﬂT(XSBGQMso} Var Zm_h
=1

X:hlq' (mp+1)imy) +
i=1

Ik
Z Hin(gzlmp+thmy) T

i=k+1
3k
Z Kin{qsimp+1)mz)
i=Zk+1
= 11,2
¥r
= Z 5 Va:r‘(X:h. Jmpa1)mmy)
my
h=1
Ek
VﬂT(Xih':qzl:mh+1}:mh}} +
i=k+1
3k
VﬂT(Xih':qal:mh+1}:mh}}
i=2k+1

Take the nearest integer of ¢;(m;,+ 1), q(m,+1)
and g;(my, + 1) where ¢;=0.25, ¢,=0.50 and ¢;=0.75.

CASE 2: When mh iseveni.e fork=2,4,6,8, ...

_ W,
XEBGQRSEE - Z
R

=1
2k

Xahl g (mp+1mp) +

1
(5 [X:'h(q;(mp;l:mh) + X:'h':q;':m;._—l—l):mh}]) +

i=k+1
Ik
Z Xihl:qs':mh-i-l):m,n}

i=2k+1

where, W}, = —, Ny, is the stratum size and N is the

total populatlon size. The variance of SBGQRSSE is
given by:

L

W,

VﬂT(X_vBGQR_HE} = Var Z m_ X:;'z- gelmp+Llimy) T
=1

2k

1
(5 [an-:qzu:m)m) + X:‘h(w,(m;.ﬁl}mp._}]) +

i=k+1
3k
Xi'h{qs':mh+l}:m;._')

i=2k+1
1,2
R

=Z iz {ZVﬂT(XEh. 2(mpt e ) + = Z [Var(X,h.h.m,;_) mh))"'
R=1 R : =k+1

Vﬂr(xih':ﬁ‘a':mh+1}=mhj'} + ZCOP{Xa‘h(qn':me:mp._}: Xih':q;':mpﬁl}:mh)}] +
3k

Vﬂr(Xih':qs':m?ﬁl}:mh})
i=2k+1

Take the nearest integer of g,(m,+1), q»(m;),
q>(my,+ 1) and g3(m;, + 1) where g;=0.25, ¢,=0.50 and
=0.75.

3.1 LEMMA

X SEGQRSSE and X sEcgRss0 are unbiased estimators
of the mean of symmetric distributions.

Proof:

Casel: When Mnriseveni.e. fork=2,4,6,8,... and
h=12..,L

L

— W
E (XS‘BGQRSSE} =F (Z m_:

h=1

Ain(qalmp+imn T
=1

2k

1
Z (E [Xih'iq'z'imﬂ:m?ﬁ' + Xz'h(q:(mhﬂ):m?;']) +

i=k+1
k

3k
Z Kinlasimps1)imy)
E(X:?z' 'mp.+l}m;._}}+

i=Zk+1

~ W,

m
=} h

1
E (5 Pencastmpprm + Xintastms ] ) +

Hin(gqlmp)) T .ur'hlzqnlimh+1}:l:| + Linig = 3un

3K

E(Xihl:qsl:m;ﬁl:l:mh}}
i=2k+1

Now,

1
Hinlgy) +§
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where, finig,)r Binigy)r and Lin(g.) are the means
of the order statistics corresponding to the first, second,
and third quartiles, respectively. Since the distribution
is symmetric about i, then as per David and Nagaraja
(2003) we have,

Hin(qs) T Hin(q) T Hinlgs) = 3Mn

E(ESBGQRSEE) Z:;:[ Hin q'_')+ 3 2(2#:?1 q,}}"" Hing qE}]
h=1
L
W’h My
= m_ {H':'h{q._',‘u + Uinig T .Ma'h.:qs}}]
R
h=1
- 4%
] (]
= — |—13
5G]
k=1
L
= Z W, ity
h=1
=u

Case 2: Whenmyisoddi.e fork=1,3,57, ... and

h=12..L
k
Zth.q (mp+imy)

L
h
E(XSBGQRSSG} E Z —
My
h=1
2k
thl:qnl:mh'Fl}:‘?‘J‘lih_-:l +
i=k+1
3k

Xin(gs(mu+1)my)
i=2k+1

)

L
=2
My
h=1
k

-
2

ZE(XE?T' Jlmp+ih m;._}) +
3k

E(Xih(qzl:mp._+1}:mp.j)+ Z E(Xih':qal:mh+1}:m?._})
i=k+1 i=2k+1

L 3k
W,
Z Zf-‘l:hlqj + Z Hinla) + Z Hinigs)
i=k+1 i=2k+1

where, Kinig,) is the mean of the first quartile for
the first ? samples in the h™ stratum, Hinigy is the
mean of the second quartile for the middle ? samples

in the 4™ stratum, and Min(qs) is the mean for the last

? samples in the W™ stratum. Since the distribution is

symmetric about £, then
Bin(g) T Binlg) T Hinlgs) = 3k

Therefore,
- WA
E(XSBGQRSEO) ;mi[ 3 Binig) + .Hm.,h) + #:h.qu]
W,y m
Z : & [Ju:h' gs) +.Iu':h' go) + P‘:h'qs}]
'i-
E O i [ Hh]
L
= Z W, i
k=1
=u

4. SIMULATION STUDY

To compare the performance of the proposed
estimator of population mean u using the SBGQRSS
scheme with RSS, and BGRSS schemes, seven non-
uniform probability distributions are considered. 50,000
random samples are generated from the population of
each distribution and variance or mean squared error
(MSE) of the averages of drawn samples are compared.

From Table 1 it is clear that the proposed scheme is
most efficient in estimating the population mean with
respect to SRS for various distributions with the same
number of units as compared to the conventional RSS
and BGRSS

5. APPLICATION OF SBGQRSS

To outline the SBGQRSS scheme, the data on Trunk
Cross-sectional Area and Yield of the Gala RedLum
apple variety during the year 2016 maintained at the
Plate I High density plantation at SKUAST-Kashmir is
used. The descriptive statistics for the variables used in
the empirical study are shown in Table 2 below:

Let us suppose that we want to draw a sample of
size m=2§=1mh=12, and let the population of 135
high density apple be stratified with L=2and h=1, 2,
based on the concomitant variable TCA which is easily
measurable for the whole population. Let Xin g, (mp+1))
Xihl:qg_':mh+1}}, Xz'h(q;':mp.ﬁi}} be the
0:mn)", qomu+ )" and gsmp+1)"

Kinigz(mu,
g/ (my+ 1"
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Table 1. Efficiency of RSS, BGRSS, and SBGQRSS w.r.t SRS for estimating the population mean

Sample 6 9
Size (m) RSS BGRSS SBGQRSS RSS BGRSS SBGQRSS
Distribution

Normal(0,1) 2.140 2720 3.143 3.281 3371 4.162
Logistic(0,1) 2.482 2.641 3291 3.344 3.689 4791
Laplace(0,1) 2.489 3.691 4262 3.412 3.461 4.998
Weibull(6,1) 2.764 2.994 3.268 3.680 3.697 4234
Beta(7,4) 2721 3.014 3.112 2721 3.014 3.110
t(3) 2.101 2974 5.654 2.101 2.974 5.923
Weibull(6) 2705 2912 3.146 3.597 3721 4.129

Table 2. Descriptive Statistics of the variables of Gala RedLum

Descriptive statistics Yield TeA
Mean 10.220 6.299

Median 10.293 6.127
Confidence Level (95.0%) 0.388 0.128
Population Variance 5.199 0.566
Kurtosis 0.536 0.344
Skewness 0.559 0.856

Range 12.972 3.701
Minimum 5.698 5.083
Maximum 18.669 8.784

order statistics, respectively, of the isample in the 4"
stratum. Assume that from the first stratum we select
a sample of size 6 i.e. M1 =6 and from the second
stratum we want a sample of size 6 i.e. Mz = 6, Then
the procedure of SBGQRSS is shown below:

Stratum 1:

Step 1: On dividing the population into two
strata using TCA of Gala, from the first stratum a
random sample of 36 plants are chosen. The plants are
represented using an ordered pair (TCA, YIELD) as:

SET 1: {(5.52, 7.60), (5.86, 9.21), (5.64, 7.94),
(5.83,9.02), (5.47, 7.48), (5.84, 9.03)}

SET 2: {(5.66, 8.04), (5.46, 7.33), (5.66, 8.04),
(5.69, 8.08), (6.01, 9.61), (5.73, 8.57)}

SET 3: {(5.47, 7.48), (5.30, 7.08), (5.57, 7.71),
(5.70, 8.14), (6.02, 9.90), (6.01, 9.61)}

SET 4: {(5.69, 8.07), (5.23, 6.34), (5.64, 7.94),
(5.30, 6.88), (5.65, 7.99), (5.67, 8.05)}

SET 5: {(6.02, 9.90), (5.30, 6.88), (5.64, 7.94),
(5.66, 8.04), (5.71, 8.19), (5.47, 7.48)}

SET 6: {(5.89, 9.29), (5.30, 7.08), (5.74, 8.72),
(5.80, 8.92), (5.98, 9.42), (5.71, 8.20)}

Step 2: For each set in Stepl, rank the pairs within
each set based on the TCA (shown in bold) from lowest
to highest as shown below

SET 1: {(5.47, 7.48), (5.52, 7.60), (5.64, 7.94),
(5.83,9.02), (5.84, 9.03), (5.86, 9.21)}

SET 2: {(5.46, 7.33), (5.66, 8.04), (5.66, 8.04),
(5.69, 8.08), (5.73, 8.57), (6.01, 9.61)}

SET 3: {(5.30, 7.08), (5.47, 7.48), (5.57, 7.71),
(5.70, 8.14), (6.01, 9.61), (6.02, 9.90)}

SET 4: {(5.23, 6.34), (5.30, 6.88), (5.64, 7.94),
(5.65,7.99), (5.67, 8.05), (5.69, 8.07)}

SET 5: {(5.30, 6.88), (5.47, 7.48), (5.64, 7.94),
(5.66, 8.04), (5.71, 8.19), (6.02, 9.90)}

SET 6: {(5.30, 7.08), (5.71, 8.20), (5.74, 8.72),
(5.80, 8.92), (5.89, 9.29), (5.98, 9.42)}

Step 3: Divide the above defined sets into 3
balanced groups each of size 2 sets i.e.

GROUP 1

SET 1: {(5.47, 7.48), (5.52, 7.60), (5.64, 7.94),
(5.83,9.02), (5.84, 9.03), (5.86, 9.21)}

SET 2: {(5.46, 7.33), (5.66, 8.04), (5.66, 8.04),
(5.69, 8.08), (5.73, 8.57), (6.01, 9.61)}

GROUP2

SET 3: {(5.30, 7.08), (5.47, 7.48), (5.57, 7.71),
(5.70, 8.14), (6.01, 9.61), (6.02, 9.90)}

SET4: {(5.23, 6.34), (5.30, 6.88), (5.64, 7.94),
(5.65,7.99), (5.67, 8.05), (5.69, 8.07)}
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GROUP 3

SET 5: {(5.30, 6.88), (5.47, 7.48), (5.64, 7.94),
(5.66, 8.04), (5.71, 8.19), (6.02, 9.90)}

SET 6: {(5.30, 7.08), (5.71, 8.20), (5.74, 8.72),
(5.80, 8.92), (5.89, 9.29), (5.98, 9.42)}

Step 4: From the first group select the ¢;(mu+1)"
unit, from the second group average of the g,(Mz) and
g>(Mp+1)™ unit and from the third group g;(Mp+1)"
unit. Taking the nearest integer of g ;(Myu+1), g (M),
g>(Mp+1) and g3(My+1) where ¢g;=0.25, ¢,=0.50 and
¢5=0.75. Thus, from the first group {7.60, 8.04}, from
the second group {3 (7.71 + 8.14),> (7.94 +7.99)}
and from the third group {8.19, 9.29} are respectively
selected for estimating the population mean of Yield of

Gala from the first stratum. Thus, from stratum 1 we
have the sample:

{7.60, 8.04,
8.19,9.29}

Step 5: Now, consider stratum 2 with n=6, and
again repeat the steps from 1-3, leading to the below
balanced groups:

GROUP 1

SET 1: (6.15, 10.47), (6.43, 11.16), (6.52, 11.32),
(7.14, 12.37), (7.47, 13.13), (8.09, 15.72)

SET 2: (6.36, 11.03), (6.4, 11.19), (7.28, 12.72),
(7.32,12.79), (7.63, 13.57), (8.32, 16.22)

GROUP2

SET 3: (6.4, 11.19), (6.92, 12.0), (7.06, 12.2),
(7.32,12.79), (8.32, 16.22), (8.78, 18.67)

SET 4: (6.50, 11.27), (6.68, 11.69), (6.83, 11.89),
(7.14, 12.36), (7.47, 13.13), (8.32, 16.22)

GROUP3

SET 5: (6.12, 10.27), (6.29, 10.63), (6.42, 11.13),
(6.82, 11.86), (6.83, 11.89), (7.25, 12.61)

SET6: (6.12, 10.27), (6.35, 10.98), (6.52, 11.32),
(6.59, 11.43), (6.61, 11.58), (7.12, 12.31)

Thus, from the first group {11.16, 11.19}, from the
second group {=(12.72 + 12.79),>(11.89 + 12.36)}

and from the third group, {11.89+11.58} are
respectively selected for estimating the population
mean of yield for Gala. Thus, from stratum 2 we have
the sample:

2(7.71+ 8.14),

=

2(7.94+7.99),

{11.16,11.19, 2 (12.72 + 12.79), (11 89 + 12.36),
11.89+11.58} °

Using the equation below to estimate the population

mean,
L
_ A
Xspcorsse Zm_ szhlq (mpt1ke) T
h=1 =

h

1
(E [Xz'h':q:x':mh}:ﬁ} + Xih':q:x':mhﬂ}:ﬁ-)]) +
i=k+1
3k
Xihl:qs':m?.jl}:sj
i=2k+1

_ 1
Xspogrsse = 135 %E (?.50 + 8.04 + 5(?.?1 +8.14) +
1
3 (7.94+7.99) +8.19 + 9.29) +
(11 16+ 11.19+ 1(12 72 +12.79) +
135 x 6% ' 27 '
1
5 (11.89 + 12.36) + 11.89 + 11.58)
= 10.044

To investigate the performance of SBGQRSS in
estimating the population mean w.r.t. SRS, the data on
the yield and trunk cross-section area (TCA) of Gala
RedLum high-density apple trees is considered where
yield is the variable of main interest and the TCA is
the auxiliary variable. Assuming that the population is
partitioned into two strata, an estimate of the mean and
mean square errors are computed. For each stratum, we
assume that each stratum follows the same distribution.
When the underlying distribution is symmetric, the
efficiency of SBGQRSS relative to SRS is given by:

eff {XSBGQRSSJXSRS} = é;;—%,

and when the underlying distribution is asymmetric,
the efficiency of SBGQRSS relative to SRS is given by:

= = MEE(Xggs5)
ef f(Xspeqrss. Xsrs) = MSE(RspCoRsD)

where MSE(X) = Var(X) + [Bias(X)]?.

From Table 3, it is clear that using SBGQRSS will
increase the relative precision compared to SRS and
results in negligible mean square error as the sample
size increases.
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Table 3. Summary results of estimating the population mean
of yield of High Density Gala Redlum Apple using SBGQRSS
scheme with samples of size 6, 9,..., 18 and comparison with SRS

Sample Simple Random Stratified Balanced | Efficiency
Size Sampling Group Quartile
(m) Ranked Set
Sampling
Mean MSE Mean MSE
9.29 1.731 10.090 0.1830 9.45
9.49 1.110 9.970 0.0852 13.02
12 9.981 0.490 10.044 0.0426 11.50
15 9.478 0.797 10.170 0.0320 24.90
18 9.782 0.480 10.200 0.0061 78.68

6. CONCLUSION

Using the RSS method always ensures an increase in
the relative precision in estimating the population mean
compared to SRS. The suggested SBGQRSS increases
the precision and ease of estimating the population mean
firstly by stratifying the population under study using
the auxiliary information and then using the quartiles to
select the variable of interest. The suggested estimators
are compared with their competitors in SRS method to
prove the efficiency of estimating the population mean
using the proposed scheme. Our simulation results
indicated that the suggested empirical mean estimates
are strongly better than their competitors in RSS and
SRS designs for the same number of measured units in
case of various non uniform distributions. Since RSS
and its modifications are cost effective techniques, it
is worthwhile investigating the performance of various
goodness of fit tests under the proposed scheme since
much work has not been done in this field.
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