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SUMMARY
Auxiliary information is often used to improve the precision of estimators of finite population total. Calibration approach (Deville and Sarndal, 

1992) is widely used for making efficient use of auxiliary information in survey estimation. Aditya et al. (2016) proposed regression type estimators 
of the population total using the calibration approach under the assumption that the population level auxiliary information is available at secondary 
stage unit level under two stage sampling design. In this paper we have proposed an improved variance estimator of the regression type estimator 
proposed by Aditya et al. (2016) using higher order calibration approach (Singh et al., 1998). We carried out limited simulation studies to demonstrate 
the empirical performance of proposed estimators. Our empirical results show that the proposed estimator performs better than the usual estimator of 
variances of the regression type estimator (Aditya et al., 2016).
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1. INtRoDUctIoN

Calibration approach proposed by Deville et al.
(1992) is widely used for making efficient use of 
auxiliary information in survey estimation. Following 
Deville et al. (1992) a lot of work has been carried 
out in the context of calibration estimation i.e. Singh 
et al. (1998, 1999), Folsom and Singh (2000), Wu 
and Sitter (2001), Sitter and Wu (2002), Kott (2006), 
Estevao and Sarndal (2002, 2006), Sud et al. (2014). 
In real life surveys two stage or multistage sampling 
designs are used. Aditya et al. (2016) first proposed 
a calibration estimator of the finite population total 
under two stage sampling design for availability 
of auxiliary information at the primary stage unit 
(psu) level. Further, Aditya et al. (2016) proposed a 
calibration estimator of the finite population total 
under two stage sampling design when population 
level complete auxiliary information is available at the 
secondary stage unit (ssu) level. Salinas et al. (2017) 
proposed a calibration estimator of the population 

mean under two stage sampling design. Further, 
Aditya et al. (2017) proposed a calibration estimator 
under two stage sampling design when population 
level auxiliary information is available at the ssu 
level only for the selected psus. In this study they 
have shown that calibration estimator under two stage 
sampling design works efficiently in real survey data 
collected through a pilot project for estimation of seed 
feed and wastage ratio in India. Several other works 
was done for development of calibration estimators 
and evaluating the estimators empirically through 
simulated data as well as real survey data where as 
very little work is done in the part of development 
of improved estimators of theoretical variance of 
the calibration estimators under two stage sampling 
design when population level auxiliary information 
is available at the ssu level. In this study, we have 
proposed a regression type estimator of variance of 
the calibration estimator proposed by Aditya et al. 
(2016) when auxiliary information is available at the 
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secondary stage unit (ssu) level using higher order 
calibration approach developed by Singh et al. (1998) 
and Aditya et al. (2015). Through limited simulation 
study we have shown that how our proposed estimator 
performs better than the estimator of variance of the 
estimator proposed by Aditya et al. (2016).

2.  cALIBRAtIoN BASED REGRESSIoN
EStIMAtIoN UNDER tWo StAGE
SAMPLING DESIGN

We consider a simple case where information
on only one auxiliary variable is available. Let, 
the population of elements U={1,…, k,…, NI } is 
partitioned into clusters, U1, U2,…, Ui,…, 

INU . They 
are also called the primary stage units (psus) when 
there are two stages of selection. The size of Ui is 
denoted as Ni. We have 
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At stage one, a sample of psus, sI, is selected from 
UI according to the design pI(.) with the inclusion 
probabilities Iiπ  and Iijπ  at the psu level. The size of sI 
is nI psus. The sampling units at the second stage (ssu) 
are population elements, labeled k  = 1,…, N. Given 
that the psu Ui selected at the first stage a sample si 
of size ni units is drawn from Ui according to some 
specified design pi(.) with inclusion probabilities 

/k iπ  and /kl iπ . For the second stage sampling we are 
assuming the invariance and independence property. 
The whole sample of elements and its size is defined 

as, 
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The inclusion probabilities at the first stage is 
given as,

Pr( )Ii Ii sπ = ∈ ,
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The inclusion probabilities for the second stage is 
given as,

/ Pr( | )k i i Ik s i sπ = ∈ ∈  and

{ /

Pr( & | ),  and  are different
/ ,  and  are same

i I
k i

k l s i s k l
kl i k lπ π

∈ ∈=

1 1

INN

y k yi
i i

t y t
= =

= =∑ ∑  where 
1

iN

yi k
i

t y
=

= ∑ =  i-th psu total.

It was assumed that the population level complete 
auxiliary information (xk) is available at the ssu level 
i.e. the auxiliary information kx  was known for all 
elements k U∈  and the correlation between the study 
variable and the auxiliary variable was positive. U was 
the population of size N. The simple estimator of the 
population total (Horvitz and Thompson, 1952) in this 
case will be given as, 
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The calibration estimator of the population total 
proposed by Aditya et al. (2016) was given as
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The approximate variance of the proposed 
estimator under this case was obtained by first order 
Taylor series linearization technique and was given by
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The Yates–Grundy form of estimator of variance 
of the proposed calibration estimator was given as,

Let the study variable be yk  which is observed for 
∈k s . The parameter to estimate is the population total 
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It is acceptable to use the design weights in the 
variance estimation but Deville and Sarndal (1992) 
suggested that using the calibration weight ( Iiw ) in 
the variance estimator makes it both design consistent 
and nearly model-unbiased. It is noteworthy that 
development reported in Section 2 under two stage 
sampling design does not make any assumption about 
the sizes of the psu/ssu. 

3.  PRoPoSED hIGhER oRDER
cALIBRAtIoN EStIMAtoRS UNDER
tWo StAGE SAMPLING DESIGN

We have developed higher order calibration
estimator of the variance of the Aditya et al. (2016) 
calibration estimator following the approach of 
Singh et al. (1998) for the case of availability of 
population level complete auxiliary information 
(xk) at the unit level. The estimator of variance of 
the Aditya et al. (2016) calibration estimator of the 
population total was given by Eq.(4). Following 
Singh et al. (1998), here we minimize the chi-square 

type distance function 
2
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and obtained the higher order calibration weight given 
as,
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The improved estimator of variance using higher 
order calibration approach is given as, 
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4. EMPIRIcAL EVALUAtIoN

In this Section, we report the results from simulation 
studies that aim at assessing the performance of the 
developed higher order calibration estimator under 
two stage sampling design. These are described in 
Table 1. 

Table 1. Definition of Various estimators considered in 
simulation studies

Estimators Description Notation

*ˆ
y ut π

Calibration estimator under two stage 
sampling design when population level 
complete auxiliary information ( kx ) was 
available at the ssu level

1_ĉal st

*ˆ ˆ( )YGHO y uV t π
Higher order calibration estimator under two 
stage sampling design when population level 
complete auxiliary information 

( kx ) was available at the ssu level

_ĉalHO sV

In this study we have considered the case of two 
stage sampling where sample selection at each stage 
is governed by equal probability without replacement 
sampling design (SRSWOR). Here, we also have 
considered the situation that the size of the psu and 
the corresponding ssus were fixed. For empirical 
evaluation, a bi-variate normal population is generated 
and used for the study where BVN (22, 25, 2, 5, r). 
For the case of simplicity we have assumed that, 
NI = 50 and Ni = 100 whereas the selected samples are 
of size nI = 15, ni = 30 and nI = 20, ni = 40 and there is 

subject
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availability of auxiliary information for both psu and 
ssu level. For the study we have selected a total of 1000 
samples from the population using two stage equal 
probability without replacement sampling design and 
also considered different levels of correlation between 
the study variable and the auxiliary variable. We 
have considered the value of correlation coefficient 
as r = 0.5, 0.6, 0.7 and 0.8 for simulation study of 
the higher order calibration estimator. We have 
compared the developed higher order calibration 
estimator with the estimator of variance of the Aditya 
et al. (2016) lower level calibration estimator when 
population level complete auxiliary information  
( kx ) was available at the ssu level. For the empirical 
evaluation, SAS macro developed by Aditya et al. 
(2016) was used for selection of the samples under 
two Stage SRSWOR sampling design. For precision 
measure we have used the measure of percentage gain 
in efficiency (%Gain) of the higher order calibration 
estimator w.r.t. the original estimator of variance of the 
lower level calibration estimator proposed by Aditya 
et al. (2016) when population level complete auxiliary 
information ( kx ) was available at the ssu level. 

5. SUMMARY AND coNcLUSIoN

A close perusal of Table 2, depicts that the proposed 
higher order calibration estimator *ˆ ˆ( )YGHO y uV t π

performs better than the usual estimator of variance 
of the Aditya et al. (2016) estimator under two stage 
sampling design when population level complete 
auxiliary information ( kx ) was available at the ssu 
level. It can be observed that the %Gain in efficiency 
varies between 6.22 to 7.27 for nI = 15, ni = 30 and 
between 8.2 to 9.42 for nI = 15, ni = 30. Further, it can 
be seen that the %Gain in efficiency increases with the 
increase of the correlation between the study variable 
and the auxiliary variable. Also, it was visible that 
with the increase of psu level sample size from 15 to 
20 and ssu level sample size from 30 to 40 with a fixed 
level of correlation coefficient i.e. r = 0.5, the %Gain in 
efficiency increased by approximately 33% while for 
r = 0.8, %Gain in efficiency increased by approximately 
29%. So from the simulation study we can conclude 
that our proposed higher order calibration estimator is 
better than the estimator of variance of the Aditya et al. 
(2016) estimator under two stage sampling design 
when population level complete auxiliary information 
( kx ) was available at the ssu level from the point of 
view of %Gain in efficiency.

table 2. %Gain in efficiency of the higher order calibration 
estimator over the estimator of variance of the of the lower 
level calibration estimator proposed by Aditya et al. (2016) 

when population level complete auxiliary information ( kx ) was
available at the ssu level.

Sample size and 
correlation

Estimate of 
variance

*ˆ ˆ( )YG y uV t π

Estimate of 
variance using 
higher order 
calibration 

*ˆ ˆ( )YGHO y uV t π

%Gain

nI =15, ni =30, r=0.5 2359.98 2185.21 6.22

nI =15, ni =30, r=0.6 2370.33 2202.13 6.79

nI =15, ni =30, r=0.7 2392.59 2215.35 7.18

nI =15, ni =30, r=0.8 2396.03 2209.84 7.27

nI =20, ni =40, r=0.5 1436.33 1388.56 8.21

nI =20, ni =40, r=0.6 1436.20 1387.01 8.65

nI =20, ni =40, r=0.7 1436.17 1383.25 8.91

nI =20, ni =40, r=0.8 1453.81 1391.65 9.42
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