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SUMMARY

The Odumade and Singh (2009) randomized response (RR) technique involving two decks of cards is used to estimate the proportion of
individuals belonging to a certain sensitive group. In this paper, Odumade and Singh (2009) RR technique has been extended to k-decks of cards.
The proposed alternative estimator for k-decks cards is more efficient than the existing Odumade and Singh (2009) estimator for & = 2. The proposed

variance estimator of the RR technique is simple and nonnegative.
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1. INTRODUCTION

The data relating to issues that could lead to
stigmatization on personality are tedious to obtain
with degree of response rate because respondents
very often report untrue values or even refuse to
respond. To protect the privacy of respondents,
prevent an unacceptable rate of non-response and
increase quality of data, Warner (1965) introduced
an ingenious technique known as the randomized
response technique (RR). Warner (1965) technique
was modified by Horvitz et al. (1967), Greenberg et
al. (1969), Kim (1978), Franklin (1989), Mangat and
Singh (1990), Arnab (2004), Arnab and Mothupi (2015)
among other researchers to improve co-operation from
the respondents and quality of data. A good review is
given by Chaudhuri and Mukherjee (1988), Singh
(2003) and Arnab (2017) amongst others.

Odumade and Singh (2009) proposed a RR
technique where each of the selected respondents has
to perform two independent randomized responses.
Several researchers including Singh and Sedory (2011,
2012), Arnab et al. (2012), Lee et al. (2016) provided
with further extensions. Arnab ef al. (2012), Arnab and
Shangodoyin (2015) and Arnab et al. (2016) extended
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the existing results for complex survey designs and a
general class of estimators.

In this paper we present a method of estimation
of the population proportion 7 based on k-independent
randomized responses. The proposed estimator is more
efficient than the estimators proposed by Odumade
and Singh (2009) as a special case £k = 2. A simple
non-negative unbiased estimator of the variance of
the proposed estimator is also provided. The RR
techniques relevant to the present study are described
below.

1.1 Warner’s Technique

In this method a sample s of 7 units (respondents)
is selected from a known population by the simple
random sampling with replacement (SRSWR); and
the information on a sensitive characteristic say 4 is
obtained by using a RR technique. The RR technique
consists of a deck of cards with identical in appearance
having one of the following two statements: (i) “I
belong to the sensitive group 4” and (ii) “I do not
belong to the sensitive group A”. The statements
occur with known relative frequencies P and (1 - P)),
respectively, in the deck of cards. Each respondent in
the sample is asked to select one card at random from
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the well-shuffled deck. Without showing the card to
the interviewer, the interviewer answers the question,
“Is the statement true?” The respondent answers “Yes”
or “No” truthfully to the interviewer. Confidentiality of
the respondent is maintained because the interviewer
will not know which question the respondent has
answered (see Arnab ef al. 2016). Such a RR trial will
be termed as Warner’s trial with parameter P

Let n, be the total number of “Yes” answers
obtained from the sampled respondents. Warner (1965)
proposed the following unbiased estimator for m:

., -(-Ry)
EW—T_IO (1.1)

where A,, =n;/n = proportion of “Yes” answers and
P,#0.5.

The variance of the estimator 7, is given by:

n(l-x) R(-R)

V(r,)=
(%) n n(2P, -1y’

(1.2)

1.2 Odumade and Singh’s Strategy

In Odumade and Singh (2009), a sample of
size n is selected by SRSWR. Each of the selected
respondents in the sample is asked to select two cards,
one card from Deck-I and the other from Deck-II. Each
of the decks consists of two types of cards as in the
Warner (1965) model. The proportion of cards bearing
the statement “I belong to the sensitive group A” in
Deck-1 and Deck-II are P, and P, respectively. The
respondent is asked to report his/her response as (X, Y)
where X indicates response from the card selected
from Deck-I while Y indicates response from the card
selected from Deck-II. For example, if a respondent
selects a card written “I belong to the sensitive group
A” from the Deck-1 and selects the other card written
“I do not belong to the sensitive group A” from the
Deck-I1, then he/she will give a response (Yes, No) if
he/she belongs to the sensitive group 4. On the other
hand if the respondent does not belong to the group A,
he/she will supply (No, Yes) as his/her response. So,
in Odumade and Singh’s (2009) RR technique each of
the respondents performs two Warner’s (1965) trials
independently with parameters P, and P, respectively.
Let n,, n, n, and n, denote, respectively, the
frequencies of the responses (Yes, Yes), (Yes, No),
(No, Yes) and (No, No). The cell frequencies and their

respective probabilities (in brackets) are given in the
following table (see Arnab et al. 2016).

Deck-II
Total
Yes No

Deck-1 Y

¢ e n(611) n10(60) .
N

© | nor Go1) | 190 (Boo) no.

Total n Mo n

O =xRP +(1-m)(1=-R)1-B); 69 =7R(1-P)+(1-m)(1-R)P
01 =n(1-R)P +(1- )R- B); Oy =7(1-B)(1-B)+(1-7)RP

Odumade and Singh (2009) proposed an unbiased
estimator for the population proportion = as

s 1. (A+h =D (1 —ngo) + (B = Py) (110 —00)
os 2

wl(ren-f+(r-ny) O

The variance of the estimator 7, and an unbiased
estimator of the variance of 7,; are, respectively,
given by:

V (ﬁ(I.Y ) =
(R+P-1{RR+(1-R)1-P)}+(B-P){B1-R)+R(1-P)} (2z-1)
4n

a[R+B-02+(R-BP]

(1.4)
and
Vi) =
| [(A+p -0 AR+0-RN-P)+(R-P)IBI-R)FRA-P) . 0
4n-1| (B+P -1 +(R-P)'T os
(1.5)

The extension of Odumade and Singh (2009) RR
methodology for general k-decks of cards is not straight
forward as it needs to prepare 2* consistency table of
responses like (Yes, Yes,.....). In the next subsection
we propose an alternative method of estimation of
n for k-decks of cards. The proposed estimator is
found to be more efficient than the Odumade and
Singh (2009) estimator. An unbiased estimator of the
variance of the proposed estimator is provided. The
proposed variance estimator is very simple and non-
negative. The proposed method can be extended for
general complex sampling design following Arnab et
al. (2016).
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2. PROPOSED STRATEGY

Assume a finite population U=(l,..N) of N
identifiable units. Let y, be the value of the variable
under study y for the ith unit. Denote y, = 1, if the
ith unit belongs to the sensitive group 4 and y, = 0 if
the ith unit does not belong to A. So the proportion
of individuals belonging to the sensitive group 4 in

N
the population is 7=)_y;/N . Let a sample s of size
i=1

n be selected from the finite population of N units by
SRSWR method and each of the selected respondents
performs k RR trails independently by Warner’s (1965)
method with parameter P, for the ith trial i=1,...k . Let
us define

7.0 1 if the ith respondent answers "Yes" for the jth RR trial
= 0 if the ith respondent answers "No" for the jth RR trial

i_la’a. ,ak (21)
Then,

P; if the ith respondent € A

Prob={Z:(j)=1}=
rob=1Z,(/) =1} {I-Pjifthe ith respondent & A

= yiP;+ (1= y)(1-P;) 2.2)

Let EL(E,), V,V, and C,(C,) denote expectation,
variance and covariance with respect to the sampling
design (randomized response) respectively. Then, we
have

ER(Z;(N)=yiPj + (= y)A=P)) | Vi (Z;())) = P;(1-F;)

and Cg(Z;(j).Zp(j))=0 for i, j (", j");

ii'=1,.,N;j,j'=1,..,k (2.3)

Z;())—-(1-P;)
2P -1

is an unbiased estimator of y with variance

2,
P;(1-P;)/(2P;~1)" in the sense

The equation (2.3) indicates Vi(/) =

Er (3:()) =i, VR(ﬁi(j)):M:¢j and
(27-1)
Cr(5:()31())=0 for (i, j)#G",j" (2.4)
Let
. 1 &
A= ;Z j3i() (2.5)

where w; (0<W <1) are weights which make/i,-

unbiased for »; and minimize variance VR(%).
Obviously optimum choices of w; s are

k
w,-o=(1/¢,-)/[_211/¢,} (2.6)
e

The optimum value of 4 with w j=Wjo is given
by

k
=2 vjoi() 2.7)
Theorem 2.1.

n
(i) #, = ;Z/@o is an unbiased estimator of 7
i=1

Gi) ¥ (#,)="0=7) ¢W

n
and

n(nl_l)g(jio—f?w)z is an unbiased

estimator of V(#,,)

(i) P (#)=

=

where ¢, =1/ (1/¢)
=1

Proof:

(i) E(#,)= [—ZER( )}

i=1 n- =
1< 1 & -
=Vp [_zyi}'Ep [_22 wj
o n” -1
r(1-7) 4,
n n (2.8)
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3. COMPARISON WITH THE ODUMADE
AND SINGH (2009) STRATEGY

The proposed estimator 7, can be written as
1 1 &
ﬂw=;Zﬂm=;Zw,~oﬂj (3.1
i=1 j=

where
R 1, .
7 =[—Z yi(J)J
niog

18 Z()—(1-P)

13
2P -1

Qi 1 1-p
n 2P -1 2P;-1 (3.2)

and ©; is total number of “Yes” answers obtained
from the jth deck of cards j=1,..,k.

Odumande and Singh (2009) estimator can be
written as

» 1.3 + P =1 (my —ng9)+ (R = P) (1m0 ~701)

os 2
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We find the variance of 7, as

_QR-DY(#)+@R )V (#,)+22R -D*2P, -1 z(l-7)/n

V(ﬁ'os)7 2
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Finally from (2.8) with k=2 and (3.4) we find
_CR-D'4+2R-D'e, 4

V(705)-V (%, .
For) 11 )n[(zﬁ—1)2+(21>2—1)2] n(d+4)

—

N

ier-1Pa-cn-nie] 1
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r 2
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The equality is attained if =5 or B =1-P,
4. CONCLUSION

Odumande and Singh (2009) proposed RR
technique involving two decks of cards for estimating
7, the proportion of individuals belonging to a
certain sensitive group. Several researchers including
Singh and Sedory (2011, 2012), Arnab et al. (2012),
Lee et al. (2016), and Arnab et al. (2016) provided
alternative estimators for Odumande and Singh
(2009)’s RR technique and compared performances of
their proposed estimators with Odumande and Singh
(2009)’s estimator numerically but no theoretical
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meaningful conclusion was obtained. In this paper an
extension of two decks to & -decks has been proposed.
The proposed estimator is found to be more efficient
than the original Odumande and Singh (2009) estimator
for the special case k=2. An unbiased estimator of
the variance of the newly proposed estimator has been
proposed which is simple and always non-negative.
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