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SUMMARY

With a complex survey design Bayesian predictive inference for finite population quantities may be difficult to carry out
in organizations where skill in applying sampling-based methods is limited. Here we investigate the feasibility of approximating
part of the analysis. Motivated by a survey of the quality of care that radiation therapy patients receive we assume a two-stage
cluster sample design where the cluster sizes are known only for the clusters in the sample. We propose an exact analysis
conditional on the cluster sizes for all units in the population, but an approximate analysis to take account of the unknown
cluster sizes for the nonsampled clusters. Successful approximation will greatly simplify the analysis, and suggests the value
of similar approximations when there are more complex sample designs.
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1. INTRODUCTION

With a complex survey design Bayesian predictive
inference for finite population quantities is
cumbersome. Here we investigate the feasibility of
approximating part of the analysis. Successful
approximation will greatly simplify the analysis,
important for a staff not facile with sampling-based
methods. We do this by assuming a two-stage cluster
sample design with simple random sampling at each
stage. The cluster sizes are known only for the clusters
in the sample. Our work is motivated by the Patterns
of Care Study (PCS), a large survey to investigate the
quality of care that radiation therapy patients receive.
Within each stratum a simple random sample of
radiation therapy facilities is selected and then a simple
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random sample of patients is chosen within each
selected facility. We propose an approximate analysis
to take account of the unknown cluster sizes for the
nonsampled clusters. The remainder of the inference,
conditional on the cluster sizes for all units in the
population, may be exact or sampling-based. Our work
also suggests the value of similar approximations when
there are several stages of cluster sampling and more
complex designs.

Assume that » clusters are sampled from the N
clusters in the population. Denote by A, and m, the
number of units and sample size in cluster £ (0 < m, <
M,). Let Y,. denote the random variable corresponding
to the i-th unit in cluster k. Given 6, it is assumed that
i =1, ..., M;jare independent with common
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distribution, g(-/6,), and there is independence across
the N clusters. Let M and M, denote, respectively, the
sets of M, corresponding to the sampled and non-
sampled clusters. Finally, y_and Y, _denote the vectors
of observed and unobserved Y'’s. Thus, we wish to make
inference about Y and M, given y_and M. For ¥
we have the marginal posterior distribution

A, 1) = DALl m0)r (61, 1)

Xy (M. |M,.y )a0 (1)

!
where 6= {6k =1, .., N} and M = (MZ,MZS) . In

this paper we consider a specification where exact
inference for £, and £, is possible but we approximate
J5- In other cases sampling-based inference may be
needed for f or £,.

In Section 2 we describe the distribution assumed
for the M, and the sampling distribution for the Y, that
we use for illustration. Section 3 summarizes the exact
inference (f, and £, in (1)), and presents the inference
for M, in f;. Section 4 has a numerical example, i.e.,
one of those which motivated this work.

2. NOTATION AND MODELS

Motivated by the Patterns of Care Study data we
specify a model for the M, that will be useful for many
applications. Assume that each cluster size, M,, can take
on any value from {7:i =1, 2, ..., T}, a set of non-
negative integers. Often, each 7, is an integer that
represents a range of values; e.g., if M, lies in the

interval [al-,bl-],t,- = (al' +bl)/2. Given P = (pl’ p2’ vees

T
pyp)-suchthat0 <p <1fori=1,2,.., Tand zpi =1,

i=1
each M,, k=1, 2, ..., N, is assumed to be independent
and  identically

distributed such that
Pr(My=t|p)=p; for i = 1, 2, ..., T. Given

a=(a,a,.., ar), the prior of p, n(p), is specified as
a Dirichlet distribution, i.e.,

n(p)=—""— ] pi" @)

For the Patterns of Care Study (Section 4) we used
the “noninformative” prior where &, = 1.

To illustrate our proposed methodology, we
assume that ¥, is a Bernoulli random variable, i.e.,

Pr(Y,, = 1|6,) = 6, 3)

We made this choice because the Patterns of Care
Study has only binary variables. However, our results
about approximate inference for the nonsampled cluster
sizes, the objective of our paper, would be similar had
we chosen the Y,; to be normally distributed random
variables (and used analogous prior distributions).
Throughout we assume that the sample design is not
informative.

My
Letting M; = Y ¥;, we wish to make inference
i=1
about

k=1

N N
P= ZM:E/ZMk (4)
k=1

For the prior distribution on &, given fand 7, we
take @, ..., 6, to be distributed independently with beta
density function

pOIB =B 7— f P~ (1 - g=F1(5)
where B(a, b) = T'(a)['(b)['(a + b) .
For, B€ {a:0<a,<a,<..<a,<Ttj,

Pr(f=a) = o, ©6)

R
where Za), =1. It is assumed throughout that 7 and
r=1

the @, are fixed quantities. Methods for choosing values
for 7 and @, are discussed in Nandram and Sedransk
(1993) and Racz and Sedransk (1996). Thus,
conditional on M, the likelihood is given by the
specification in Section 1 and (3) while the prior is
given by (5) and (6).

Given M, the posterior mean and variance of P are
given by Nandram and Sedransk (1993) and also
presented in our Appendix.

Alternatively, we could assume that the Y, are
normally distributed and use the prior in Scott and
Smith (1969). Then, conditional on M, the posterior
mean and variance of the finite population mean,
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N My
Y = ZzYkz/sza have the same forms as the
k=l i=1 k=1

mean and variance of P. Thus, the approximations we
consider in this paper are also applicable to this widely
used specification.

3. INFERENCE

2
The joint density of Y = (Ym,zi) and M,

conditional on both 8 and p,

Pr({Yk.=ykl.' k= 1, SN i= 1, MY,
My =x: k - N}, p). is

Pr({Y, =y, k— W N i= 1, Mk}|{M =x,
k=1,.., N}, H)Pr({M = x,:k . N|p).

3.1 Posterior Mean

We start by evaluating the posterior expected value
of P. Let s denote the set of clusters in the sample,
m = (my, .., mn)’ the vector of sample sizes, m', =

ZYM, m

{M, :k & s}, and Y _the vector of unobserved Y's.

S =(mf,...,m)Y, M = {M:k € s}, M, =
Using iterated expectations

EZV,S,M,,S (le’m s Mé)

=Ey [Ey, (Plm.m . M)|mn M,

m, M,

= E(Ey, [Ey, (Plmm . M)|m.m .M, pllmm.M,}.

To simplify, the notation ignores the dependence
on 7 and a. After some algebraic manipulation it can
be shown that

m,m } (7

= EMk (N-n), and ¢, ¢, and 7 are
ke's
constants (defined in the Appendix).

a+mX
C + Xl -

Ey wm, (P|mm M,)=E n[

where X,

3.2 Approximations for the Posterior Mean

The Patterns of Care Study has hundreds of binary
variables and we wanted to provide a simple way to
compute posterior means and variances. Thus, we
developed approximations for these moments that can
be computed by a staff not facile with sampling-based
methods. To approximate (7), we use a second order
Taylor series expansion about E(X,|M), i.e.,

£ |G +71X, M
- Cy +X1

z01+ﬁ1E(X1|Ms)
a+EX |M,)

CI_CZUI Var(Xl |MS)

+
[ + E(X, |Ms)]3 ®)

An important objective is to assess the relative
sizes of the terms in (8) to see if it is sufficient to
use only the first term. Given p , the M, are
independent and identically distributed. Recalling that

X1=2Mk/<zv—n>,

k&Zs

E(Xi| M) =E,[Ey, (X,|p)|M,]

=E,[EM; | p)|M,] for any M,, k & . %)

This simplification also holds when evaluating the
variance term in (8); i.e., the two components of

Var(X,|M,) are

E,Vany, (X,| p)|M,1=(N=n)"'E [Var(M, | p)| M,]
(10)

and

VarB[EMM(Xl |£)|MS] =Var£[E(Mk |£)|MS]

for any

M,k g s.

Based on the prior in (2), and letting n, be the
number of sampled clusters with assigned size 7, the
approximation in (8) is easily obtained using (9), (10)
and

n+0!
E,[Ey, (M|p.M M]—Zt
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EE[VGVM”S (Mk |£’M9) | Mv]

2
:( y+n )iﬂm-’_%—[irnﬁa’}
1

Gt+n+l | S ntay | S nt+a
and

VarE[EMns (Mk | E’ MY) | Mg‘]

1 Loon+o L n~+0{~2
Etg;_ Z’i;

otn+l| D ntopy | ntop

T T
where o = 20{,- and, by definition, 2”1' =n.

i=1 =l

To evaluate the order of each of the terms in (8)
we use the structure for asymptotic arguments for finite
populations described in Fuller (2009) which includes

the assumption that n=[f.N], f€ (0,1), and [f V] is
the largest integer less than or equal to /' V. It can be
shown that ¢, ¢,, 7, and E(X||M)) are each O(1) and
that {c,+E(X;|M )} is also O(1). Thus,
the first in (8) is O(l). Similarly,
(a-of)/{e;+ E(X | M)y is O(1). Finally, both

components of Var(X,|M,) are O(n™) so, as expected,
the second term is O(n™").

term

3.3 Posterior Variance
We next evaluate the posterior variance of P, i.e.,

’
Varzns,Mm (P | m,m aMs)

=Ey [Vary, (P|mm ,M)|M,]

+Vary, [Ey, (Plmm . M)|M,]  (11)
We start by evaluating the second term
in (11), writing Van, [Ey (P|m.m ,M)|M,] as
Vary [g(X))|M ]. A Taylor series expansion of
g(X,) about E(X||M,) yields
Vany [g(X))|M,]

o (1 (- cf)
1=1 [Cz +E(X, |Ms]m

=Van,

==ns

(X, - ECX, [ MY | M,

(12)

Because the terms in (12) are expected to be very
small (discussed later) only one term from (12) will be
used to approximate Vary [Ey (P|m,m',M)|MS],
ie.,

Vary [Ey (P|m.m ,M)|M,]

- { (a—of)

2
o EOX, | M ]2} Var(X,| M) (13)

The right side of (13) is O(n"), easily seen from
the results presented above.

After some algebraic manipulation we can write
the first term in (11), Ey, [Vary, (P|m,m,M)|M],

as

3 +C4X1 +ﬁ2X12 +C5X2
M

|
T ey [ 9

where X, = (N — n)! 2 M} and c,, c;, ¢y, ¢s and 7,
kgs

are constants. To approximate (14), use a
second order Taylor series expansion about

[E(X, | M), E(Xy|M)]; ie.

Ey Var, (P|lmm . M)|M,]

_ G raEX M) +[EX, | M )P +csE(X, | M)
(cy + E(X, | M,))?

31 —205¢4 +3c3(cy =20 E(X [ M)+ A
(e +E(X{|M))*

+

_ 2C5
( +E(X;| M)y

Cov(X,, X, | M,).
(15)
Now,
Cov(Xy, X, | M) = EE[COVMM(XI,XZ |£)|MS]
+CovylEy, (X | p), By, (X2 | P)| M ]

It follows from the assumption that the M,, k &
s, are independent and identically distributed that

E(X,|M,) = EplEy, (X2|p)|M,]
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= EJEME|p)|M

for any M,, k € s, and fromz2),

T
+ o
E,[E, MZ2|p)|M =Y plit%
B[ Mns( k|£)|—9] ZE:} n+a0

and

COV(XI’XZ |Mv)
T T
= — -1 3 M —_ . M
(N-n) {Z;t'(n+aoJ [g‘t’(n+a@ﬂ

[

i (n + ;) (n+0y—n — ;)
~ (n+0p)*(n+ o +1)

I n+op)(n; +a;)
%2; |:(n+0(0)2(n+050 +l)}}

T
where o4 = 20@.

i=1

The terms 72,¢3,¢4, and E(X,|M) are all O(1), and
cs and Cov(X,, X,|M) are O(n™"). Then the order of the
first term in (15) is O(1), the order of the second term
is O(n™"), and the order of the third term is O(n™").

4. PATTERNS OF CARE STUDY EXAMPLE

The approximations were applied to the Patterns
of Care Study (PCS) data used in Racz and Sedransk
(1996). This illustration uses the binary variable
indicating whether or not an intravenous pyelogram
(IVP) was done for a prostate cancer patient. There
were n = 46 sampled facilities with M, ranging in size
from3to 61, k=1, 2, ...,46. The value of 7" was chosen
to be 5 with 7, = 10(7 — 1) + 5. Each ¢, represents the
group (#, — 5, 1, + 5] with £, representing (40, ). We
used a “noninformative™ prior in (2) by taking o, = 1.
Finally, we compare the approximations to “exact”
results from a sampling-based evaluation.

The first objective is to compare the relative sizes
of the two terms in (8), the approximation for the
posterior predictive expectation of P.

a+nEX, M)
o+EX, M)

has a value of 0.5078 for this example. The second term

The first term in (8),

of O(1),

a -G
® [+ E(X, | M)
a value of 0.0000027 for this example. While the
relative sizes of the O(1) and O(n~') terms are not
surprising, the reason why the O(n~') is small
is unexpected, i.e., it is not due to the large
value of n. Now, Var(X,|M)) is the sum of two

O(n™") terms, (N-m'E,[Van, (M;|p,M)|M,]

Var(X,|M,), of O(n~ "), has

and Var ,[Ey, (Mg | p.M )| M,], whose values are
0.1593081 and 3.1112285, respectively.
The O(1) term, (G-Ci)flea+E(X,|M)F, is
0.00000084. The second term in (8) is small because
of the O(1) term, (¢ —cf))/lc, + E(X,|M )P, not
any asymptotic properties.

Initially, one might conclude that this necessitates
examination of higher order terms. As it turns out,
however, higher order derivatives follow a distinct
pattern. The second derivative term is already small,

and higher order derivative terms will decrease
consistently. To see this, rewrite the left hand side of

(8) as Ey [g(X)|M (aq+1x)/

ns

where g(x)=

(cy +x).

Then g (x) = IN(=1)"" (¢, — ) /ey + x)*! for ¢
=1, 2, ... If higher order Taylor series expansions were
used to approximate (7), the /! would cancel and the
general form of the /7 derivative term would be

—D(c, —cohh
(=1 (¢, — ) — for/=1,2,.. (16)
{e:+E[EM, | p)| M.}

Since ¢, ¢, #, and EplEy, (My|p)|M,]
o(l) terms ¢, - ¢, # and
(&) +EE[EMIH (Mk |£,)|

are all

M ] are each O(1). Therefore,

as long as the denominator in (16) exceeds 1, the
absolute value of (16) will decrease with increasing /.
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In addition, the numerator term, ¢, — ¢,7, has features
which allow us to argue heuristically that it will be
small. This is seen by regrouping and showing ¢, — ¢,
to be the sum of two terms, the first of which is
(N —n)‘lz (my —my 7). Loosely speaking, this is (N —
kes

n)"! times the sum of observed values minus their
posterior expected value. The second term, (N — n)~!
ZM « (7« =), also should be small since 7, and 7
kes

are similar arguments. In fact, for k & s, they are equal.
Our conclusion is, therefore, that increasing order

derivative terms will decrease, and ¢, — ¢, 7, is already
very small.
A second objective of this example is to compare

the relative sizes of the terms derived to approximate
the posterior predictive variance of P. To approximate

Vary [Ezm (P|m,m ,M)|Ms} only one term was

derived (see (13)). This is recommended since the
derivatives for any higher order terms follow the pattern
just described.

For this example, the computed value of this
approximation is 7.1 x 107°, Now, the approximation
for By, |V, (Plmm M)|M, | from (15) is
0.001090. Thus, as expected, the approximation for

Vary y, (P|m.m M) receives a negligible

contribution from Var, [EXM (P|m,m ,M)|M S} .

Thus, we would approximate the posterior mean
and variance of the population proportion of prostate
cancer patients with an IVP as 0.5078 and 0.0011.

We have also evaluated the posterior mean of P
in (7) and the posterior variance of P in (11) by repeated
sampling of M given M, m, m' and then evaluating
the expectations Ey, () in (7), Ey () and Vary () in

(11) where the dots denote quantities having analytical
expressions. Letting 7, be the number of sampled

observations with M, =¢, i=1, ..., T, and taking & =
1 in (2), the posterior distribution of p is Dirichlet as
in (2) with &, = n, + 1. Then, AM, - MyIM) =

e
f hM, ., ... My|p)f,(pIM)dp. where we drop the

conditioning on m and m". We draw p from f, and then,
given p, draw M,  ,, ..., M), independently where M,
is a multinomial random variable with Pr(M, = t|p); i.e.
if category i is selected, M, = ¢, Using 20,000 iterates
from the Dirchlet distribution in f,, our estimate of the
posterior mean of P is 0.5078, the same as the
approximation. Proceeding in the same way our
sampling based estimate of the posterior variance of P
is 0.00108, essentially the same as the approximation,
0.00109.

In summary, we have described a way to simplify
Bayesian inference for finite population quantities when
cluster sampling is used. This is important in
organizations where skill in applying sampling-based
methods is limited. While we have investigated a
special case, i.e., two stage sampling and inference for
a binary variable, one should be able to generalize this
approach to additional sampling stages and continuous
variables.
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Appendix

Using the notation in Sections 1 and 2 the following posterior quantities are given in Nandram and Sedransk
(1993).

w; =Pr(B=a,|m.m’,7)=

) e |

R R
h=EB/t|mm 1) =Y ciac, iy =var(Blz|mm 1) =Y o) (a0~ 2,

r=1 r=1

R
Ay = EL(B(z = B)/ 7@ +1) | mmi 7} =0+ 1) Y wa, (1-a,r~!) and

r=1

R
o | D0 (a, +m )T+ my = (a, +m) YT+ m )@+ my +1); ke s,
kK )r=1l

1s; ké&s.

N N
The posterior mean of P = ZM;/ZM,“ isEy (P|mm.,t,M)=qn+(1-p)P
k=1 k=1

-1
N I ’
where, Pk =M /zklek,(ﬂ:l—ZPkﬂk,P: {Zpk/lk} Zﬂk/lk(mk/mk)

kes kes kes
and
) = {1+ (t/M)H)Y1+(T/m)} L ke s,
0; kés.

The posterior variance of P is

N N N
Vary (Plm.m ., 7,.M)=1Y, ¥ oo (=A)A=2)+ Y, pF (=A@ + M3}

k=11=1 k=1

Rewriting these results from Nandram and Sedransk(1993) broken down by sampled and non-sampled clusters
allows for analysis when the non-sampled cluster sizes are unknown.

Defining

P = EQy | mont 7. M) = 2 Gl g1 N sk
=1 T+Ikmk
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and [, =0ifk ¢ 5,1, = 1 if k € s, and the following constants simplify the expressions:

{Zml/c + ) (M —mk)fk}/(N—n)=Cl’ ZMk/(N—n)=Cz,

kes kes kes

2
(N—n)~? ﬁ2|:sz(1_/1k):| + Y MR- A) @+ M2 = a3,

kes kes

(N-n)"! {2ﬁ22Mk(1—ﬂk)+ﬁ3}=C4’ﬁ3 I(z(N —n)) = cs.

kes
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