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SUMMARY

In Dutta et al. (2009b) methods of construction of optimum covariate designs (OCDs) in partially balanced incomplete
block design (PBIBD) set-ups have been proposed. Applying these methods actual designs can be obtained. Considering the
suitable PBIBDs from Clatworthy’s table (1973) lists of OCDs, categorised for different classes of designs, have been prepared
here. The constructional methods have also been indicated for ready reference. Also some new results and constructional methods
in the set-up of balanced factorial designs with orthogonal factorial structure (OFS) with the list of OCDs has been given.
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1. INTRODUCTION

Consider the non-stochastic controllable covariates
model in a block design set-up

(Y. iy + X1 8+ Xo7+ Z7, &) (1.1

where x4 is the intercept term, ,BbXI, %! and /s .
correspond respectively to the vectors of block effects,
treatment effects and covariate effects and ¢ is the
common variance of the observations. Y is the
uncorrelated observation vector of order N X 1, X1, X5
respectively are the incidence matrices of block effects,
treatment effects, Z is the design matrix corresponding
to the covariate effects and 1y is a vector of order N
with all elements unity. For the covariates, it is assumed
without loss of generality, the (location-scale)-
transformed version i.e. |z;; | < 1. It is evident that for
orthogonal estimation of treatment and block effect
contrasts on one hand and covariate effects on the other,
it is necessary and sufficient that

X, =0, Z'X;=0 (12)
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and for most efficient estimation of each of the
regression parameters the following condition must also
be satisfied (cf. Pukelsheim 1993)

Z’Z = NI, (1.3)

A covariate design Z is said to be optimum, if it
satisfies (1.2) and (1.3).

It is evident from (1.2) and (1.3) that (i) the
columns of Z should be orthogonal to the columns of
X and X, and (ii) the columns of Z must be mutually
orthogonal among themselves and the elements of Z
must be +1.

The problem of choice of covariates in an
experimental design set-up was earlier considered by
Lopes Troya (1982a, 1982b), Liski et al. (2002), Das
et al. (2003), Rao et al. (2003), Dutta (2004) and Dutta
et al. (2007, 2009a, 2009b, 2010). Lopes Troya (1982a,
1982b) first considered the problem of choice of the Z-
matrix in a completely randomised design (CRD)
model. Das et al. (2003) extended it to the set-up of
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randomised block designs (RBDs) and to some series
of balanced incomplete block designs (BIBDs). Rao et
al. (2003) re-visited the problem in CRD and RBD set-
ups and identified the solutions as a mixed orthogonal
array, thereby providing further insights and some new
solutions. As mentioned earlier, the choice of optimum
covariate designs (OCDs) depends heavily on the block
design set-up as is evident from (1.2). In the case of
incomplete block (IB) designs, the allocation of
treatments to the plots of the blocks dictates the method
of construction of the optimum covariate designs
(OCDs). So in every case, as it will be seen
subsequently that the construction of OCDs is suitably
adopted for the constructional method of the block
design itself. Das et al. (2003) considered some BIBDs
with repeated blocks and some symmetric balanced
incomplete block designs (SBIBDs) with parameters b
=v, r =k, A, constructed through Bose’s difference
method. Dutta (2004) also considered some series of
BIBDs obtained through Bose’s difference technique
and some arbitrary BIBDs. Thereafter, Dutta et al.
(2007) considered a series of SBIBDs which was
obtained through projective geometry. Again Dutta
et al. (2009b) extended the problem of OCDs to a large
class of partially balanced incomplete block design
(PBIBD) set-ups.

However, as is well known, there are different
methods of construction leading to different IB designs.
It is very difficult to construct maximum number of
OCD for arbitrary IB design, as the choice of the Z-
matrix depends on the construction of IB design itself.
Dutta et al. (2010) considered this problem for any
binary proper equi-replicate block design (BPEBD)
d(v, b, v, k) with b = mv, m being, a positive integer,
> 1 and prepared a list of OCDs in commonly used
BPEBDs.

In all the investigations considered above, an
uncorrelated homoscedastic model was assumed. For
the correlated model, the issue of finding OCDs was
considered in Dutta et al. (2009a). They considered this
problem in standard split-plot and strip-plot design set-
ups where variance-covariance matrices had special
structures which were conveniently exploited to find the
OCDs.

PBIBDs are popular among the experimenters and
covariates are often used in them to reduce the error. It
is necessary to allocate the covariate values in such a

way that the regression coefficients are estimated in an
optimum way. As in the BPEBDs, a list of OCDs in
PBIBD set-ups seems to be useful for the users. The
two-associate class PBIBDs from the tables of
Clatworthy (1973) have been considered and lists of
OCDs have been prepared with indication of methods
for actual constructions proposed mainly in Dutta et al.
(2009b). Henceforth, we will refer to Dutta et al.
(2009b) as D(2009b). Also the problem of construction
of OCDs in factorial designs, viz. in balanced factorial
designs with orthogonal factorial structure (OFS)
(cf. Gupta and Mukerjee 1989) has been considered and
a list has been provided with in the two factors case.

Following Das et al. (2003), each column of the
Z-matrix can be recast to a W-matrix where the element

in the /" row and jth column of W® is Zi(js), Zi(js) being

the element of Z corresponding to the jth treatment in
the i™ block of the design for the s™ covariate.
Corresponding to the block-treatment classification,
optimality conditions (1.2) and (1.3) in terms of
W-matrices reduce to:

(Cy) each W-matrix has all column-sums equal to zero ;
(C,) each W-matrix has all row-sums equal to zero ;

(C3) the grand total of all the entries in the Hadamard
product (vide C.R. Rao 1973) of any two distinct
W-matrices reduces to zero.

Henceforth, the conditions C, -C, together are
referred to as the single condition C.

It is to be noted that a covariate design Z for ¢
covariates is equivalent to ¢ W-matrices which are
convenient to work with.

Definition 1.1. With respect to the model (1.1), the
¢ W-matrices corresponding to the ¢ covariates are said
to be optimum if they satisfy the condition C.

Remark 1.1. It may be mentioned that if ¢ = 1, only
conditions C;| and C, are to be satisfied by the
W-matrix to be optimum.

In an incomplete binary design set-up, the basic
principle of constructing optimum W-matrices i.e. the
OCD, is to convert the incidence matrix N of the
incomplete binary design to a W-matrix by placing
judiciously £1s in the non-zero cells of the incidence
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matrix so that the condition C mentioned above is
satisfied.

The paper is organised as follows: In Section 2,
main results for the construction of OCDs are first cited
and then lists of OCDs in group divisible (GD), Lj-type
and triangular PBIBDs have been given. In Section 3,
some new results for the construction of OCDs in
balanced factorial design set-up which forms a
particular class of 3-associate PBIBD design based on
rectangular association scheme are given and then a list
of OCDs has been prepared in factorial design set-up.

2. OPTIMUM COVARIATE DESIGNS IN PBIBD
SET-UPS

In this section, following D(2009b), statements of
methods of construction of W-matrices satisfying the
condition C, for different series of PBIBDs, are given.
Here Hadamard matrices play the key role for
constructing OCDs. H * denotes Hadamard matrix of
order *.

2.1 Singular Group Divisible (SGD) Design Set-up

Singular group divisible (SGD) designs considered

here have the parameters
v =nv¥, b=b*,r=r*,k=nk*,
7@1=r*, 7@2=7o*,m=v*,n=n @1
and are*obiair;ed* by*replacing each treatment of a
BIBD(v ,b ,r ,k , A) by group of n treatments (Bose
et al. 1953). We state below the results obtained in

D(2009b) in this connection.

Theorem 2.1. A set of ¢ optimum W-matrices can be
constructed for the SGD design with parameters in
(2.1), where

(i) t=c, if ¢ optimum W-matrices exist for an RBD
with 7 treatments and » blocks;
(i) 1= v (n— 1) - 1), if Hy« , H, and H, exist;
(iii) 7= v*((n —D(r—1)—(n-2)), if n=2 (mod 4),
(n—1) is a prime or a prime power and H,+, H,
exist;
(v) 1=v((n— D)@ —1)— (n—2)), if Hyx , Hy, and

H, exist;
2

* . .
(v) t=v,if n=even, r = even and H,» exists.

The theorem follows by noting that the incidence
matrix for the SGD design in (2.1) can be written as
N=(N1 Nz...N,’...NV*) (22)
where, Nib><n , corresponds to the » treatments (y;, 6»;,
..., 6,) used to replace the i™ treatment of the BIBD,
i=1,2, .., v, Among the b rows of N;, » rows contain
exclusively 1s and other elements are Os for each i. For
the time being, let it be assumed that ¢ optimum W-
matrices W, Wy, ... W, for an RBD with parameters
n, r exist. Putting the elements of W; of RBD (n, r) in
the non-zero positions of each N;, a matrix W; is
obtained where

Wi = (Wy; W .. W,

i’;...w;j) (2.3)

It is easy to verify that W; , W; s W: give
optimum W-matrices for the SGD design given in (2.1)
and thus (i) of the theorem follows.

Again if a Hadamard matrix of order V" exists then
the number of optimum W-matrices can be increased.

For/=1,2,. .. ,v*, a matrix Wl’; is constructed as

w,’; =h, © w} (2.4)
where h; is the M row of H,+ and © denotes the
Khatri-Rao product. Thus varying / and j, v ¢ optimum
W-matrices are obtained.

It is proved in Das et al. (2003) and Rao et al.
(2003) that the values of ¢ are (a;) (n— 1)(r — 1), if H,,
and H, exist; () (m— D)(r—-1)—-m—-2),ifn=2
(mod 4) and H,. exists and (a3) (n— 1)(r—-1)—(n—2),

if Hy,, and H exist. These values imply respectively
2
(i), (iii) and (iv) of the theorem when H,+ exists.

Again if » and r are even, we can write an » X n
matrix Wy as

J -J
Wl =
-J J

. r-n . . . .
where J is a EXE matrix with all elements unity. It is

easy to see that Wy gives an optimum W-matrix for an
r X n RBD. As H,« exists, (v) of the theorem follows.
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Remark 2.1. Exchanging the roles of » and » in (iii)
and (iv) of Theorem 2.1, the following can be obtained

(i) If » =2 (mod 4), (r — 1) is a prime or a prime
power and H,» and H,, exist, then = v¥((n — 1)
(r — 1) — (r — 2)) optimum W-matrices can be
constructed for the SGD design with parameters
in (2.1).

(i) If Hy«, Hy. and H, Vi - 1)

r—10D-@0-2) ozptimum W-matrices can be
constructed for the SGD design with parameters
in (2.1).
Remark 2.2. If v" is an even integer but not a multiple
of 4, then a set of 7 optimum W-matrices can be
constructed for the SGD design with parameters in (2.1)

exist, then ¢ =

by using 1, and (1’£ - 1'£) to play the same role as
2 2

that of the rows of H,+ . From (ii)-(iv) of Theorem 2.1

it follows that

(i) t=2(m— 1)(r-1),if H, and H, exist;

(i) t=2(n—1)(r—-1)—(m-2)),if n=2 (mod 4),
(n—1)is a prime or a prime power and H,. exists;

@) t=2((n - )(r —1) — (n — 2)), if Hy,, and H
exist.

Remark 2.3. It is easily seen that for the construction
of optimum W-matrices for RBD(r, n), it is necessary
that » and » must be even. If », » and v are even but
none of them are multiple of 4, then 2 optimum W-
matrices can be constructed for the SGD design with
parameters (2.1) by using two orthogonal rows as in
Remark 2.2.

Remark 2. 4 Suppose 1 optlmum W-matrices exist for
the BIBD (v b ok l ); then additional #; optimum
W-matrices, orthogonal to the previous ones, can be
constructed for a SGD design with parameters given in

@.1).

2.2 Semi-regular Group Divisible (SRGD) Design
Set-up

Semi-regular group d1V1Slble (SRGD) design w1th
parameters (v =mn, b =n 2hp r=nda k=m, A =
A, m, n) obtained from an orthogonal array, OA(n kz,
m, n, 2) (cf. Bose et al. 1953) are considered here. In
this case, using the properties of orthogonal array (cf.
Hedayat ef al. 1999) OCDs can be constructed and the
following theorem can be proved.

Theorem 2.2. (D(2009b)): Let H,,, Hml and an

OA(* Ay, m, n, 2) (my = k < m) exist. Then (n — 1)
(k — 1)my optimum W-matrices can be constructed for
an SRGD design with parameters v = mn, b = n 7@2,
r=nky, k=my, A= 0, Ay, my, n, where my + my=m
and my > 2.

The above method is illustrated as follows:

Let the orthogonal array OA(n*Ay, m, n, 2)
denoted by the matrix A with n 12 rows and m columns
and it be partitioned into two sub-matrices A and A,
i.,e. A= (A||Ay) where A corresponds to first m
columns and A, corresponds to last my (my = m — my).
Using A, an SRGD design with parameters v = mn,
b=n"Ay, r=nky, k=my, my, n, 1;=0, Ap; my + my=
m and my > 2 is constructed, where the #n24, rows of
A, give the blocks of the SRGD design. Let H,, be
written as

H,=[hy, hy,... . h, 1, 1] (2.5)
and the n symbols in each column of A, be replaced
by the n elements of h;, j =1, 2,. .., (n — 1) and the
new array A2(j) = (al(j),az(j).....a;]z(j)) thus

obtained is still an orthogonal array of strength 2, but
with the two symbols +1 and —1 in each column. Let
the incidence matrix of the SRGD design correspondmg
to the orthogonal array A be denoted as N P \vith the

th
row as, m; = (n;1, R, . .., ), ny=0or I3 1 <i<

b, 1 £j <v. The k= my non-zero elements of each row

of N are replaced by the & elements (1) of h: , the ™

column of the Hadamard matrix H; = [h;, h*z,...,

hT(—l’ 1} in that order and thus a matrix N: is obtained

with the i row as n? (u) = (rfl(u), ni*2 (w,..., ni*v (u))

=1,2,...,k=1;i=1,2,...b. Next construct
my(k — 1)(n — 1) optimum W-matrices W(j, u, q) by

taking the Khatri-Rao product of aq(j) and N i.e

ay, (1) n, (u)
Wi.u q)=a,(DON, =| i |o]| :
a, ()| (M
(2.6)
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g=12,..mqg=1,2, ..., m
u=12,..k=-1;j=1,2,..n
Remark 2.5. It follows from Theorem 2.2 that the
maximum number of W-matrices that can be
constructed depends on the maximum value of m,
(my—1)(n — 1) where my> 0, my >0, m; + my=m and
each of my, n is such that H,,; and H,, exist.

Remark 2.6.

(a) If n=4t+2,¢(=0) an integer, then it is possible
to construct (kK — 1)my optimum W-matrices for
the SRGD with the above parameters as the
elements of (l'ﬂ, - 1’ﬂ) are used to replace the n

2 2
symbols in the columns of Aj.

(b) Similarly, if £ =47+ 2, ¢ (= 0) an integer, then it
is possible to construct (n — 1)my optimum
W-matrices for the SRGD with the above
parameters.

(c) Again, if n=4t+2, k=41 +2,4 (= 0) an
integer, then in the same way, it is possible to
construct m, optimum W-matrices for the SRGD
with the above parameters.

2.3 Regular Group Divisible (RGD) Design Set-up

It is known that if from a BIBD with parameters
v*, b k A= 1, all the » blocks in which a
partlcular treatment occurs are deleted, then ,an RGD
design W1th parameters v = v -1, b= - L, FP=r—
1, k= Kk A =0, =1 m= *,n—k*—lcanbe
obtained (Bose et al. 1953). It is difficult to construct
a covariate design optimally for such a GD design
obtained from such an arbitrary BIBD. However, for
some series of BIBDs, it is possible to provide OCDs.

Let the series of BIBDs with parameters:
=43t + 1) b= (4t+ D@+ 1),

4+ LK =42 =1 27)
be considered with the initial blocks:
2t+2i a+2| a+2t+2|
(¢ 2 ):
20 J2t+2i a+2| a+2t+2|
("2 ):
200 J2t+217 Ja+2’ Ja+2t+2
(38" 82 2 )
(01, 02,03, 00); /=0, 1,...,1-1  (2.8)

where x is a primitive root of GF(4r + 1); 1, 2, 3 are
the three symbols attached to x, ¢ is an odd integer and
oo is the invariant treatment symbol (cf. Bose 1939,
pp- 384). If the initial block containing the treatment
symbol e in (2.8) is deleted and others are developed,
then an RGD design with parameters

v=34tr+1),b=314t+ 1), r=41, k=4,
=0, =1, m=4+1,n=3 (2.9)
is obtained. The (47 + 1) groups obtained by developing

(04, 09, 03) over GF(4¢ + 1) give the association scheme
for the above RGD design.

The following theorem provides OCDs for the
series with parameters given in (2.9).

Theorem 2.3. (D(2009b)): If H, exists, then 37 optimum
W-matrices can be constructed for the RGD design with
parameters given in (2.9).

Method can be described as follows:

Let the 3¢ initial blocks other than (0, 05, 03, oo
of (2.9) be divided into 7 sets of 3 blocks each, the i
set being

S; = {(Xlzu X12t+2i” ng+2i” Xg+2t+2i’)’

20 J2t+27 Ja+2 a+2t+2
A S !
20 J2t+27 Ja+2 a+2t+2i
(2 2 2 e 22|
i=ir+1=1,2,...,t

Also let each of the initial blocks of S; be
displayed in the form of row vectors of the incidence
matrix. Development of the initial blocks of S; will give
rise to the sub-incidence matrix N; of order 3(47+ 1) X
3(4¢ + 1) where

NO ND o
Nl o N N
ND o NP

It is easy to see that Nf) and Ng) matrices

corresponding to two portions of the initial blocks of
S;, are obtained by cyclically permuting row vectors of
each of the matrices. For j = 1, 2, the two non-zero

positions of the first row of N(ji) is replaced by 1 and
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—1 successively and then this row is permuted cyclically

in the same way as N(ji) was obtained. The resultant
matrix is denoted by Wj(i) . Replacing N(ji) s of N; by

Wj(i) s, one would get a matrix W;; of order 3(47 + 1)

% 3(4¢ + 1) which can be displayed as

(i) M
Wi W 0
Wi 0 WP wp
Q] ()
W; A
Then two other matrices viz. Wy and W;3 are
constructed from W;| and N; respectively, where

wl —wl o
Wae| O P -wp
w0 wh

NO N o
Wae| O N -

_Ng) 0 Nf)

It can be easily checked that these three matrices
satisfy the condition C for each 7, i = 1, 2,. . . .. If
Hadamard matrix H; = (h,,;) exists, the number of
W-matrices can be increased ¢ times and 3¢ optimum
W-matrices viz. W;(m) can be constructed through the
Khatri-Rao product, where

hea ) [ Wa

M ) | Wy

(2.10)
Vm=1,2,...tandj=1,2,3
Remark 2.7. Here as b = tv and r = tk, 3¢

W-matrices can be constructed alternatively from
Theorem 2.2 of Dutta ef al. (2010) on BPEBDs, since
H,4 and H; exist.

Remark 2.8. If 7 is even but not multiple of 4, then 6
optimum W-matrices can be constructed for the RGD
design by finding two orthogonal rows of size .

2.4 L, Design Set-up

It is known that, for 2 <i<s + 1, L;-type PBIBD
with parameters

v b=sir=ik=s, 1=1,4=0 (2.11)
exists if (i — 2) mutually orthogonal latin squares exist
(cf. Raghavarao 1971, pp. 171). Optimum W-matrices
for the series (2.11) can be constructed through the
following theorem.

Theorem 2.4. (D(2009b)): If Hgy and H;_, exist, then
(i—3)(s—1) optimal W-matrices can be constructed for
the L;-type PBIBD with parameters given in (2.11).

The above theorem is described as follows:

Suppose s% treatments of the L; design are
arranged in the following s X s natural square:

1 2 3 e S
s+ 1 s+ 2 s+3 . 28
-Ds+1 (-Ds+2 (—Ds+3 .. §

The L; design is constructed in the usual way
(cf. Raghavrao 1971) where the blocks are partitioned
into different sets as:

G| = the set of s blocks corresponding to the s rows
of the natural square,

G, = the set of s blocks corresponding to the s
columns of the natural square,

Gjp = the set of s blocks containing s symbols each.
These s blocks correspond to the s symbols of
L;, the jth orthogonal latin square, when it is
superimposed on the natural square, ¥ j = 1,
2,...,(i-2).

Each set is transformed into a sub-incidence matrix
of order s x s> with elements 0 and 1. The matrix
obtained from pth set (p =1, 2,.. .,i) is denoted by U,,
represented as

U, = (Uy; Uy ... Uyy) (2.12)

where Uy, is the m" sub-matrix of order s x s
corresponding to the treatments in the m™ row of the
natural square, m =1, 2, ..., s.

For fixed a, ¢, the s non-zero elements of Uy,
are replaced by those of the m™ row of h,® h['x, ,
m=1,2, ..,s, where hy is the ™ column of

Hj = [hy,....,hg _, 1]. The matrix Uy is thus changed to

Uia’a) , whose row-sums vanish.
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It is always possible to define a s X s> matrix

U(Za’a’) such that all the row and column-sums of the
25 x s° matrix V(% ) vanish, where

ylo o)
v d) - %M,) (2.13)
UZ
Now varying o and o”over 1, 2,. .., s — 1,

(s— 1)2 such V% @) matrices can be obtained and these
matrices actually give (s — 1)2 optimum W-matrices for
the design when i = 2.

When i> 2, forp=3,4,...,1, an s X s> matrix

U(pa) is constructed from Up as
(o) —
U b ha ®U o

Again a matrix V"% 9 of order s(i — 2) x s° is
constructed through the following Khatri-Rao product
as

y (o)
g | [V
Vi@ - : ol :
y ()
h(i—2)q Ui“ 2.14)
Va=1,2,...,(s-1);g=1,2,...,({-3)

where (g g el gy ) G (L L)) is the

qth column of H; . Varying erand ¢, (s — 1)(i — 3) such
V(@D matrices can be obtained. Again, (s — 1)
(i —3) matrices WD) giving OCDs can be constructed
by pairing (s — 1)( — 3) matrices V(9D defined in
(2.14) with (s — 1)( — 3) matrices defined in (2.13), i.e.

V@D \vg =12 .. (s-1);
w(‘M):[ ] “ (-1 (2.15)

Vi@ | q=12..(31-3)

where V(%) corresponds to the qth matrix (¢ =1, 2,...,
(i—3),(i—3)<s— 1) from (s — 1) matrices V(%%
a’=1,2,...(s— 1) for fixed a.

Remark 2.9. In the case of L4 design with v = 16

constructed from 2 mutually orthogonal latin squares,
three more optimum Ws can be constructed. Actually

van ) (y@D VIER
: . and
v [l oyren P e

give additional 3 OCDs together with the 3 given in
(2.15).

Remark 2.10. If Hg and/or H;_» do not exist but
s and 7 — 2 are even then also a number of optimum
W-matrices can be constructed for the L; design for

suitable values of i and s. Actually vectors (1’S ,— 1’5)
2 2

2

and (1?_2 -1, ) are used for one column of Hy and/
2

or of H;_» respectively.

(@) If i =0 (mod 4) and s = 0 (mod 4), then it is
possible to construct (s — 1) optimum W-matrices
for the L; design.

(b) If i =2 (mod 4) and s = 2 (mod 4), then it is
possible to construct (i — 3) optimum W-matrices
for the L; design.

(¢) If i=2 and s = 2 (mod 4), then it is possible to
construct one optimum W-matrix for the L,
design with the above parameters.

(d) Ifi=0 (mod 4), s =2 (mod 4), then it is possible
to construct one optimum W-matrix for the L;.

It is known that an L, design with the parameters
v=s2 b=s(s—1),r=2(s—1),
k=2s, A1 =s, =2 (2.16)
exists (cf. Clatworthy 1967), where the blocks are
formed by combining all possible pairs of rows and all
possible pairs of columns of the s X s natural square.
In this case, the covariate values can be chosen
optimally and the following theorem can be proved.

Theorem 2.5. (D(2009b)): If H, exists, then
(s— 1)2 optimum W-matrices can be constructed for the
L, design.

The method is explained through an example when
s = 4. The incidence matrix N (partitioned into 8
submatrices Ny, p =1, 2, ¢ = 1, 2, 3, 4) of the design
looks like
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Blocks Treatments -

sL 1 23 45 6 7 8 910111213 141516

1 1T 1 111 11 110 0 0 O 0
Row|1 1 1 1{0 O O Of1 1 1 1{0 0 0 O
pairs{1 1 1 1|0 0 0 0[O0 O O Of1 1 1 1
T oo0o0®Of1 1T 1T 1{1 1 1 1{0 0 0 O
sL oo0O0Ofl 1.1 1({0 0 O0O0O]1 1 11
o0 O0O0f0CO0OOO(Ll T 1 1{1 1 11
Column| 1 1T O O|1 1 0 Of1 1 0 Of1 1 0 O
pairs 1 01 01 01 01 01 0[1 01 0
1 00 11 00 11 00 1[1 0 0 1
o1 1 0f(01 1 0(0 1 1 0{0 1 10
T o1 o0 101 0 1(0 1 0 1{0 1 01
o001 1/00T1 1[0 O0OT1TT1T]0 011

Writing Hy as Hy = (1, hy, h3, hy), hj = (hj], hj2>
hj3, hjs)', the 3 unit vectors of Nyg, g = 1, 2, 3, 4 are
replaced by 4;sh’. The non-null elements in the /th
column of each row of each of Ny, Ny, Np3 and Nyy
are replaced by —h,-qh}, =1, 2,3, 4 so that the column-
sums of N vainsh. The resultant materices give a
W-matrix. Varying i and j give ¢ (= (s — 1)2) OCDs.

Remark 2.11. If s = 2 (mod 4), then one optimum W-
matrix can be constructed for the L, design.

Let us now consider a series of L, designs which
can be obtained from a BIBD D* where
D*=BIBD(v =s,b,r.k,A) (2.17)
The i treatment in D~ is replaced by the
treatments in the i row of the s x s natural square. This
procedure leads to a design with b blocks, each of size
sk Adjoin to these b blocks, another b blocks,
obtained by replacing the i™ treatment in D" by the
treatments in the i column of the s X s natural square,
i=1,2,....s. Then these 2b" blocks give an L, design
D" with parameters (cf. Raghavarao 1971, pp. 159)

v=s2, b=2b*, r=2r*, k=sk*, A = +ﬂ*, A =21
(2.18)
Theorem 2.6. (D(2009b)): A set of ¢ optimum
W-matrices can be constructed for the L, design with
parameters given in (2.18) where
(i) g=2s(s = )(*-1) if Hy and H,+ exist;

(i) g=4(s=D@*=1)—(s—=2)) if s =2 (mod 4),
(s —1) is a prime or a prime power and H,« exists;

(iii) ¢ =4((s — D@r* = 1) = (s —2)) if Hyyand H .
exist; 2

(iv) g=4if s and #" are both even but not a multiple
of 4.

As in the case of SGD in Theorem 2.1, the
incidence matrix N of the BIBD transforms to

DS = (NP, N

where the s elements of the BIBD are replaced by those
of the s rows of the square and the non-null elements

of N(jR) form the incidence matrix of a 7 x s RBD. In

b xs?
the same way N transforms to N,

(Nic) eers N(SC)) when the elements in the columns of

* el
the natural square are used for replacement. In Ng xS

the s® treatments are in the order of those in the

columns. Here Ni(C)s have similar properties like those

of Ni(R)S. IfWy,..., W_are ¢ optimum W-matrices for

" x s RBD, then by replacing the non-null elements
of Ny and Nj by these of W; , 2¢ matrices defined as

wiR = (Wl(jR),...,WéR))

WJ.(C) = (Wl(jc) e Wéc))

can be constructed. Again as Hy exists, matrices ngR)*
and W”(-C)* can be constructed as
(R — (R w(C) _ ©)
le =h; O Wj ,W” —I]QWJ.
where h; is the column of Hg, / = 1,...,s. Next we

permute the columns of W”(C)* so that they correspond

to the treatments in the rows of the square viz. 1, 2,...,s2.

Let the changed matrix be denoted by ngc)* " Then

wR w(R
wo —| w@ |
lj WI(C)** ’ lj —Wl(C)* *
i j

j=15---9c;1=1,...,s
gives 2s¢ OCDs for the L, design in (2.18).
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Remark 2.12. If the assumptions on ¥ and s are
interchanged, then the number of optimum W-matrices
in (ii) and (iii) of Theorem 2.6 changes to

(i) g= 2s((s - 1)(r -1) - (r -2)) ifr =2 (mod
4), (r — 1) is a prime or a prime power and Hj
exists; and

(i) g =2s((s — 1)(r -1)- (r —2)) if Hy,« and H
exist; respectively.

Remark 2.13. L, design with parameters v = sz, b=
s(s—1),r=2(s—1), k=2s, A1 =5, Ap = 2 was obtained
by Clatworthy (1967) by constructing blocks with every
possible pairs of rows and columns of the natural square
of side 5. The same design may also obtained from the
method used to obtain L, design with parameters glven
in (2.18) by considering irreducible BIBD(v =5, b"

(;),r =s—1,k

pair of treatments forms blocks.

=2, 4" =1) where every possible

So, using the same procedure descrlbed in
Theorem 2.5, we can construct (s — 1) optimum
W-matrices for the L, design with parameters in (2.18)
when Hj exists.

Remark 2.14. If s is even but not a multiple of 4 and
¥ is an odd positive integer then one optimal
W-matrix can be constructed for the L, design with
parameters in (2.18).

Remark 2.15. If p optimum W-matrices exist for the
BIBD D* with parameters given in (2.17), then an
improvement in the number of covariates can be made.
Actually 2p + g optimum W-matrices can be
constructed for such L, designs where ¢ is the number
of OCDs given in Theorem 2.6.

. It is*kn*ow*n tl*lat the existence of the BIBD
(v =s,b,r,k, A ) mentioned in (2.17) implies the
existence of another L, design with parameters
L b=2sb,r=2r k=k, A=A, 4H=0

(2.19)

(cf. Raghavarao 1971, pp. 160). The above design can
be obtained by writing down the BIBD with the
symbols occurring in the rows and in the columns of
the natural square. The following theorem gives a
method of constructing W-matrices for this design set-
up with parameters given in (2.19).

V—S

Theorem 2.7. (D(2009b)): If ¢ optimum W-matrices
exist for the BIBD with parameters given in (2.17) and
Hj, exists, then 2s¢ optimum W-matrices for the Ly
design with parameters given in (2.19) can be
constructed.

Proof. By assumption, for fixed j, j = 1, 2,....25, ¢

optimum W-matrices WI(j) , W;(j),---,W:(j) for

the jth set of blocks forming a BIBD exist. Again, by
assumption Hp exists and is written as Hy; = (f4). It
can be seen that the following 2s¢ matrices

hal Vvi @
Wi=| : |0
Nyos | | W (29)
Va=1,2,..,2si=1,2,..t

give optimum W-matrices.

Remark 2.16. If s is an odd integer, then 2¢ optimal
W-matrices for the L, design with parameters given in
(2.19) can be constructed.

2.5 Triangular Design Set-up

Smce the 1rredu01ble BIBD with the parameters
Vi=b=n-1,r =k =n-2, A" =n-3 exists for all
integral n > 4, the triangular design with parameters

_ h(n-J
5
k=n—2,ﬂ,1=1’l—3,ﬂ,2=0
exists for all 7 > 4 (cf. Raghavarao 1971, pp. 154). This
design can be obtained by writing the solution of the
BIBD with the (n — 1) treatments in the 1%, 2”d nth
rows of the triangular association scheme. Optlmum W-
matrices for the series (2.20) can be constructed with
the help of the following theorem.

Theorem 2.8. (D(2009b)): If n = p + 1, where p is a
prlme number, 4 is a positive integer such that
p =1 (mod4)and n>4,then(m—1)(n—-4)+m-2)
optimum W-matrices for the triangular design with
parameters given in (2.20) can be constructed.

b=nmn-1),r=2n-2),
(2.20)

The proof of the theorem is very much involved
and OCDs are constructed for one such design.
Interested reader is referred to D(2009b).
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Table 1. (OCDs in SGD designs)

(v, b, r, k, A, A,, m, n) denote the parameters of the PBIBD and (v* " 7" k" A ) denote the parameters of the BIBD used to
construct the PBIBD. 7 denotes the number of optimum W-matrices and ¢, denotes the additional number of
W-matrices mentioned in Remark 2.4.

Sl. | Design Method of

no. | no. v bl r k|4 |A]|m]|n P ) t t+h construction
1 S1 6 1312 |4 1 (3 12 (33 |2 2 1 1 2 T2.1(i),R 2.4
2 S2 6 16| 4 |4 2 13 213 |6 |4 2 2 2 5 T2.1(i),R 2.4
3 S3 61916 |4 31312396 2 3 1 2 T2.1(i),R2.4
4 S4 6 |12 8 | 4 4 13 (213|128 2 4 4 11 T2.1(i),R2.4
5 S5 6 151104 (10 S (3 (2 [3 [15(|10 ] 2 5 1 2 T2.1(i), R 2.4
6 S7 811216 |4 |6 |2 (4 |2 |4 ]12]6 2 2 1 T2.1(v),R24
7 S9 10 | 10 4 {4 |1 512|510 2 1 2 5 T2.1(i), R 2.4
8 S10 10{20 8 |4 |8 [2 |5 (2|5 (20]8 2 2 4 11 T2.1(i), R 2.4
9 S12 12130104 J10 2 |6 (2 |6 (30|10 | 2 2 1 R23,R24
10 S13 141216 |4 |16 (1 |7 (2|7 ]|21]6 2 1 1 T2.1(i), R 2.4
11 S15 181368 |4 |8 1 {9 129 [36]8 2 1 4 11 T2.1(i), R 2.4
12 S17 22 155110 14 (10 |1 (11 |2 [11 |55 (10 | 2 1 1 2 T2.1(i), R 2.4
13 S19 §[8]|]6([6[[6 |44 112|486 3 4 0 4 T2.1(v),R24
14 S21 91312116 |2 |1 3 |3 |33 |2 2 1 1 1 R24

15 S22 916|416 |4 [2 13 |3 ]3 4 2 2 2 2 R24

16 S23 91916 |6 |6 [3 (3 (3|3 6 2 3 1 1 R24

17 S24 911218 |6 [8 |4 (3 |3 |3 |12(38 2 4 4 4 R24

18 S25 9 |15|110]6 [10 S (3 (3 [3 [15(|10 | 2 5 1 1 R24

19 S26 10f10f6 [6 |6 |3 |5 |2 |5 ]|10]6 3 3 0 1 T 2.1(i)

20 S29 121126 |6 |6 (2 |4 (3 |4 ]12]6 2 2 1 1 R24

21 S31 12120106 |10 |4 |6 [2 |6 [20]10 ] 3 4 0 2 R23

22 S33 14146 |6 |6 (2 |7 (2|7 |14]6 3 2 0 1 T 2.1(i)

23 S35 151104 |16 |4 (1 |5 (3 |5]10]4 2 1 2 2 R24

24 S36 15(20 8 (6 |8 |2 |5 |3 |5 (208 ]2 2 4 4 R24

25 S37 18124 16 |4 |1 19 (219 |12]4 3 1 0 3 T 2.1(i)

26 S39 18248 [6 |8 1219 219|248 3 2 0 7 T 2.1(i)

27 S40 1830|106 [10 ]2 |6 |3 |6 [30]10] 2 2 1 1 R24

28 S42 2112116 |6 |6 |1 |7 |3 |7 |21|6 2 1 1 1 R24

29 S44 26 | 26 6 |6 [1 |13 |2 [13]26 3 1 0 1 T 2.1(1)

30 S45 27 |36 6 119 1319 (36 2 1 4 4 R24

31 S48 33 |55(10]6 |10 (1 |11 (3 |11 |55 |10 | 2 1 1 1 R24

32 S50 42 (70110 {6 (10 | 1 (21 (2 (21 (70 (10 | 3 1 0 1 T 2.1(i)

33 S51 1054 (84 13|52 514 |4 3 3 6 T2.1(i),R2.4
34 S52 10 | 10 8 6 |5 |25 (108 4 6 6 13 T2.1(i), R 2.4
35 S53 121312 (8 1 13 |4 3 (2 2 1 1 4 T2.1(i),R2.4
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SI. [ Design Method of
no. [ no. vi|ib|lr |k |4 |A|m]|n N A P t t+ 1 construction
36 | S54 12 4 18 2 (3 (4 (3 4 12 2 2 11 T2.1(31),R2.4
37 | S55 12 6 |8 313 [4]3 6 | 2 3 1 12 T2.1(@),R24
38 S56 12112 8 | 8 4 13 (4|3 128 |2 4 4 25 T2.1(@1),R24
39 | S57 12115110 |1 8 (105 |3 |4 |3 |15 (|10 | 2 5 1 20 T2.1(1),R2.4
40 | S58 12115110 |8 (106 |6 |2 |6 |15 (10| 4 6 1 R23
41 S59 41714 |18 ([4 (2171271744 2 3 T2.1(@),R24
42 | S60 1411418 |8 (8 (4|7 |27 |14|8 |4 4 6 13 T2.1(@1),R24
43 S62 161216 (8 |6 |2 |4 |4 |4 (|12]16 |2 2 1 45 T 2.1(iii), R 2.4
44 | S65 1811818 |8 (8 (3 19 (|29 188 |4 3 6 13 T2.1(),R2.4
45 S66 201101 4 [ 8 |4 | 1[5 |4 |5 (10]4 ]2 1 2 11 T2.1(3),R 24
46 | S67 2011516 [8 |6 |2 (102 [10|I5]6 | 4 2 0 2 R23
47 | S68 201201 8 [ 8 |8 |2 (5 |4 (|5 (20]8 |2 2 4 25 T2.1(),R2.4
48 | S70 24 130|110 (8 |10 ]2 [6 |4 |6 [30]|10] 2 2 1 39 R 2.2(ii)
49 | S71 26 1314 [ 8 |4 |1 (1312 [13(|13]4 |4 1 3 6 T2.1(@),R24
50 [ S72 26 |26 8 2 |13 |2 [13]26 4 2 6 13 T2.1@),R24
51 S73 2812116 [ 8 |6 |1 [7 |4 7 216 |2 1 1 12 T2.1(),R2.4
52 | S76 32140110 | 8 (10 |2 |16 |2 [16 |40 (10 | 4 2 1 17 T2.1(v),R24
53 S77 361361 8 |8 (8 [1 |9 |49 368 |2 1 4 25 T2.1(@1),R24
54 | S79 44 |55110 [ 8 |10 |1 (11 |4 [11 |55 |10 | 2 1 1 20 T2.1(@),R24
55 S80 50150 8 |8 [8 |1 [25]2 [25]|50 (8 | 4 1 6 13 T2.1(@1),R24
56 | S99 12112110 |10 (10 (8 |6 [2 |6 |12 |10 [ 5 8 0 2 R23
57 | S100 15 10 1 13 (513 2 1 1 1 R24
58 | S101 15 10 213 [5]3 2 2 2 2 R24
59 [ S102 15 10 313 (513 2 3 1 1 R24
60 | S103 15|12 10 4 [3 [5[3 |12 2 4 4 4 R24
61 | S104 I5|115]10 |10 (10 (S5 |3 |5 |3 |15 (|10 | 2 5 1 1 R24
62 | S105 1811810 |10 (1O [S5 |9 (2|9 |18 |10 | 5 5 0 1 T 2.1(%1)
63 | S107 [20)12] 6 |10|[6 [2 [4 |5 |4 126 |2 2 1 1 R24
64 | Sl111 22 (22110 |10 (10 |4 (11 (2 |11 (22 (10 | 5 4 0 1 T 2.1(1)
65 | SI12 [ 25|10 4 |10 115|515 (10 2 1 2 2 R24
66 | SII13 [ 25120 10 2 15 ([5]5 120 2 2 4 4 R24
67 | SIIS 3013010 |10 (10 |2 |6 |5 [6 |30 (10 |2 2 1 1 R24
68 | SI116 [ 351216 |10|(6 [1 (7 |5 |7 |21 6 |2 1 1 1 R24
69 | S119 | 42 142110 |10 |10 [ 2 |21 [2 |21 |42 |10 [ 5 2 0 1 T 2.1(1)
70 [ S120 | 45|36 10 1 19 |51]9 (36 2 1 4 4 R24
71 | S121 50130 6 |10 I 125 (2 12530 5 1 0 1 T 2.1(31)
72 | S123 55155110 |10 (10 [ 1 |11 |5 [11 |55 (10 | 2 1 1 1 R24
73 ] S124 [ 82 (82|10 |10 (10 | 1 (41 [2 [41 (82 (10 | 5 1 0 1 T 2.1(1)
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Table 2. (OCDs in SRGD designs)
c=m—-Dk-Dmy
vi|ib|lr |k || A|m]|n OA (n2/12, m, n, 2) my (cf. T2.2)
74 | SR1 4 (4211210112 |2 0A4, 3,2,2) 1 1
75 | SR2 4 (8421012 ]2 |2 0OAQ,7,2,2) 5 5
76 | SR3 4 (1216 (20|32 |2 OA(12, 11, 2, 2) 9 9
77 | SR4 4 |16 8 (2 [0 |4 |2 |2 OA(l6, 15, 2, 2) 13 13
78 | SRS 4 120(10 (2 [0 |5 |2 |2 0A(20, 19, 2, 2) 17 17
79 | SR9 g 11614 201 (2 14 OA(l6, 5, 4, 2) 1 3
80 | SRI10 8§ 13218 1210 (212 |4 0OA(32, 10, 4, 2) 8 24
81 | SRI3 | 121366 |2 |0 |1 |2 |6 0A(36, 7, 6, 2) 5 5
82 | SRI5S | 16|64 8 |2 |0 |1 |2 |8 0OA(64, 9, 8, 2) 6 42
83 | SR17 | 20 |100(10 |2 |O |1 |2 |10 OA(100, 11, 10, 2) 9 9
84 | SR36 8181414101214 ]2 0A(8,7,2,2) 3 9
85 | SR37 § 11216 |4 10 |3 |4 ]2 OA(12, 11, 2, 2) 7 21
86 | SR39 § 11618 |14 10 (4|4 |2 OA(l6, 15, 2, 2) 11 33
87 | SR40 8§ 12011014 |0 |5 |4 |2 0A(20, 19, 2, 2) 15 45
88 | SR44 | 16|16 4 |4 |0 |1 |4 |4 OA(l6, 5, 4, 2) 1 9
8 | SR45 | 16 |32 8 |4 |0 |2 |4 |4 0A(32, 10, 4, 2) 6 54
90 [ SR49 | 32|64 8 [4 |0 |1 |4 |8 0OA(64, 9, 8, 2) 5 105
91 | SR51 [ 40 |100)10 |4 (O |1 |4 |10 OA(100, 11, 10, 2) 7 21
92 | SR66 [ 12|18 14 |6 [0 ]2 [6 |2 0OA(8,7,2,2) 1 1
93 | SR67 [ 121216 |6 [0 |3 [6 |2 OA(12, 11, 2, 2) 5 5
94 | SR69 | 12|16 8 [6 [0 |4 |6 |2 OA(l6, 15, 2, 2) 9 9
95 | SR70 | 12 |20(10 (6 [O |5 |6 |2 0A(20, 19, 2, 2) 13 13
96 | SR74 | 24|32 8 [6 |0 |2 |6 |4 0A(32, 10, 4, 2) 4 12
97 | SR78 | 48|64 8 [6 |0 |1 |6 |8 0A(64, 9, 8, 2) 3 21
98 | SR91 1611216 |8 [0 (3 |8 (2 OA(12, 11, 2, 2) 3 21
99 | SR92 (16|16 8 |8 [0 |4 (8 |2 OA(l6, 15, 2, 2) 7 49
100 SR93 | 16 |20[10 |8 | O [5 |8 |2 0A(20, 19, 2, 2) 11 77
101 SR9S | 323218 |8 |0 (|2 ]8 |4 0A(32, 10, 4, 2) 2 42
102] SR97 | 6416418 |8 |0 [1 |8 |8 0OA(64, 9, 8, 2) 1 49
103 | SR106 | 20 (12 6 (10 |0 |3 |10 |2 OA(12, 11, 2, 2) 1 1
104 | SR107 | 20 (16 8 [10 )0 |4 |10 |2 OA(l6, 15,2, 2) 5 5
105 SR108 | 20 |20 [ 10 |10 | O [5 |10 |2 0A(20, 19, 2, 2) 9 9
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Table 3. (OCDs in RGD designs)

Method of
v bl r |k |4 |A|m|n |t |3t ]| construction
106 | R114 1511514 (410 (11513 1|3 D(2009b)
1071 R129 | 27 (541 8 (4 |0 |1 [9 |3 (2 ]6 T23
Table 4. (OCDs in L, and Tringular designs)

SI. | Design Method of
no. no. v | b r kA | A |lm | m TS A I I A ¢ | construction

1 LS1 9 (18 | 4 2 1 0 4 4 2 2 2 R 2.16

2 LS2 9 |36 8 2 2 0 4 4 6 4 2 2 2 4 R 2.16

3 LS5 |25 |100 | 8 2 1 0 8 16 5 10 | 4 2 1 2 4 R 2.16
4 LS28 [ 16 | 8 2 4 1 0 6 9 9 T24

5 LS45 (25 [50 | 8 4 3 0 8 16 5 5 4 4 2 3 6 R 2.16

6 LS46 |49 |98 | 8 4 2 0 12 36| 7 7 4 4 2 3 6 R 2.16

7 LS72 [ 9 | 6 4 6 3 2 4 4 3 3 2 2 1 1 1 R 2.15

8 LS73 9 12 8 6 6 4 4 4 3 6 4 2 2 2 2 R 2.15

9 LS74 (36 [ 12 | 2 6 1 0 10 | 25 1 R 2.10(c)
10 | LS98 |16 |12 | 6 8 4 2 6 9 9 T25

11 | LS102 |64 |16 | 2 8 1 0 14 | 49 49 T 24
12 | LS104 | 64 | 32 4 8 1 0 28 | 35 14 [ T24,R29
13 [LS106 | 64 |48 | 6 8 1 0 |42 ] 21 21 T24

14 | LS135 25 | 20 8 10 5 2 8 16 5 10 4 2 1 2 2 R 2.15
15 [ LS137 100 |20 | 2 | 10 1 0 18 | 81 R 2.10(c)
16 | LS139 |100|40 | 4 | 10 1 0 |36 | 63 1 R 2.10(d)
17 T38 [ 15 (30 | 8 4 3 0 8 6 14 T2.8

Remark 2.17. For n = 0 (mod 4), then » optimum W-
matrices can be constructed for the above triangular
design.

A list of OCDs for suitable two-associate PBIB
designs divided as Singular (S), Semi-regular (SR),
Regular (R), Latin square types (LS), Triangular (T)
design obtained from Clatworthy (1973, page 107-311)
is given below. In the Constructional Method column,
T stands for Theorem and R for Remark mentioned in
Section 2.

3. BALANCED FACTORIAL DESIGNS WITH
ORTHOGONAL FACTORIAL STRUCTURE
(OFS)

It is known that the kronecker product of the two
incidence matrices of two BIBDs gives the incidence
matrix of a rectangular PBIBD (cf. Vartak 1954).

Rectangular design gives a balanced factorial design
(with two-factor) with OFS (cf. Gupta and Mukerjee
1989). Again it was proved in Dutta ez al. (2009b) that
if OCDs exist for two BIBDs then OCDs exist for the
kronecker product design. Thus, choosing appropriate
BIBDs, OCDs for a class of balanced two-factor
factorial designs with OFS have been constructed by
taking Kronecker product of the OCDs of the
component BIBDs.

The following table gives the number of OCDs in
the BIBD set-ups with v < 15 (cf. Raghavarao 1971,
pp- 91-92). The methods of construction are given in
Das et al. (2003), Dutta et al. (2010). Also these are
stated here for ready reference. Any two BIBDs from
Table 5 can be used to generate an OCD in the two-
factor balanced factorial design set-up.

Now we state the following theorems and remarks.
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Table 5. OCDs in BIBDs, any two of which will give OCDs for balanced factorial design

SI. no. Design no. v b r k A c Method of construction
3 5 10 2 1 2 R3.1orT33
4 5 5 4 3 3 T3.1orT32
9 6 15 10 4 6 2 | Example 3.2 in Section 3
of Dutta ef al. (2010)

4 11 7 7 4 4 2 3 T3.1orT32

5 12 7 21 6 2 1 1 T31orT32

6 13 7 7 6 6 5 1 R 3.2

7 18 9 36 8 2 1 4 R3.1orT33

8 19 9 18 8 4 3 6 R3.1orT33

9 21 9 9 8 8 7 7 T31orT32

10 30 11 11 6 6 3 1 R 3.2

11 31 11 55 10 2 1 1 T31orT32

12 32 11 11 10 10 9 1 R 3.2

13 37 13 13 4 4 1 3 T31orT32

14 40 13 26 12 5 2 R33

15 44 15 15 4 7 T32

16 47 16 16 2 1 R 3.2

17 49 16 16 10 10 6 1 R 3.2

18 56 19 19 10 10 5 1 R 3.2

19 57 19 57 12 2 3 T32

20 61 21 42 12 3 2 R 3.2

21 Dual of 64 23 23 12 12 6 11 T32

22 66 25 50 8 4 1 6 T32

23 Dual of 71 27 27 14 14 7 1 R 3.2

24 75 31 31 6 6 1 1 R 3.2

25 76 31 31 10 10 3 1 R 3.2

26 85 45 45 12 12 3 11 T32

27 87 57 57 8 8 1 7 T32

28 91 91 91 10 10 1 1 R 3.2

Theorem 3.1. (Das et al. (2003)): Suppose a symmetric
balanced incomplete block design (SBIBD) with
parameters v = b, r = k and A has been constructed by
applying Bose’s difference technique (Bose 1939),
starting with an initial block of size k£ and developing
the same. Moreover, suppose that Hj exists. Then
(k— 1) optimum W-matrices can be constructed.

Remark 3.1. (Das et al. (2003)): If a BIBD(mv, v, mk,
k, A) is formed by developing m initial blocks each of

size k, then m(k — 1) optimum W-matrices can be
constructed whenever H,,, and Hy, exist.

Theorem 3.2. (Dutta et al. (2010)): For any Binary
Proper Equi-replicate Block Design (BEPBD) d(v, b, r,
k) with b = mv, m (=1) a positive integer, (k — 1)
optimum W-matrices can be constructed provided Hy,
exists.

Remark 3.2. (Dutta et al. (2010)): It follows that in
Theorem 3.3 if k is even, then at least one optimum W-
matrix can always be constructed.
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Theorem 3.3. (Dutta er al. (2010)): For a
k-resolvable BEPBD with b = mv, it is possible to
construct m(k — 1) optimum W-matrices, provided Hj,
and H,, exist.

Remark 3.3. (Dutta er al. (2010)): Let H,,, exist, Hy,
do not exist and & be even. Then following the Theorem
3.3, m optimum W-matrices can be constructed for a
resolvable BPEBD.

A list of OCDs for BIBDs (cf. Raghavarao 1971,
pp- 91-94) is given in Table 5.
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