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SUMMARY

The problem of domain estimation in the context of non-response arising out of mail surveys has been considered.
Expressions for the unbiased domain estimator, variance of the estimator and unbiased variance estimators are obtained. Optimum
values of the sample sizes have been derived under a cost function. The theoretical results are numerically illustrated.

Keywords : Domain estimation, Mails surveys, Non-response.

1. INTRODUCTION

Mail surveys are a useful technique for data
collection. They are commonly used in developed
countries for data collection purpose. Mail surveys have
the advantage that the data can be collected relatively
inexpensively. However, non-response is a common
problem with such surveys. Non-response can be a
serious problem resulting in badly biased estimates.
Hansen and Hurwitz (1946) suggested a technique of
handling non-response in mail surveys. More recently
Fabian and Hyunshik (2000) extended the Hansen and
Hurwitz technique to the case where besides the
information on character under study, information is
also available on auxiliary character. Choudhary et al.
(2004) used the Hansen and Hurwitz technique in the
context of repeat surveys. In this article the theory for
use of Hansen and Hurwitz technique for domain
estimation has been developed.

2. THEORETICAL FRAMEWORK

Let us consider a population U = (1, ..., &, ..., N)
of size N partitioned into D sub-sets U, ... Uy, ..., Up
(hereafter we refer them as domains) and let N,
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(which is assumed large) be the size of U, (d =1, ...,

D
D) such that U= LJS:lUd and N= 2d=1 N, . Let the

study variate be denoted by y. Our objective here is to

N
estimate the domain totals of y, ¥, = Zijlyi or the

domain means Vd = Nale (d=1, ..., D). We assume

that a sample s of size » is drawn from population
according to simple random sampling without
replacement (SRSWOR) sampling design and letters/
mails containing questionnaires are sent to each unit in
the sample. Let s, denote the part of sample s that
happens to fall in Uy, that is, s;,=s N U,. Let us denote

D
by n, the size of s, such that s = U S; and n =

d=1

D

2 N, . Note that n; is random. When the domain sizes
d=1

are small, n; may turn out to be very small or it may
be equal to ‘0’ in some cases. In such cases small area
estimation techniques are needed for reliable estimation
at the domain level. However, we do not consider this
case here. With the random sample of observations, the
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statistician’s task is to make the best possible estimate
for the domain. Let us define by y;; = y(ieU,) and then
the population total of y in domain d can be expressed

as ¥, = Eit"lyi = Zi’ilydi :

We assume that the population of size N can be
divided into two mutually exclusive classes i.e. N; and
N,. Here N; denotes units of the population, which will
respond while N, are those units of the population
which will not respond at the first attempt. Accordingly,
size of the two classes in domain d is denoted by N,
and N,, respectively. Let, out of a sample of » units,
n; units respond and », units do not respond. Further,
ny, and n,, out of n; and n, units fall in the d-th domain.
Let /4 denote size of sub-sample drawn from the non-
response class for collection of information through
personal interview, A, units out of /4 units fall in the
d-th domain. Further, let n, = 4f obviously = 1 in this
case. Let Y, denote the mean of the sample from the

response class for the d-th domain while Y, ~denote
the mean of the sample for the non-response class,

1 . 1gh
=Y g s Yon, = N2 Vaai -
Yaai = Yo (I€Uy).

where yln
5

With these notations, we propose the estimator for

population total of y in domain d (d = 1, ..., D) as
5 Y, +NY,
Y, = N2 27 N, @2.1)
n
Y. 4NV
where Vnd _ nlylnd - 2y2hd

Theorem. The estimator YAd is unbiased estimator of

Y, with variance

~ N—-n —
V(Y,) = N - ){Pds§+PdeYd2}

+(f _1) {PZd SZd dQZdVZZd}
(Ng -1)_122‘1(% ~Yy)?

-1 N _
2 (Npg =1) 29 (vy ~Yq)?

a2
with Sd

=<
|

_ -1 N
Yog = Nog 244" Y

Oi=1-Ps Org=1-Py
Then an unbiased variance estimator is given by

v(Yy) = ((I: f))[ —_rﬂ
G ))<f g, @
where éwd = 2 y1d| ih:j_yzdi

= (h_l)_lzih:l(yZdi —72hd)2

Proof. The unbiasedness of YAd can be shown as
follows

& [ B {E ()]

MYin, +N2Yon,

n

NE, {E

=1 1
NEl{nlN Y, +n,N; YZd}

n
N, N,
where Y, = Zyldi s You= ZyZdi . Here E; refers to
i=1 i=1

expectation over all possible samples of size ‘n” drawn
from a population of size ‘N’, E, is the conditional
expectation when samples of size n; and n, are drawn
from a population of size N, and N, and Ej; refers to
expectation over all possible samples of size # drawn
from a population of size n,.

The variance of YAOI Ny, 4 is obtained as

WAREE ElEz[Vs(Wnd )}
B B, )% E5 ()
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where V;, V, V; can be defined on the similar lines as

)}+V[E E, (Ny )}

EV,| E(N,
simplify to N (N;n)[Pdsj + Pdede] while

NY,,. )} simplify to

-2
+ Py Qo4 Y24 }

V(Y,) = N (N- n){Pdsj +P,Q,¥2}

EE |V

ST —((NNZ;__f)) <,

These expressions lead to

7 2
Poa Qa4 Y24 }

2.3)
We now examine unbiasedness of the variance

estimator (2.2). That is
e [uiy)] = ey N G52

(( ))(f )n_nzsgd}

For this we evaluate following terms

+ (f —1)—2{ 21 Shq +

-1y,
B BB (Gyg) = ngydi
(N n)(N, -1)
E1E2E3(y”) Nn(N -1) s
, (N-mNN _ 2 (N-n)(N,-1) ,
N2n(N -1) ) Nn(N -1) %
(f-1)N
M
13 -
where = N% =PJY,

N
14
1=W§_:

o1 N

Y, =—>VY,

2 Nzi:]_ di

2 N 2

§ = (49" B0 -%)
=

2 1G vi

s =(N2—) 2‘1(y0I 2) . Also,
=

(f-Dn, , _(F-IN, ,

E\E)E;5

d N
By combining the common terms and simplifying
we get

gl

E\EE
123{ (n-1) y”d

(( ))(f -1)—= Szd} equal to

N-n)

{Pdsg + Pdede}

+(f_1) 2{ dS2d+PdQ2d Zd}

Hence the proof.

3. OPTIMIZATION UNDER A COST
FUNCTION

To determine the optimum values of n, say n4 and
/. say f(a), for the given variance we consider the
following cost function

Ca=coga + Cramat caaha (3.1)
where for the d-th domain, ¢(, represents the cost per
unit of mailing a questionnaire, ¢4 the per unit cost of
processing information in the response class and ¢, the
cost of interviewing and processing information per unit
in the non-response class. The expected cost is given

by

N
NdCOd + NG ¢ Cog (3.2)
We minimize the expected cost by fixing the
variance as @ = Cy + iV, — V), f is the Lagrangian
multiplier. Here V;,; can be determined by fixing the
coefficient of variation, say equal to 5%. This gives
optimum values as
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2
NZLy +( fopt ~2)Lpg NN,

Hidront = (3.3)
o 0.0025* Y2+ NL
2
L Mld(N Ld—NzLZd) o
(d)opt :
M d L2d N2
_ 2 72
where L;= PySy +PFQ4Yy

_ 2 )
Lya = Pyy Sy + PygQpq Yog
Mg = NyCoq + 4Ny

Mg = NyyCyhy

When there is no non-response then the variance
is

R N —
V(Y,.)= N - n)Ld (3.5)

Y, +Yo,

where YAdc =N d 9 The cost function in
n

this case is given by

(3.6)

3.7)
The optimum value of n, say nj4ep in this case

is obtained, as earlier, by fixing the variance, say

coefficient of variation equal to 5%, and minimizing the
expected cost. Thus, we get

Ca= oy
while the expected cost is given by nc, P

2
N2L,
2
0.0025x Y7 +NL |

Mi1dopt = [ (3.8)

4. NUMERICAL RESULTS AND CONCLUDING
REMARKS

The following illustration will give an idea about
saving in cost through mail surveys in the context of
domain estimation. We assume following values
f=15,2.5 N;=100, 150; Nyy; = 0.5N, 0.3N,;

SZ 2
_—"2 =5,10,15; %—2" =2.5,5,10; N, = 200; N = 300,
Yy Yo
and n = 50. Further, we considered the cost function
as given in (3.2) and chosen ¢y, =1, ¢jy;=4 and ¢,y =

40 (all values are in rupees). Substituting these values
in (3.5) we get the expected cost. For N;N~ V=173, itis
equal to Rs 667 while for NN = 1/2 it comes out to

be Rs 1000. Now equating V(Yd) equal to V(ch) and
using the assumed values of different parameters, values
of sample sizes and the corresponding expected cost of
survey were determined in respect of Yy. Let the

sample size so obtained be denoted by n’. These results
are set out in Table 1. A close perusal of Table 1 reveal
that there is considerable reduction in cost by using an
estimator based on the Hansen and Hurwitz (1946)
technique over an estimator based on only interview

Table 1. Sample sizes and the corresponding expected cost
of survey which give equal precision of Yy over Yy;.

f| Pi| Pu Sg / de 522d / szd n | Expected

Cost
1.510.33] 0.25 5 2.5 90 489.8
1.510.33] 0.25 10 5 94 509.5
1.510.33] 0.25 20 10 96 521.0
1.5]0.50] 0.375 5 2.5 92 499.8
1.5]0.50] 0.375 10 5 95 515.4
1.5]0.50] 0.375 20 10 96 524.3
2.510.33] 0.25 5 2.5 102 374.0
2.510.33] 0.25 10 5 105 386.4
2.510.33] 0.25 20 10 107 393.7
2.510.50] 0.375 5 2.5 104 381.3
2.510.50] 0.375 10 5 107 390.7
2.510.50] 0.375 20 10 108 396.1
1.510.33] 0.35 5 2.5 92 501.5
1.510.33] 0.35 10 5 96 521.6
1.510.33] 0.35 20 10 98 533.3
1.5 ] 0.50] 0.525 5 2.5 94 510.8
1.5 ] 0.50] 0.525 10 5 97 527.2
1.5 ] 0.50] 0.525 20 10 99 536.4
2.510.33] 0.35 5 2.5 108 397.7
2.510.33] 0.35 10 5 112 410.9
2.510.33] 0.35 20 10 114 418.6
2.510.50] 0.525 5 2.5 110 403.5
2.510.50] 0.525 10 5 113 4144
2.510.50] 0.525 20 10 115 420.6
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method. The saving in cost increases with increase in f
value. Also, the reduction in cost decreases with

increase in both Sdz / Y_dz and Szzd / Vzi . The reduction

in cost increases with increase in domain sizes.
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