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SUMMARY

The generalized regression predictor (greg) is used for the estimation of a finite population total when the study variable
is well related to the auxiliary variable. Sérndal (1982), proposed a few estimators for variance of the greg. In this paper, we
have derived the lower bounds of variances of the estimators of the variances of greg belonging to certain classes of estimators
under a superpopulation model. The proposed optimal variance estimators attaining the lower bound cannot be used in practice
since they involve unknown parameters. Hence, some alternative variance estimators are proposed. Simulation studies reveal
that the proposed alternative estimators are more efficient than existing alternatives proposed by Sérndal (1982).

Keywords: Generalized regression predictor, Superpopulation Model, Variance estimation.

1. INTRODUCTION

Consider a finite population U = {1, ..., i, .., N}
of N identifiable units. Let y(x,) be the value of the
study (auxiliary) variable of the i™ unit of the

population. The values of Y.'s are unknown before

survey but the values of x;’s are assumed to be known
and positive. Here we consider the problem of

estimation of the finite population total ¥ = 2 Y,
ieU
using a sample s selected with probability p(s) by a
fixed effective size (n) sampling design p. The inclusion
probabilities of units i and the pair of units 7 # j are
denoted respectively by 7. and iz'l;]. and assumed to be
positive. Siarndal (1982) and Sarndal ez al. (1989)
recommended the use of the generalized regression
predictor (greg) for estimation of the finite population
total Y. It is well known that the greg predictor is
asymptotically design unbiased (ADU) for Y,
irrespective of the validity of any model. Several
authors including Sérndal (1982), Kott (1990), Sarndal
(1992) and Zou (1999) proposed variance estimators
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for the greg to facilitate the estimation of confidence
interval for the population total Y. Although the variance
estimators proposed by Sérndal (1982) are ADU, under
large samples, but little is known about their
efficiencies. In this paper we have proposed a few
alternative variance estimators and compare their
performances with existing estimators under the
following superpopulation model;

Model M: ;= fx, +€,ieU (1.1)

where f is an unknown constant, el.’s are error
components, independently distributed with £, (€,) =0

and V, (€)= o,

and an approx1mate value of g is known from the past
experience but the actual value is unknown. Here £ _,
V,, denote respectively expectation and variance with
respect to the superpopulation model M.

=0 )ﬁ where o° (> 0) is unknown

The generalized regression predictor (greg) for ¥V
proposed by Sérndal (1982) is given by

t,= 2 '| +,8Q[X 2 ] (12)

|eU
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where]si=1ifiesandOifieEs,

IRMICLANPIELIE
_ les _Ie dec. (>0)
TYHem) X QK mlecom
ies ieU

are suitably chosen constants, O, = 1/(c,z,) and
X=Yx.

ieU

Let E (Vp) denotes expectation (variance) with
respect to tﬁe sampling design p. The mean square error

and the variance of 1, are each approximated by Sérndal
(1982) as

1  E.
VSR = Ez z Aij (5_72__])2 (13)
[ j

i# jeU
where
Ay = mm = 7 B, = y; = B, and
A EpZQi)ﬁyi % QX Y7
E (IB ) = les —_1e
PR EpZQi)ﬁz _ZQi)ﬁz”i
ies ieU
2 %15
=kl - 1.4
ieU

Sarndal (1982) proposed two alternative estimators for

VSR as follows;
N 1 5§ Iéj 2
Um@® = =2 Y —(F-—H)* and
= 277 sy BT
. low i 06 95
U@ = 22 X — (S -——)
R 297 iesTj T T
where I§| =YV —,[;’Q)g and
g, =1+ (X—Ei)-—Q' ')ﬁz
ics i Q%

ies

Remark 1. For an simple random sampling without
replacement (SRSWOR) design 7, = n/N and T =
n(n — D/{NN — 1)}. If we choose Q. = l/x,, then*ﬁQ
reduces to R = Y/X and Vg, becomes equal to V' =

@-f)

N

2 .
E . —Rx ). The expression of V* was
n(N -1 (y' ) P

i=1

derived by Cochran (1977). In this situation V(1) and

Ve (2) becomes equal to

_a-f)
"I nn-1)

3 (y, %)% and

i€es

v, = (]'_—nf)(é)zzl(yl —rX )2 respectively.
ies

In our present paper, we propose lower bounds of
unbiased estimators of the variances of greg predictor
belonging to certain classes of estimators under the
superpopulation model (1.1). The optimal estimators,
attaining the lower bounds, are also derived. The
proposed optimal estimators cannot be used in practice
since they involve unknown model parameters. So, we
have proposed a few alternative calibrated estimators
following Singh er al. (1988). Efficiencies of the
proposed estimators are compared with existing
alternatives. Simulation studies reveal that the estimator

OSR(Z) has a lower efficiency than the Yates-Grundy

analogue estimator VSR(l) for the model (1.1) with a
lower value of (g < 1.5) but for the higher value of g,

Vg (2) is better than (@ . All the proposed

Vsr
calibrated estimators including the optimum one are
found almost equally efficient and they perform much

better than V(1) and Vg (2) in most of the situations

around the true value of g. The proposed estimators fare
better than the existing alternatives under the model

M* 1y = a+ Bx+€; where ais a constant, £ and

€,’s are as in model (1.1).
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2. OPTIMUM VARIANCE ESTIMATION

Under the superpopulation model (1.1) ,BQ can be
approximately written as

EmEp_ZQl)ﬁyilsi

= iy =
& EmEszi Xl g g
iy

Then for large sample size n, Vg, can be

approximated as

SN ECN

|¢ jey & ﬂj
_ 2
- Yag t) X aee @1
ieU i# jeU
where
e, =y, —px,a= ;i— and
7[..
1] 1
b T

The empirical investigations in section 4 show that
both the expressions V and Vg, serve as a very good
approximation for M(tg), the mean square error of tg.

Let C,, be the class of non-homogeneous
quadratic unbiased estimator of V of the form

_ 2
Vihg = Co+ Y CqlgE +22Csijlsije|ej 22)

ieU i# jeU
=c t+ Vig 2.3)
where [ ..=1 .1 .
sij Si°sj
2
= Y. cglgE +22Csijlsijqej
ieU i# jeU

(=c,;;) are constants free from y’s and
sij sji

satisfy the unbiasedness condition

E(c) = Y,CsP(s)=0).
S

c,c.and ¢
N S1

E(c )= Yeglgn(s)=a forie U
S

and E (c

P SljSU)_ ECS” Sij (S) —a for l;t]eU

(2.4)
Theorem 1: Under model M

EV ) 2 %Ja] (-1
e I

+ 22 2 0'20'235(——1)

i# jeU ]
=E, Vp(vo) for Vohg € Cnhq
where
8= V(&) = () = o (= E_ (&)

and

Z—el +y Z—eel

ieu 7 i# JeU ij

O.
1302 2%,
icU ieU i

Proof. Following Cassel et al. (1977 ), we get

EV V) = EpE V0 = >
- Ep Vm(vnhq) + Ep[Em(vnhq N V)]z
-V (2.5)
Vm(vnhq) - Vm(vhq)

=V, (X e51g€) + V(X Y %ilsi8e))

ieU i# jeU
2
+2 C(Xcgely, X ) %G &lo)
ieU i# jeU
(2.6)

where C, denotes covariance with respect to the
model M.

Since e’s are distributed independently, we get

Vin( X 0156 = XV (€51 g)

ieU ieU

+y E{Cm(qz,ej?)}(cglg lg)

i# jeU
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= Y 5(cily) 2.7
ieU
\ (chs, suqe)

i# jeu

_ZZZ{V (ele)}( Sij su

i# jeU

XY Y 2 Crl6€.68)(C;l g Cagl s

i# j# k#leU

4y Y Coee.88)(C;l g Csilsi)

iz j# keU

=2Y Y of0? “(cgilgp) )2 (2.8)

i# jeU
2
Cn( X cslg€™ X X Cyil &€

ieU i# jeU

- 22 2 Cm(elz,e,ej)(cglsi 'Csijlsij)

i# jeU

EDIPIPICHERLTNC

i# j# keU

sl Coklgk) =0

(2.9)
Equations (2.7), (2.8) and (2.9) yield
EpV (vnhq) = (vhq)
= E [25( lg) +2), Y, 0702 (cgl )]

ieU i# jeU

(2.10)

(since

{Y (cg14)P(S)}?
2 S
cglg)p(s) = ZIsip(s)

E (c5lg) = g(

2
=i and

7T

Y (cglg) PO
s,s,>—2( lg)?p(s) =~
ij°sij Sj ' sij Zlgj p(s)

= (using 24))

Equality in (2.10) holds if ¢ ; = al and
7T

_ G

C ..=
sij g

ij
[Em(vnhq _V)]2 - [Cs + Em(z Cy sqz

ieU
+_2_2Csij's'j - Y aE’- 22%88 N2
i# jes ieU i# jes
= [c + Y, ¢4l 40 —Za]a] (2.11)
ieU ieU

From (2.10) and (2.11), we note that £V (vnhq)
is minimized when

2

= dey= L ade,= Yact-3 %,
7 ij icU ieu 7
and the minimum value of £ V (v , ) is
m’ p\ nhg
2 2
g 2 28
DEERE DRt
ieU i iz jeU ]

= Zéa] (——1) +2) ZO'ZO'Zaﬁ -1

ieU i# jeU J

Q.E.D.

Remark 2.1. Consider a situation where y,’s are
independently and identically distributed with common
mean £, common variance o~ and common fourth order
moment 4, = E _(y, — ,u) ; x; = 0, =1 and simple
random samphng de51gn (SRSWOR) is used. In this
situation

N-n
n(N -1

p=pa="""a
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where (N —1)85 = 21()/I —7)2 and
ieU
(=98] = Y.(% - Vy)°

ies

Using the Theorem 1, we get

AP 26q (——1)

ieU

+ 22 2 0'20'235(——1)

i# jeU ]
o
_ N—-n,2 4
= (N- )? [ +20 (n(n—l)
1
—m)] (2.12)

_ _ N-n 2
SE V) = (V. =) E (S)

The expression in the third bracket of (2.12) was
derived by Sengupta (1988) as a lower bound of
variances of unbiased estimators of S)ZI.

Remark 2.2. The optimal estimator v, given in
Theorem1 is not usable in practice since it involves
several unknown parameters. So, we obtain an
approximate optimal estimator by replacing the
parameters using their suitable estimates as follows.

- 324, ST Vagy

icU 7 iz jeU j

+Y a6 26”,, s
ieU ieU i

where 6'i2

é|=yl.—,3>ﬁ.

2

is an unbiased estimator of o and

Let us consider C , a class of quadratic unbiased
estimators of V consisting of estimators of the form

vq=cs+20 5 +22c5” si6€ +Y dgely

ieU i# jeU ieU

=Vong T Y. dgelg

ieU

where v , is given in (2.3) and d ’s are constants
satisfying the unbiasedness condition E (d ;) = 0.
Clearly C, o C,, . Here, we have the followmg
theorem reﬁatlng to the lower bound of the unbiased
estimators of V" belonging to the class Cq.

Theorem 2. Under model M with

()= E,_(€})=0V ieU

E V()= 25a] (——1)

ieU

2.2 2
+2Y Y 0’0" aIJ -1
i# jeU j
=E Vp(vo) for v, € Cq

where v, is as given in the Theorem].

Proof. Letting v, = &g+ Y dselg+y,

hg
iceU
&2
= > c5lg8 +22Csijlsije|ej
ieU i# jeU

and using (2.5), we get

E, Vp(vq) = Ep Vm(vq) + Ep[Em(vq — V)]2 -V,

(2.13)

and

EV,0)=EIV, ) +7, (Z dge)

IES
Vh? Y dg8)l
ies

= BV (Uhg) +Vip (S g8

ies

+2C_(

since C_ (th : 2 dg

ies

g) =0asu(N=0VieU

Further using (2.10), we get

2
EV(V)_25a| +2220.2 2a|J

icu 7 i jeU ”lj
(2.14)

Equality in (2.14) holds if ¢ ; = i
TT.
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c .= i andd .= 0
Sij ﬂij si
2 _ 2 242
[E, (v, = N = [cg+ ¥ ¢4l 407 = ¥ a07]
ieU ieU
=0
when = Y aoc?- Y ¢l 07 (2.15)
icU icU

Finally putting (2.14) and (2.15) in (2.13) we can
verify the Theorem 2.

LetC, be the class of unbiased estimator of V, then
using the Theorem 1 and result of Liu (1974), we have
the following theorem.

Theorem 3. Let Y. ’s be independent and identically

distributed random variables with a common mean £,
common variance o~ and common fourth order central
moment /4, =E_(y,— /J) . Then for any fixed effective
size n sampling design with 7 >0

£V, 2wy~ o) > a (——1)

ieU

+20'Y Y 8 (——1)

i# jeU Ij
=E, Vp(vo) VveC,
3. CALIBRATED VARIANCE ESTIMATORS

In this section we will consider calibrated
estimators for V, the approximate mean square error of

ly under the model M with 0'i2 = 0'2)%9 .
Now noting
= 2
M=V =Y ag +3 ¥ aee
ieU i# jeU
1 N e_j 2
- 2 2 Ij(
T

|¢ jeyu j

we get the Horvitz-Thomson (1952) and Yates-Grundy’s
(1953) type design unbiased estimators of V
respectively as follows;

¢
231 +22<’%j ﬂ.lls'j (3.1)
VI i# jeU ij
and

|¢ jey j

3.1. Calibration of Vyur

Following Deville and Sarndal (1992), we propose
an adjustment of v, as follows:

V€)= Zalwe I +22a” weelg (.3)
ieU i# jeU

where w. and w_ are calibrated weights determined by
minimizing distance function

(W == ) Iy (W, _,T) g
D= + Y M
ieU q| i jeU qij
(3.4)
(¢;and G ’s are suitably chosen weights) subject to the
callbratlon constraints
E [V (1= E (V)
e Yawxdlg = X ax (3:5)
ieU ieU
Minimization of (3.4) subject to (3.5) yields
3 1
w, = —+ Agx9-—, W, =
7 7 ij
and
V(€)= vyt By (Y 3%
ieU
-Sax, 6.6
ieU
2ax =2 a% - L
where A=Y 'EU and
2 % ox’

|eU
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2 %qxge'
BHT= IEU
ZU 87X’

Remark 3.1. The estimator B, is a model unbiased
estimator of o since E Byp) = 0. The estimator

vy(c) reduces to the optimal estimator Yo when B, .
equals to ©”. The estimator v 17(¢) given in (3.6) is not
usable in practice in general since it involves unknown
e;’s. Hence replacing e, by its estimate él in v, (c),
we get

Uy (© = Vpr +Br (X ax? - Y ax? —'

ieU ieU
) 2 a\ 6 X801
where B = iU " and
2 6\ 6%’
|eU
VHT Zal +2 2 a]j ﬂ. S|'
ieu % i# jeU ij

3.1.1 Particular Cases

For the choices of q;, = g and q; = i,
aX 3
Vi1 (€) reduces to V1 (cl) and Vi, (C2) respectively
as follows;
Upr (@) = Vyr +Br (X %7 - ¥ 3% _l
iceU ieU
where
2 q 82 I
éHT(l) _ IEU
2 -3 X
|eU
ZU 3¢
LS Y
> Ay <
|eU
S LEIN 6
J ﬂ- S‘ )

i# jeU

Vyr (€)= V7 + B (Y ax?

icU
_ g 1
igaixi z )
2 g x0&
where éHT 2 = BV 1
ZU 3 X7

3.2 Calibration of YyvG

The proposed calibration of v, is

e- 2
Vy(€) = 22 ij Ij ”_) Isij

|¢ jeu j

(3.8)

(3.9)

Here w_. are calibrated weights determined by

minimizing (flstance function

(W, — )2

- i
D* = EZﬂu—

i# jes qij
subject to the constraints

E v, )] =E, ()

ie. IR (—+—)|S‘J

i# jeU

—22%5

i# jeU J
(g,/s are suitably chosen weights)
Minimization (3.10) leads
A..
Wy = ot g (‘ ]
TT.

ij 7 j IJ

Vy(€) = Vyg T BYG{Z 2 AIJ (_+

i# jeU
A g Xg

3y AT )
iz jeU  Tij ”i ”J

9

J

—3)

(3.10)

(3.11)
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where
>g Jg A X8 XY U () = Y + B (@ [2 2 A (_

_i# jeU T 7 iz jeu iy AT
H= )ﬂ e ? Ij g Xg
'J 2 J 2 b gl BRI I

22 A( 2)|Sij +2 22 72'( + )l
iz jeu 7 T T iz jeU ”i J

and

€
ZZ'M%f%ﬂP—f)ﬂ
B iz jeU j 7T 7[]
Byg= g

2 2 I] AZ g i)2| -
7[2 Sij

iz jeU j 7T; j

Remark 3.2. It can be checked that By is a model
unbiased estimator of ¢ as E (BYG) = o Here, the
estimator v,-(c) is also not usable in practice since it
involves unknown e;’s. Hence replacing e, by its
estimate ?1‘ in v, (c), we get;

Ug(c) = vo B X Y Au()ﬂ )
i jeU J
9 xg
> ”F*—JI]
i# jeU ij T ]
o X8 &
2%—4” ;ﬁgf;ﬁﬂ
where éYG - 2E ; :
s LJ 2]
EEJ 7ij q” ”1'2) N

~

~ _+ Ij é___j
|¢ jeu j j

3.2.1 Particular Cases

For the respective choices of

ql‘j -

g x9

% i -1 1
[Ai(—+—)] " and ¢, =—
j ﬂiz ”12 A

, Vg (C) reduces to

V5 (€) and V5 (c2) as follows;

Yy A.J<‘ 2>

_ % i# jeU J (3.12)
YG '’ )ﬂ :
'J
PIPIE G2 9@
i# jeU j J

G[ZZ ”()S +_)Isu] -

i# jeU J

where éYG (H=

X
() = U +B @Y Y A (_

i# jeU T,
o9 x9
_22 I? (%+—‘2) g1
i# jeU 1] i j
A. 9 & &
D
where éYG(Z) R S J ; J
z 2 Aij ()ﬂ 4 )2|
i . I 2 2 S|

4. SIMULATION STUDIES

First of all, we conduct a simulation study to test
how the formulae V" and V¢, serve as an approximation
for M(t ), the mean square of 7_. For the present
simulation studies, we have used “Mathematica
Software” thoroughly. Using this package, we generate
20 populations each of sizes N = 100 so that the values
of y;'s and x;’s satisfy the model y, = fix, + €, for i =

1,....,100. We first select €’s(@=1,..,100)asa

random sample from N(0, 1) so that € —O')ﬁg/2

follows normal distribution with mean zero and



Raghunath Arnab et al. / Journal of the Indian Society of Agricultural Statistics 64(2) 2010 273-288 281

variance o2 )gg. We then select two sets of xl.’s as

samples, each of sizes 100 from gamma populations
with parameters = 10 and 15 respectively. From each
of the given set (i) f=4, o= 1, y=10 and (ii) f=2,
o= 1, y= 15, 10 values of g are chosen, so that we
generate 20 populations each of sizes 100 satisfying the
model (1.1). From each of the populations, R = 20,000
independent samples each of sizes n = 25 are selected
using Midzuno-Sen (M-S, 1952, 1953) sampling
scheme. The first two order inclusion probabilities for
M-S sampling schemes are respectively

N-n n-1
.= p. + and
N-1"" N-1
(n=D)(N-n)
== . (p. +D.
%= (N-D(N-2) it
(n-H(n-2)
(N-D(N-2)
where p, =x, /X
From each of these sample S 1= I, ..., R, the
. Yi
values of t, are obtained as 1,(s,) = Y L+

IESr |

/3’Q(X - 2 %) using Q. = 1/(zx,) and 1. The mean

ies, i
square error of ly> is computed as M(tg) =

R
1z:[tg (s) —Y]2. The relative percentage accuracies
=1

of the proposed formulae V' and that Vg, for
approximating the mean square error of ¢ _are computed
as AC(1) = | Vp/M(1,) — 1| x 100 and AC(2) =
| V/M(tg) — 1| x 100. Tﬁe values of 4C(1) and AC(2)
are given in the following Table 1. From the Table 1,
it is evident that both formulae serve good
approximations for the mean square error of Ly

To compare the relative efficiencies of the
proposed alternative calibrated estimators v(3) =

Vg (€D) , v(4) = VU (€2), v(5) = V(e , v(6) =
Vi1 (€2) and the optimum estimator v(0) = v, with the
existing alternatives v(1) = V(1) and v(2) = V(2),

we generate 8 populations each of size N =100,

Table 1. Relative percentage accuracy V¢, and V
p=4,0=1,y=15 p=2,0=1,y=10

O;=Vmx, O;=1 0= lmx, 0;=i

ACI [AC2| ACI| AC2| AC1|AC2 |ACIT |AC2

.041 |.137| .142] .004|.694 | .160 | .783 | .129
.003 |.093| .205| .080|.674|.093 |.772 | .176
.061 |.020| .305| .196|.640|.006 |.750 | .249

o L b o (@

133 1.060| .441| .318].602|.105 |.721 | .326
1.0 | .185 |.117| .484| .401|.573|.171 |.697 | .378
1.2 |.239 |.177| .560| .485]|.542|.237 |.669 | .433
1.5 |.327 | .271| .677| .614|.491|.336 |.620 | .518
1.8 |.420 |.372| .797| .746| .433|.436 |.559 | .608
2.0 | .486 |.442( .879| .835|.390(.503 |[.513 |.670

2.5 |.659 |.628(1.088(1.060|.260 |.674 |.376 | .836

corresponding to different values of B, o, y and g. As
stated earlier we initially select a random sample &;’s

(i =1,..,100) of size 100 from N(0,1). Then we select
2 sets of random samples x’s each of sizes 100 from
Gamma population with parameter () 5, and 15,
respectively. For each of the two chosen combinations,
pB=5,0=3,y=5and f=1, 0=1, y= 15 we generate
4 sets of values of y’s for four different values of g as
.5, 1.0, 1.5 and 2.0 using the relation y; =

ﬁ)ﬁ +0')§9/2éi ,i=1, ..., 100. From each of the 12 sets

of populations, we select R = 2,000 independent
samples using Midzuno-Sen (1952, 53) sampling
procedure as described earlier. The relative percentage
efficiencies (R.’s) are computed for 24 different values
of g using the following the formula
R = ﬂ x 100
7 v(j)

where

R
v(j) = %2 [v,() = Mt for j = 0,1.2.34,5.6; and
r=1

v,(j) is the value of v(j) obtained from the sample
r (=1, ..., R). The relative efficiencies of the variance
estimators are presented in Table 2. From the Table 2,
it is evident that all the proposed calibrated variance
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Table 2. Efficiencies of the proposed variance estimators

(g=35,p=5 0=3y=5) (g=5,p=50=3y=5) (g=5,p=50=3,y=5)
a=0 a=2 a=5

g Ry | Ry | Ry | Ry | Rs | Ry || Ry | Ry | Ry | Ry | Ry | Ro || Ry | Ry | Ry | Ry | Rs | Ry
0 991 69 | 98| 98| 99| 99 (| 100 | 64 | 100 | 100 | 100 | 100 || 100 | 62 | 100 | 100 | 100 | 100
1 {100 [ 69 | 100 [ 100 | 100 [ 100 || 100 | 64 | 100 | 100 | 100 | 100 [ 99 | 62 | 99| 99| 99| 99
2 [ 100 | 69 | 100 | 100 | 100 [ 100 || 100 | 64 | 100 | 100 | 100 | 100 ([ 98 | 62 | 98 | 98 | 98| 98
3 (101 | 69 | 101 | 101 | 101 | 101 99 | 64 911 99| 99| 99| 97| 62 | 97| 97| 97| 97
4 (101 | 69 | 101 | 101 | 101 | 101 99 | 64 9 99| 99| 991 96| 62 | 96 | 96 | 96| 96
S | 101 | 69 | 101 | 101 | 101 | 101 98 | 64 98 | 98 | 98| 98| 95| 62 | 95| 95| 95| 95
.6 | 101 [ 69 | 100 [ 100 | 101 | 101 97 | 97 64 97| 97| 94| 97| 62 | 93| 93| 94| 94
7 {100 | 69 | 100 | 100 | 100 | 100 9 | 64 951 96| 96| 96| 93| 62 | 92| 92| 92| 93
8 [ 100 69 | 99| 99| 99 | 100 95 | 64 941 94 95| 95| 91| 62 | 90| 90| 91| 91
.9 991 69 | 97| 98| 98| 99 94 | 64 921 93| 93| 94| 90| 62 8| 89| 8| 90
1.0 | 98| 69 [ 95| 96| 97| 98 93 | 64 90 | 91| 92 93| 89| 62 87| 87| 88| 89
1.1 96| 69 | 93| 94| 95| 96 91 | 64 88| 89| 90| 91| 88| 62 85| 8 | 86| 88

951 69 | 91| 93| 93| 95 90 | 64 8 | 87| 88| 90| 87| 62 83 | 84 | 8| 87
94 | 69 8 | 91| 91| %4 88 | 64 83| 8 | 8| 88| 8 | 62 81| 82| 83| 85
92 | 69 8 | 88| 88| 92 87 | 64 81 83| 83| 87| 84 | 62 79 | 81| 81| 84
91 | 69 8| 86| 85| 91 85 | 64 78 1 81| 80| 85| 83| 62 76| 79| 79| 83
81 69| 79| 84| 82| 89 84 | 64 751 78 77| 84| 81| 62 74 77| 76| 81
69 | 76 | 81| 79| 87 82 | 64 711 76 | 74| 82| 80| 62 711 75| 74| 80
86 | 69 | 72| 18| T6 | 86 80 | 64 68 74 71| 80| 78| 62 69 | 73| 71| 78
841 69 | 69| 76| 72| 84 78 | 64 65| 71| 68| 78| 77| 62 66 | 71| 69| 77
821 69 | 65| 73| 69| 82 76 | 64 61 69| 65| 76| 75| 62 63| 69| 66| 75
78 | 69 571 68| 61| 78 73 | 64 55| 64| 58| 73| 72| 62 571 64| 60| 72

O DN = = = e e e e e
N OO N R LN
o]
~

25| 72| 69 | 46| 59| 50| 72 || 66 | 64 | 45| 56| 48| 66| 66| 62 | 48 | 57| 51| 66
30| 61| 69| 30| 46| 34| 61 || 56 | 64 | 30| 44| 33| 56| 56| 62 | 34| 46| 37| 56
(=5, p=10=17=15 (g=5,6=1,0=1,y=15) (g=5,6=1,0=1,y=15)

0 | 100 | 83 | 100 [ 100 | 100 | 100 99 | %4 99 99| 991 99| 99 | 106 91 991 99| 99
100 | 83 | 100 | 100 | 100 | 100 || 100 | 94 | 100 | 100 | 100 | 100 || 99 | 106 91 99| 99| 99
100 | 83 | 100 | 100 | 100 | 100 || 100 [ 94 | 100 | 100 | 100 | 100 (| 100 [ 106 | 100 | 100 | 100 [ 100
100 | 83 | 100 | 100 | 100 | 100 || 101 | 94 | 101 | 101 | 101 | 101 || 101 [ 106 | 101 { 101 | 101 | 101
100 | 83 [ 100 | 100 | 100 | 100 || 101 | 94 | 101 | 101 | 101 | 101 ({102 | 106 | 102 | 102 | 102 | 102
100 | 83 99 | 99| 100 [ 100 (| 101 [ 94 | 101 | 101 | 101 | 101 ({102 | 106 | 102 | 102 | 102 | 102
99 | 83 9 |1 99| 99| 99 |[102 [ 94 | 102 | 102 | 102 | 102 ([ 103 | 106 | 103 | 103 | 103 | 103
99 | 83 99 | 99| 99| 99 |[102 [ 94 | 102 | 102 | 102 | 102 || 104 [ 106 [ 104 | 104 | 104 [ 104
98 | 83 98 | 98| 98 | 98 || 102 [ 94 | 102 | 102 | 102 | 102 [[ 104 | 106 | 105 [ 105 | 104 | 104

—_—

® 9o L WL
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9 98 | 83 97 97 97 | 98 || 102 | 94 | 102 | 102 | 102 | 102 || 105 | 106 | 105 | 105 | 105 | 105
1.0 97 | 83 96 96 97 | 97 || 102 | 94 | 102 | 102 | 102 | 102 || 106 | 106 | 106 | 106 | 106 | 106
1.1 96 | 83 95 95 96 | 96 || 102 [ 94 | 101 | 102 | 102 | 102 || 106 | 106 | 106 | 107 | 106 | 106
1.2 95 | 83 94 94 95| 95 |/ 102 | 94 | 101 | 101 | 101 | 102 || 107 | 106 | 107 | 107 | 107 | 107
1.3 94 | 83 93 93 94 | 94 || 101 | 94 | 100 | 101 | 101 | 101 || 107 | 106 | 107 | 108 | 107 | 107
1.4 93| 83 91 92 92 1 93 || 101 | 94 | 100 [ 100 | 100 | 101 || 108 | 106 | 108 | 108 | 108 | 108
1.5 92 | 83 90 91 91 | 92 || 101 | 94 99 | 100 | 100 | 101 ([ 108 [ 106 | 108 | 108 | 108 [ 108
1.6 91| 83 88 89 90 | 91 || 100 | 94 98 99 | 99| 100 || 109 | 106 | 109 | 109 | 109 | 109
1.7 90 | 83 87 88 88 | 90 || 100 | 94 97 98 | 98 | 100 [| 109 | 106 | 109 | 109 [ 109 | 109
1.8 89 | 83 85 86 871 89 99 | 94 96 97 | 97 99 (| 109 [ 106 [ 109 | 109 | 109 [ 109
1.9 88 | 83 83 85 85| 88 98 | 94 95 9 | 96 98 || 110 [ 106 [ 109 | 110 | 110 | 110
2.0 86 | 83 81 &3 83| 86 98 | 94 93 95 | 95 98 || 110 [ 106 | 110 | 110 | 110 | 110
2.2 84 | 83 77 80 79 | 84 96 | 94 90 93 1 92 96 ([ 110 [ 106 | 110 | 110 | 110 | 110
2.5 80 | 83 70 74 73 | 80 94 | 94 85 89 | 87 94 (| 111 [ 106 [ 109 | 109 | 109 | 111
3.0 73| 83 58 65 61 | 73 89 | 94 73 81| 77 89 [| 111 | 106 | 104 | 108 [ 106 | 111
(g=1,=50=3,7=5) (g=1.4=50=3,7=5) (7=1,5=5,0=3,7=5)
a=0 oa=2 o=5
0 97 1 93 97 97 97 | 97 98 | 85 97 97 | 98 98 99 | 76 99 99 | 99 99
N 99| 93 99 99 99 [ 99 99 | 85 99 99 | 100 99 || 100 | 76 99 99 | 100 | 100
2 | 101 | 93 [ 100 | 101 | 101 | 101 |f 101 | 85 | 101 | 101 | 101 | 101 || 100 | 76 | 100 | 100 | 100 | 100
3 | 103 93 (103 | 103 [ 103 | 103 || 102 | 85 | 102 | 102 | 102 | 102 || 101 [ 76 | 101 | 101 | 101 | 101
A4 | 105 93 [ 105 ] 105 | 105 | 105 || 104 | 85 | 104 | 104 | 103 | 104 || 101 [ 76 | 101 | 101 | 101 | 101
S | 106 | 93 [ 107 | 107 | 106 | 106 || 104 | 85 | 105 | 105 | 104 | 104 || 101 [ 76 | 101 | 101 | 101 | 101
.6 | 108 | 93 [ 108 | 108 [ 107 | 108 || 105 | 85 | 105 | 105 | 105 [ 105 || 101 [ 76 | 101 | 101 | 101 | 101
7 1109 | 93 | 109 | 109 | 108 | 109 || 105 | 85 | 106 [ 106 | 105 | 105 || 100 | 76 | 100 | 100 | 100 | 100
8 109 | 93 | 109 | 110 [ 109 | 109 || 105 | 85 | 106 | 106 | 106 | 105 || 100 | 76 | 100 99 | 100 | 100
9 | 110 | 93 | 110 | 110 [ 110 | 110 || 105 | 85 | 105 | 105 | 105 | 105 99 | 76 99 99 | 99 99
1.0 | 110 | 93 | 110 | 110 | 110 | 110 || 105 | 85 | 105 | 105 | 105 | 105 98 | 76 98 97 | 98 98
1.1 [ 110 | 93 | 109 | 110 | 110 | 110 || 104 | 85 | 104 | 104 | 104 | 104 971 76 96 9% | 97 97
1.2 [ 109 | 93 | 109 | 109 | 109 | 109 || 103 | 85 | 102 | 102 | 103 | 103 951 76 94 94 | 96 95
1.3 {109 | 93 [ 108 | 108 | 108 | 109 || 102 | 85 | 101 | 101 | 102 | 102 94 | 76 93 93 | 94 94
1.4 [ 108 | 93 [ 106 | 107 | 107 | 108 || 100 | 85 99 99 | 100 | 100 92 | 76 90 91 92 92
1.5 [ 107 | 93 [ 104 | 105 | 106 | 107 99 | 85 96 97 | 98 99 9 | 76 88 88 | 90 90
1.6 [ 105 | 93 [ 102 | 103 | 104 | 105 97 | 85 94 951 96 97 8 | 76 85 8 | 87 88
1.7 | 104 | 93 99 | 101 | 101 | 104 95 | 85 91 921 93 95 86 | 76 82 84 | 85 86
1.8 | 102 | 93 96 98 98 | 102 93 | 85 87 90 | 90 93 84 | 76 79 81 82 84
1.9 [ 100 | 93 92 96 95 | 100 91 | 85 84 87 | 87 91 82| 76 76 78 | 79 82
2.0 98 | 93 88 93 92 | 98 89 | 85 80 84 | 83 89 82| 76 72 76 | 76 80
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2.2 93 | 93 80 | 87| 84| 93 84 | 85 721 78| 76| 84| 75| 76 65| 70| 69| 75
2.5 86 | 93 67| 77| 71| 86 76 | 85 50| 68| 64| 76| 68| 76 541 61| 58| 68
3.0 72 | 93 45 60 | 49| 72 63 | 85 40 | 52| 44| 63 56 | 76 37 | 47| 41 56
g=1,p4=1,0=1,y=15) g=1Lp=1,0=1,y=15 g=1.p6=1,0=1,y=15)
a=0 oa=2 a=35
0 99 | 93 91 991 99| 99 99 | 98 991 99| 991 99| 99 | 106 98 | 98| 99| 99
.1 (100 [ 93 | 100 | 100 | 100 | 100 || 100 | 98 | 100 [ 100 | 100 | 100 || 99 | 106 99 | 99 | 100 | 99
2 | 100 [ 93 | 100 | 100 | 100 | 100 || 100 | 98 | 100 [ 100 | 100 | 100 || 100 [ 106 | 100 | 100 | 100 | 100
3 | 101 93 (101 | 101 | 101 | 101 || 101 | 98 | 101 | 101 | 101 | 101 |)101 {106 | 101 | 101 | 101 | 101
4 (101 | 93 | 101 | 101 | 101 | 101 |} 102 | 98 | 102 | 102 | 102 | 102 || 102 | 106 | 102 | 102 | 102 | 102
S o102 93 (102 | 102 | 102 | 102 || 103 | 98 | 103 [ 103 | 102 | 103 || 103 [ 106 | 103 | 103 | 103 | 103
.6 | 102 93 (102 | 102 | 102 | 102 || 103 | 98 | 103 | 103 | 103 | 103 || 104 [ 106 | 104 | 104 | 104 | 104
J (102 93 | 102 | 102 | 102 | 102 || 104 | 98 | 104 | 104 | 103 | 104 || 105 | 106 | 105 | 105 | 105 | 105
8 102 93 (102 | 102 | 102 | 102 || 104 | 98 | 104 | 104 | 104 | 104 || 106 [ 106 | 105 | 106 | 105 | 106
9 | 102 93 (102 | 102 | 102 | 102 || 104 | 98 | 104 | 104 | 104 | 104 || 106 [ 106 | 106 | 106 | 106 | 106
1.0 | 102 | 93 | 102 | 102 | 102 | 102 || 104 | 98 | 104 | 104 | 104 | 104 || 107 [ 106 | 107 | 107 | 106 | 107
1.1 | 101 | 93 [ 101 | 101 | 101 | 101 || 104 | 98 | 104 | 104 | 104 | 104 || 107 [ 106 | 107 | 107 | 107 | 107
1.2 | 101 93 [ 101 | 101 | 101 | 101 || 104 | 98 | 104 | 104 | 104 | 104 || 108 | 106 | 107 | 108 | 107 | 108
1.3 | 101 | 93 | 100 | 100 | 100 | 101 || 104 | 98 | 104 | 104 | 104 | 104 || 108 | 106 | 108 | 108 | 108 | 108
1.4 | 100 | 93 99 | 99| 100 | 100 |[ 104 [ 98 | 103 | 103 | 103 | 104 ([ 108 [ 106 | 108 | 108 | 108 [ 108
1.5 99 | 93 98 |1 98| 99| 99 (| 103 [ 98 | 103 | 103 | 103 | 103 ([ 109 | 106 | 108 | 108 | 108 [ 109
1.6 98 | 93 971 97| 98| 98 |[ 103 [ 98 | 102 | 102 | 102 | 103 || 109 [ 106 [ 108 | 108 | 108 [ 109
1.7 97 1 93 9 | 96| 97| 97 |[102 [ 98 | 101 | 101 | 102 | 102 ([ 109 [ 106 [ 108 | 108 | 108 [ 109
1.8 9 | 93 941 95| 9 | 96 (| 102 [ 98 | 100 | 100 | 101 | 102 ({109 | 106 | 108 | 108 | 108 [ 109
1.9 95 | 93 93 93 94 | 95 || 101 | 98 99 1 99 (100 | 101 (| 109 | 106 | 107 | 108 | 108 | 109
2.0 94 | 93 91 921 93| 94 || 100 | 98 971 98 | 99 | 100 (| 109 | 106 | 107 | 108 | 107 | 109
2.2 92 | 93 871 89| 89| 92 98 | 98 941 96| 96| 98|/ 108 [ 106 | 105 | 106 | 106 | 108
2.5 88 | 93 81 83 83 | 88 95 | 98 8 | 91| 91 95 || 107 [ 106 | 102 | 104 | 103 [ 107
3.0 80 | 93 68 | 74| 72| 80 89 | 98 76 | 82| 80 | 89 ([ 104 | 106 93 98 | 95| 104
(g=15 =5 0=3,y=5) (g=15 =5 0c=3,v=95) (g=15 =5 0c=3,y=95)
a=0 o=2 =5
0 97 | 119 9% | 96| 97| 97 97 |112 9 | 96| 97| 97 || 97 |10l 911 971 97| 97
A 99 | 119 91 991 99| 99 99 |112 991 99 99| 99| 99 |10l 91 991 99| 99
2 | 102 (119 | 101 | 101 | 102 | 102 || 102 |112 | 101 | 101 | 102 | 102 || 101 {101 | 101 | 101 | 101 | 101
3 | 104 (119 | 104 | 104 | 104 | 104 || 104 |112 | 104 | 104 | 104 | 104 || 103 | 101 | 103 | 103 | 103 | 103
4 | 107 (119 | 107 | 107 | 106 | 107 || 106 |112 | 106 | 106 | 106 | 106 || 105 | 101 | 105 | 105 | 105 | 105
S 109 (119 | 109 | 109 | 109 | 109 || 109 | 112 | 108 [ 109 | 108 | 109 || 107 [ 101 | 107 | 107 | 106 | 107
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.6 (112 (119 | 111 | 112 | 111 | 112 || 111 112 | 110 | 111 | 110 | 111 || 108 | 101 | 108 | 108 | 108 | 108
J o114 (119 | 114 | 114 | 113 | 114 || 112|112 | 112 | 113 | 112 | 112 |/ 109 | 101 | 109 | 109 | 109 | 109
L | 116 (119 | 116 | 116 | 115 | 116 || 114 |112 | 114 | 114 | 113 | 114 || 110 [ 101 | 110 | 110 | 110 | 110
9 | 118 (119 | 117 | 118 | 117 | 118 || 115 |112 | 115 | 116 | 115 | 115 | 110 | 101 | 111 | 111 | 111 ] 110
1.0 | 120 (119 | 119 | 120 | 118 | 120 || 116 |112 | 117 | 117 | 116 | 116 || 111 {101 | 111 | II1 | 111 | 111
.1 | 121 (119 | 121 | 121 | 120 | 121 || 117 112 | 117 | 118 | 117 | 117 || 110 [ 101 | 111 | 111 | 111 | 110
1.2 | 122 (119 | 122 | 122 | 121 | 122 || 118 {112 | 118 | 118 | 118 | 118 || 110 {101 | 111 | 111 | 111 | 110
1.3 | 123 (119 | 123 | 123 | 122 | 123 || 118 |112 | 118 | 118 | 118 | 118 || 109 | 101 | 111 | 110 | 111 | 109
1.4 | 123 (119 | 123 | 124 | 123 | 123 || 117 |112 | 118 | 118 | 118 | 117 || 108 [ 101 | 110 | 109 | 110 | 108
1.5 | 123 [ 119 | 123 | 124 | 123 | 123 || 117 |112 | 118 | 117 | 118 | 117 || 107 [ 101 | 108 | 107 | 109 | 107
1.6 | 123 [ 119 | 123 | 123 | 123 | 123 || 116 |112 | 117 | 116 | 117 | 116 || 106 [ 101 [ 107 | 106 | 108 [ 106
1.7 | 123 (119 | 122 | 123 | 123 | 123 || 115 | 112 | 115 | 115 | 116 | 115 || 104 [ 101 | 105 | 104 | 106 | 104
1.8 | 122 (119 | 121 | 121 | 122 | 122 || 113 112 | 113 | 113 | 115 | 113 || 102 | 101 | 102 | 101 | 104 | 102
1.9 | 121 (119 | 119 | 120 | 120 | 121 || 112 112 | 111 | 111 | 113 | 112 || 100 | 101 99 | 99 | 101 | 100
20 | 119 (119 | 117 | 118 | 119 | 119 || 110 | 112 | 108 [ 108 | 110 | 110 || 97 | 101 9 | 96| 99| 97
22 (115 (119 | 110 | 113 | 113 | 115 || 105 |112 | 101 | 102 | 104 | 105 92 1101 8 | 89| 92| 92
2.5 [ 107 | 119 97 | 103 | 102 | 107 96 |112 8| 921 92| 96| 83| 101 76 | 79| 80| 83
3.0 91 [ 119 71 82| 77| 91 80 (112 63 72| 68| 80 || 68 |101 541 61| 58| 68

(g=15p=1,0=1,y=15 (g=15p=1,0=1y=15 (g=15p=1,0=1y=15
a=0 oa=2 =5

0 98 [ 104 98 | 98| 98| 98 98 [111 98 | 98 | 98| 98| 98 |107 98 | 98 | 98| 98
.1 | 100 | 104 99 | 99| 100 | 100 99 | 111 91 99| 99| 99 (/100 | 107 99 | 99 | 100 | 100
2 | 101 {104 | 101 | 101 | 101 [ 1O1 || 101 j111 | 101 | 101 | 101 | 101 || 101 | 107 | 101 | 101 | 101 | 101
3 102 (104 | 102 | 102 | 102 | 102 || 102 |111 | 102 | 102 | 102 | 102 || 102 [ 107 | 102 | 102 | 102 | 102
4 | 103 {104 | 103 | 103 [ 103 | 103 || 103 |111 | 103 | 103 | 103 | 103 || 103 | 107 | 103 | 103 | 103 | 103
S5 | 104 {104 | 104 | 104 | 104 | 104 || 104 |111 | 104 [ 104 | 104 | 104 || 104 | 107 | 104 | 104 | 104 | 104
.6 | 105 (104 | 105 | 105 | 104 | 105 || 105 |111 | 105 | 106 | 105 | 105 || 105 [ 107 | 105 | 105 | 105 | 105
7 | 105 {104 | 105 | 105 | 105 | 105 || 107 |111 | 106 [ 107 | 106 | 107 || 106 | 107 | 106 | 106 | 106 | 106
.8 | 106 {104 | 106 | 106 | 106 | 106 || 108 |111 | 107 [ 108 | 107 | 108 || 107 [ 107 | 107 | 107 | 106 | 107
.9 | 107 {104 | 107 | 107 | 106 | 107 || 108 |111 | 108 [ 109 | 108 | 108 || 107 | 107 | 108 | 108 | 107 | 107
1.0 | 107 {104 | 107 | 107 | 107 | 107 || 109 |111 | 109 | 109 | 109 | 109 || 108 | 107 | 108 | 108 | 108 | 108
1.1 | 107 [ 104 | 107 | 107 | 107 | 107 || 110 {111 | 110 | 110 | 109 | 110 || 109 | 107 | 109 | 109 | 108 [ 109
1.2 | 107 {104 | 108 | 108 | 107 | 107 || L1l 111 | 111 [ 111 | 110 | 111 |} 109 [ 107 | 109 | 109 | 109 | 109
1.3 | 108 104 | 108 | 108 | 108 | 108 || 111 {111 | 111 | 111 | 111 | 111 || 109 107 | 109 | 109 | 109 [ 109
1.4 | 107 {104 | 108 | 108 | 108 | 107 || 112 111 | 111 [ 112 | 111 | 112 |} 109 [ 107 | 109 | 109 | 109 | 109
1.5 | 107 [ 104 | 107 | 107 | 107 | 107 || 112 {111 | 112 | 112 | 111 | 112 || 109 [ 107 | 109 | 109 | 109 [ 109
1.6 | 107 {104 | 107 | 107 | 107 | 107 || 112 111 | 112 | 112 | 112 | 112 || 109 [ 107 | 109 | 109 | 109 | 109
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1.7 | 106 [ 104 | 106 | 106 | 107 | 106 || 112 {111 | 112 | 112 | 112 | 112 || 109 [ 107 [ 109 | 109 | 109 [ 109
1.8 | 106 [104 | 105 | 105 | 106 | 106 || 112 |111 | 112 | 112 | 112 | 112 || 109 [ 107 | 108 | 108 | 108 | 109
1.9 | 105 [104 | 005 | 105 | 105 | 105 || 112 111 | 111 | 112 | 111 |1112 || 108 | 107 | 107 | 108 | 108 | 108
2.0 | 104 {104 | 103 | 103 | 104 | 104 || 112 |111 | II1 | 111 | 111 | 1121107 | 107 | 106 | 107 | 107 | 107
2.2 | 102 (104 | 101 | 101 | 102 | 102 || I11 | 111 | 109 | 110 | 110 | 111 || 106 [ 107 | 104 | 104 | 105 | 106
2.5 99 | 104 95| 9 | 97| 99 || 109 (111 | 105 | 107 | 107 | 109 || 103 | 107 99 | 100 | 101 | 103
30 | 91 |104 83 86| 86| 91 (| 104 (111 951 99| 98| 104 || 96 | 107 871 91 90| 96

(g:23ﬂ2530.23’7:5) (g:23ﬂ2530.233}/:5) (g:25ﬁ25502357:5)

=0 oa=2 a=>5

0 97 137 9% | 96| 97| 97 97 |134 9 | 96 | 97| 97| 97 | 127 9 | 96 | 97| 97
1 99 137 91 991 99| 99 99 |134 91 99| 991 99| 99 | 127 91 99| 99| 99
2 (102 {137 | 101 | 101 | 102 | 102 || 102 |134 | 101 | 101 | 102 | 102 || 102 | 127 | 101 | 101 | 102 | 102
3 | 104 {137 | 104 | 104 | 104 | 104 || 104 |134 | 104 [ 104 | 104 | 104 || 104 | 127 | 104 | 104 | 104 | 104
4 | 107 (137 | 107 | 107 | 107 | 107 || 107 |134 | 107 | 107 | 107 | 107 || 107 | 127 | 106 | 107 | 106 | 107
S | 110 {137 | 109 | 110 | 109 | 110 || 110 |134 | 109 | 110 | 109 | 110 || 110 | 127 | 109 | 109 | 109 | 110
6 | 113 | 137 | 112 | 113 | 112 | 113 || 113 {134 | 112 | 113 | 111 | 113 ([ 112 {127 | 111 | 112 | 111 | 112
J | 116 (137 | 115 | 116 | 114 | 116 || 116 |134 | 115 [ 115 | 114 | 116 || 115 [ 127 | 114 | 114 | 113 | 115
8 | 119|137 | 118 | 119 | 117 | 119 || 119 |134 | 117 | 118 | 116 | 119 || 117 | 127 | 116 | 117 | 115| 117
9 | 123 | 137 [ 120 | 122 | 119 | 123 || 122 (134 | 120 | 121 | 119 | 122 ([ 119 {127 | 118 | 119 | 117 | 119
1.0 | 125 (137 | 123 | 125 | 122 | 125 || 124 |134 | 122 | 124 | 121 | 124 || 122 [ 127 | 120 | 122 | 119| 122
1.1 | 128 [137 | 125 | 128 | 124 | 128 || 127 |134 | 125 | 126 | 123 | 127 || 123 | 127 | 122 | 123 | 121 | 123
1.2 | 131 (137 | 128 | 131 | 126 | 131 || 129 |134 | 127 | 129 | 125 | 129 || 125 | 127 | 124 | 125 | 123 | 125
1.3 | 133 (137 | 130 | 133 | 129 | 133 || 131 |134 | 129 | 131 | 127 | 131 || 126 | 127 | 126 | 127 | 124 | 126
1.4 | 136 [137 | 133 | 136 | 131 | 136 || 133 |134 | 131 | 133 | 129 | 133 || 127 [ 127 [ 127 | 128 | 126 | 127
1.5 | 138 [ 137 | 135 | 138 | 133 | 138 |[ 134 |134 | 133 | 134 | 131 | 134 || 127 | 127 [ 128 | 128 | 127 | 127
1.6 | 139 (137 | 137 | 140 | 135 | 139 || 135 |134 | 134 | 136 | 133 | 135 || 128 [ 127 | 129 | 129 | 128 | 128
1.7 | 140 (137 | 139 | 141 | 137 | 140 || 136 |134 | 135 | 137 | 134 | 136 || 127 [ 127 [ 129 | 129 | 128 | 127
1.8 | 141 [ 137 | 140 | 142 | 138 | 141 || 136 |134 | 136 | 137 | 135 | 136 || 127 [ 127 [ 129 | 128 | 128 | 127
1.9 | 142 (137 | 141 | 143 | 140 | 142 || 136 |134 | 136 | 137 | 135 | 136 || 126 | 127 | 128 | 127 | 128 | 126
2.0 | 142 (137 | 141 | 143 | 140 | 142 || 135 |134 | 136 | 136 | 136 | 135 || 124 | 127 | 127 | 125 | 127 | 124
2.2 | 141 (137 | 140 | 142 | 141 | 141 || 133 |134 | 134 | 133 | 134 | 133 || 120 | 127 | 123 | 121 | 124 | 120
25 | 136 (137 | 134 | 136 | 136 | 136 || 126 |134 | 126 | 126 | 128 | 126 || 112 [ 127 | 113 | 112 | 116| 112
3.0 | 120 (137 | 111 | 116 | 117 | 120 || 110 |134 | 101 | 105 | 107 | 110 || 95 | 127 8 | 91| 93| 95
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(g=2,6=1,0=1,y=15 (g=2,p=1,0=1,y=15) (g=2,6=1,0=1,y=15
a=0 oa=2 =5
0 98 | 116 98 | 98| 98| 98 98 [118 98 | 98| 98| 98| 98 119 98 | 98 | 98| 98
A 99 | 116 91 991 99| 99 99 |118 91 99| 99 99 (| 99 | 119 91 991 99| 99
2 | 101 {116 | 101 | 101 | 101 | 101 || 101 |118 | 101 | 101 | 101 | 101 || 101 | 119 | 101 | 101 | 101 | 101
3 102 (116 | 102 | 102 | 102 | 102 || 102 | 118 | 102 | 102 | 102 | 102 || 102 | 119 | 102 | 102 | 102 | 102
4 | 104 (116 | 104 | 104 | 104 | 104 || 104 |118 | 104 [ 104 | 104 | 104 || 104 | 119 | 104 | 104 | 104 | 104
S5 | 105 (116 | 105 | 105 | 105 | 105 || 105 |118 | 105 [ 105 | 105 | 105 || 106 | 119 | 105 | 106 | 105 | 106
.6 | 107 (116 | 107 | 107 | 106 | 107 || 107 | 118 | 107 | 107 | 106 | 107 || 107 [ 119 | 107 | 107 | 107 | 107
7 | 108 (116 | 108 | 108 | 108 | 108 || 108 |118 | 108 [ 108 | 108 | 108 || 109 | 119 | 108 | 109 | 108 | 109
.8 | 109 (116 | 109 | 110 | 109 | 109 || 110 |118 | 110 | 110 | 109 | 110 || 110 | 119 | 110 | 110 | 109 | 110
9 | 111 (116 | 111 | 111 | 110 | [10 || tor a8 | 111 { 110 { 110 | 111 ) 111 { 119 | 111 | 112 | 111 | 111
1.0 | 112 (116 | 112 | 112 | 111 | 112 || 112 {118 | 112 | 112 | 111 | 112 || 113 | 119 | 112 | 113 | 112| 113
.1 | 113 (116 | 113 | 113 | 112 | 113 || 113 |118 | 113 | 114 | 113 | 113 || 114 [ 119 [ 114 | 114 | 113 | 114
1.2 | 114 (116 | 114 | 114 | 113 | 114 || 114 | 118 | 114 | 115 | 114 | 114 || 115 [ 119 | 115 | 115 | 114 | 115
1.3 | 115|116 | 115 | 115 | 114 | 115 || 115 |118 | 115 | 116 | 114 | 115 || 116 [ 119 [ 116 | 116 | 115 | 116
14 | 115|116 | 115 | 116 | 115 | 115 || 116 |118 | 116 | 116 | 115 | 116 || 117 (119 | 117 | 117 | 116 | 117
1.5 | 116 (116 | 116 | 116 | 115 | 116 || 117 |118 | 117 [ 117 | 116 | 117 || 118 [ 119 | 118 | 118 | 117 | 118
1.6 | 116 [116 | 116 | 116 | 116 | 116 || 117 118 | 117 | 117 | 117 | 117 || 118 | 119 | 118 | 119 | 118 | 118
1.7 | 116 | 116 | 117 | 117 | 116 | 116 || 117 |118 | 118 | 118 | 117 | 117 || 119 [ 119 [ 119 | 119 | 118 | 119
1.8 | 116 (116 | 117 | 117 | 116 | 116 || 118 | 118 | 118 | 118 | 117 | 118 || 119 [ 119 | 119 | 120 | 119 | 119
1.9 | 116 (116 | 117 | 117 | 117 | 116 || 118 |118 | 118 | 118 | 118 | 118 || 119 [ 119 [ 119 | 120 | 119 | 119
2.0 | 116 | 116 | 116 | 116 | 116 | 116 || 117 |118 | 118 | 118 | 118 | 117 || 119 | 119 | 119 | 120 | 119 | 119
22 | 115 (116 | 115 | 115 | 116 | 115 || 117 | 118 | 117 | 117 | 117 | 117 || 119 [ 119 | 119 | 119 | 119 | 119
25 (112 (116 | 112 | 111 | 113 | 112 || 114 |118 | 114 | 114 | 115 | 114 || 117 | 119 | 116 | 117 | 117 | 117
3.0 | 105 (116 | 101 | 102 | 104 | 105 || 108 |118 | 104 | 105 | 106 | 108 || 112 | 119 | 108 | 109 | 110 | 112

estimators v(3), v(4), v(5), v(6) including the optimum
estimator v(0) are almost equally efficient for all the
populations. These estimators are robust around the
neighborhood of the true value of g. It is found that all
the proposed estimators are more efficient than v(1) and
v(2) for all the population in the neighborhood of the
true values of g (=.5, 1, 1.5 and 2). The estimator v(2)

= V(2 found to be much inefficient than v(1) =

V(D for all the populations with lower values of

2(<1.5). However for higher values of g (= 1.5), v(2)
perform reasonably well. It is also noted that none of
calibrated estimators shown negative values (details are

not given here). In practice, we never sure whether the
model M in (1.1) is appropriate in a given situation. So,
we examine performances of the variance estimators if
the alternative model M* : y, = o+ [, + €. holds in
practice. Here « is an unknown constant and f ¥ and
€’s are as in (1.1). To compare the performances of the
proposed variance estimators, we generate additional 16
populations with =2 and 5 keeping values of £, 7, o
and g unchanged. The simulation studies reveal that all
the variance estimators are highly sensitive with the
values of a. Here also we find that all the variance
estimators including the optimum one are almost
equally efficient and perform much better than the
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existing variance estimators V(1) and V(2) proposed by
Sarndal (1982). So, the proposed estimators are robust
not only with respect to g but also with &. So, in
conclusion, we say that if no definite values of g or &
are known, one should use any of the proposed
calibrated estimators. But if g is known to be small
(<1.5), »(2) should not be used at any cost.

5. CONCLUSION

The lower bounds of the estimators of the design
variances of a generalized regression predictor (greg)
under certain superpopulation models have been
derived. The optimum variance estimators attaining the
lower bounds depend on unknown model parameters
and hence can not be used in practice. Several
calibrated variance estimators for the variance of the
greg have been proposed. Simulation studies reveal that
all the proposed calibrated estimators including the
optimum one are approximately equally efficient and
robust with respect to the model parameter g and
intercept . All the proposed estimators are more
efficient that existing alternatives proposed by Sarndal
(1982) around the true value of g. In presence of the
super- population model, one may need to estimate the
model variance rather than the design variance. The
problem of estimation of the model variance of the greg
is not considered here and it might be subject of future
research.
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