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SUMMARY

The well-known Verhulst-Pearl model in ecology,

V' =(A=36-p0) -y
where y(f) denotes current population size, has a solution which may be written in the form of a logistic cumulative distribution
function (cdf). This function is widely used to describe population growth curves. However population growth data are prone
to serial correlation, which would complicate subsequent statistical inferences. The serial correlation in the data can be mitigated
by fitting the first differences of the population data to a model for the rate of population growth. This function is the solution
to the alternative mechanistic model,

V' =(A=6 Y1) »0)
where Y(¢) is the integral of y(s) from 0 to ¢, and it has the mathematical form of a logistic probability density function (pdf).
A biologically meaningful parameterization of the logistic pdf model is provided to facilitate initial estimates for parameters in
nonlinear curve fitting. We illustrate the procedure, demonstrating the problem of serial correlation in population data and the
effectiveness of the suggested solution, by fitting two classic data sets.
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1. INTRODUCTION some assumed error structure onto the model (see e.g.
Berny 1989; Glasbey 1979). However doing so adds
complexity to the analysis, and choosing a suitable
model for the error structure is no trivial task. This
paper proposes a potentially more efficient solution,
namely taking the first differences of the data in order
to analyze the incremental changes, or rate of change.
If this solution is chosen, the first difference data should
be fitted to a logistic model for the growth rate, which

we call the ‘logistic pdf” model.

The logistic growth curve has a celebrated history,
and is in widespread use today in the plant, animal and
ecological sciences (see e.g. Renshaw 1991; Brown and
Rothery 1993, Thornley and France 2007, Gotelli
2008). Google on the internet has hundreds of
references. The logistic is usually the initial model of
choice for describing S-shaped population growth
curves, i.e. growth curves that plateau off after an initial
exponential increase. However data fitted to this model

often exhibit serial correlation, which complicates the
subsequent statistical inferences (Franses 2002, Lindsey
2004). A common solution to this problem is to append
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Section 2 outlines the standard logistic curve and
presents two examples of fitting the model directly. The
problem of autocorrelation is illustrated. Section 3
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presents the logistic pdf model, including a
parameterization that is stable and also facilitates the
choice of initial estimates for iterative nonlinear curve
fitting. Section 4 illustrates fitting the pdf model to the
first differences of the data from the two previous
examples, and demonstrates the advantages of this
approach. Concluding remarks are given in Section 5.

2. THE STANDARD LOGISTIC GROWTH
MODEL

2.1 Basic Model

The logistic growth curve was first suggested by
Verhulst in 1838, and derived independently by Pearl
and Reed in 1920 (Renshaw 1991). Let y(¢) denote
population size at time 7, and )/(¢) its derivative. The
Verhulst-Pearl model is

0= [1-2
Vo= (1-2) m

with parameters 4 >0 and K > »(0). The simple solution
to (1) may be written as

K
W) = PR 2)

with parameter ¢ related to the initial value y(0) as

K —

c= ln{ yo}. Parameters A, called the ‘intrinsic
Yo

growth rate’ (units: time_l) , and K (same units as y),

called the ‘carrying capacity’, are key descriptors of

population dynamics in ecology. For subsequent

convenience, we rewrite (2) as

K

1+e Ml

W) = 3)

with new parameter ¢ = c¢/A.
max

Equations (2) and (3) with K = 1 have the form of
a cumulative distribution function, or ‘cdf’, of the
logistic probability distribution in statistics. This is
curious, as the previous derivation has nothing to do
with a random variable, but is instead the solution to a
differential equation with no randomness. The fact that
(2) and (3) have the form of a logistic cdf is very
helpful, as many properties of the logistic cdf are well-
known in statistics. Due to this correspondence, we call

the previous logistic growth model in (2) and (3) the
logistic cdf model.

The Verhulst-Pearl model in (1) is often
reparameterized as

V()= (4= 1) - (1) “

where = A/K. In a mechanistic interpretation of model
(4), the intrinsic growth rate A is interpreted as the per
capita birth rate of the population. The corresponding
per capita death rate is Jy, where 0 is a death rate
coefficient. The model is called ‘density dependent’, as
the death rate is a function of current size, y. The
positive root in (4), K = A/9, gives the carrying capacity.

2.2 Two Classic Examples

Pearl fitted the logistic curve in 1927 to some yeast
data given in Carlson (1913, the data are also given in
Renshaw 1991). We illustrate first fitting the model to
this classic data set, using standard nonlinear least
squares (Neter ef al. (1996)), as implemented in SPSS
(2007). Letting C(¢) denote the observed population size
at time 7, we assume regression model

C=yn+e %)
where & denotes an independent random error term with
constant variance. The Carlson data and the resulting
fitted logistic curve are illustrated in Fig 1. The
parameter estimates, with standard errors in
parentheses, are K = 663.0 (1.7) for the carrying
capacity, 4= 0.547 ( 0.006 ) /hr for the intrinsic growth
rate, and 7= 7.81 (0.022) hr. The estimated equation,
which fits the data very well (Fig. 1), is

663.0
14 g 0547(t-78) (6)

C(1) =
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Fig. 1. Yeast data and fitted curve
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The parameter estimate for the death rate coefficient is
5= 0.547/663 = 8.25 x 107 (1.12 x 107), where the
standard error of o'is calculated from the standard errors
of Aand K by the linear approximation:
SEA) A SE(K)
+
K K 2

SE(9) = (Taylor 1997).

As an illustration of a modern example, consider
US population size data for 1790-1990, given by Lipken
and Smith (2009). The data in 10-yr intervals and the
fitted curve are illustrated in Fig. 2.

300 -
250 1
200 1

150 1

100 { ® Observed

US Population Size (millions)

01234567 8 91011121314151617181920
Time (10-year periods)
Fig. 2. US population data and fitted logistic curve

The fitted logistic model is

387.7
14 e 0-227(t-176) )

) =

which describes the data remarkably well over this
200-year period. An ecologist would note that the
estimate, with again the standard error in parentheses,
of carrying capacity is K = 387.7 (30.5) million, and
of the intrinsic growth rate is A =0.227 (0.011)/10 yr.
period.

2.3 A Statistical Caution

An observed population growth curve is a time
series, and due to its cumulative nature, its observations
are likely to be serially correlated. Serial correlation,
also called autocorrelation, violates the assumption of
independent observations in regression model (5). A
consequence of such violation is that the estimated
standard errors of the parameter estimates from standard
nonlinear least squares would be too small, indicating
greater apparent precision than warranted (Neter et al.
1996). Serial correlation is readily assessed by the
Durbin-Watson d statistic. The expected value of d

under the null hypothesis of no serial correlation is
d =2 (Neter et al. 1996).

Serial correlation is indeed evident in the plot of
residuals in Fig. 3 for the US population data. Such
correlation is apparent visually as there are only four
‘runs’ (i.e. changes of sign) for the 21 data points. The
Durbin-Watson test statistic for the US population data
is d = 0.56, well below the lower critical value dL, 0.05
= 1.22, hence there is strong statistical evidence of
positive serial correlation in the residuals. Consequently
the assumed regression model in (5) is not appropriate
for these data.

6

4

2 1 ° ..
0

Residuals

°
2401234567 g 9 10111213141516 97181920
_4_0..‘..0 Time (hr)

Fig. 3. Residual plot for US population data

We do not claim that every (cumulative) growth
curve has significant serial correlation, indeed the yeast
data has no doubt become a celebrated data set in part
because it does not have significant serial correlation
(Its d = 1.96). The lack of serial correlation in this data
set is not surprising due to its carefully controlled lab
conditions. However we do suggest that many
population growth data sets have sizeable error terms,
with naturally occurring perturbations accumulated over
time. For such growth curves with substantial serial
correlation, we propose using the recently developed
logistic pdf growth model outlined below.

3. THE LOGISTIC pdf GROWTH MODEL

3.1 Review of Derivation of New Logistic Growth
Model

We review first the derivation of this different
logistic model. Its mechanistic formulation was first
proposed in mathematical terms by Kindlmann (1985)
to describe aphid populations, and is given as:

V()= (4 - X)) - y(0) ®)
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where

t
O% .f y(s)ds )
0

Y(¢) denotes the time-integrated past population size, or
‘cumulative density’, since the initial time (¢ = 0). In
simple terms, model (8) changes the per capita death
rate from o y(¢) in (4) to O Y(¢). Prajneshu (1998)
derived the first analytical solution to the differential
equation in (8), in the form:

ae_bt

e 10
1+ de P? (10

W) =
where a, b, and d are positive parameters. Matis et al.
(2007) shows that the solution to (8) can also be written

using stable parameters, which simplify fitting the
model to data, as:

—b(t—t
4ymax .e ( max)

1+ 2 tmady?

o) = (11)

The parameters in this model are naturally
interpretable, as parameter y_ denotes the maximum
of y(#) in (11) and ¢, the time of this maximum.
Parameter b is a relative rate defined subsequently. The
biological meaning of the parameters in equation (11)
facilitates the choice of initial parameters in iterative
nonlinear estimation procedures. Ross ef al. (2010)
gives a slightly different parameterization of the model.

Once the observed data are fitted to model (11),
the estimates of Viaxe fmaxe and b may be used to
estimate the parameters of underlying model (8). One

can show that

A

I
S

(12)

where b
d= e"max (13)

and corresponding relationships for parameters & and
¥(0) are given in Matis et al. (2007).

Parameter d is typically very large, hence it follows
from (12) that parameter b is an accurate approximation
for the per capita birth rate A.

Solution (11) could alternatively be written as

W0 =K - p(t) (14)
where p(f) is the logistic probability density function,
or ‘pdf’, defined as

bee” (t~tmex)
-e
p() = o (15)
(A+e bt tmax))z
and K is the constant (Matis ef al. (2009a))
4
K= M (16)

b

The logistic pdf (also called the sech-squared pdf)
is also well-known in statistics. It is symmetric with
heavier tails than a Normal pdf with the same mean and
variance (Johnson and Kotz 1970).

We call new model (11) the logistic pdf model, due
to (14). It seems curious again that mechanistic model
(8) also, which is devoid of any randomness, would
have as its solution a scaled form of a well-known
probability distribution in statistics. We note, however,
that one can formulate a stochastic analog to model (8),
in which the current count y(¢) is a random variable.
As a contrast to ‘deterministic’ model (11), which is the
solution to a single differential equation, Matis et al.
(2005) presents an example of an ‘exact’ solution to a
stochastic analog of (8) based on the solution of a
system of over 180,000 (Kolmogorov) differential
equations.

3.2 Mechanistic Application of the New Logistic
pdf Model

Both Kindlmann, the Czech ecologist who first
formulated (8), and Prajneshu, the Indian
mathematician who obtained solution (10), sought
specifically to describe aphid population growth.
Theoretical reasons why the aphid family satisfies the
mechanistic assumptions in (8) are reviewed in Matis
et al. (2007). This model formulation has also been
verified empirically by fitting model (11) successfully
to a number of aphid species, including the mustard
aphid in Prajneshu (1998), the cotton (aka melon) aphid
in Ross ef al. (2010), and the pecan and the soybean
aphids (in Matis et al. (2006) and (2009), respectively).
These past studies demonstrate the versatility of the
model to describe observed aphid abundance curves,
whether the peak count is high or low, the spread
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narrow or wide, or the time of maximum short or long.
Research is also in progress to use this pdf model to
describe gypsy moth population curves (Matis et al.
(2010)).

4. USE OF THE LOGISTIC pdf MODEL WITH
FIRST DIFFERENCES

4.1 First Differences Procedure

We consider now using the logistic pdf model in
(11) for another purpose, i.e. as a potential solution for
the problem of serial correlation in cumulative data, as
described in Section 2. A simple and well-known
procedure for analyzing time series data in economics
is to transform the data by taking “first differences”
(Neter et al. 1996). For this procedure, one would
obtain the differences between consecutive values of the
independent variable and also the differences between
consecutive values of the dependent variable. Under
certain conditions, most notably under a first-order
autoregressive error assumption, the residuals from a
regression model relating these first difference variables
would no longer be serially correlated (Neter et al.
1996).

We propose an adaptation of this standard
procedure. With C(¢) denoting the cumulative count, let
D(?) denote the difference between consecutive C(¢)
values, ie. D(f) = C(f) — C(¢t — 1). These first differences
of the cumulative counts for equally spaced data are
proportional to the estimated derivatives of the function.
Hence assuming that the cumulative C(¢) counts follow
the logistic cdf model, it follows that the D(7)
incremental changes would follow the logistic pdf
model.

We are not aware of the logistic pdf model being
used previously for this purpose, and we propose this
as a general method for growth curve analysis. It is
plausible to assume a regression model in which the
D(f) incremental changes are independent. Under that
assumption the C(¢) counts could not be independent
as assumed in (5) as each C(?) is the sum of the past
D(?). Clearly, one cannot prove that the residuals of
D(t) are uncorrelated. However one can easily
investigate empirically for any given data set whether
the serial correlation has been substantially reduced
under this transformation. The important point is that
when there is serial correlation in the C(t) counts, the
transformed D(t) data for the new pdf model, which

retains equivalent parameters, are likely to have far less
serial correlation. We investigate this first differences
approach for the two data sets in Section 2.

4.2 Reanalysis of Carlson’s Yeast Data

Consider now fitting logistic pdf model (11) to the
first differences, illustrated in Fig. 4, of the yeast data.
The fitted curve is

x (91.56) x ¢~0-56(-829)
(11 g 056(t-829))2 a7

piy= &

which fits the data well, as apparent in Fig. 4.
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Fig. 4. Yeast data differences and fitted curve

The parameter estimates for model (11) are
Vmax = 21.56 (2.69), ¢ = 8.29 (0.092) hr and b =
0.559 (0.020) / hr. The estimate of y_ = 91.56, using
(16), corresponds to K = 654 (42.7). These point
estimates are close to the estimates of K = 663.0 (1.7),
loax = 1-81(0.022) hr, and b = 0.547 (0.006) /hr from
model (6). Note, however, that the standard errors for
the estimates from model (11) are at least three times
larger than those from model (3). This might be
expected, in part as a perturbation from the expected
amount of yeast produced in a given hour stands out
more clearly when expressed directly as in Fig. 4 than
when accumulated with all past hourly amounts of yeast
as in Fig. 1.

The residuals in Fig. 5 show no apparent pattern
of serial correlation (as Durbin-Watson d = 1.47, above
the critical value dU, 0.05 = 1:39). This conclusion is
expected, because as noted previously the residuals
from the cumulative data in Section 2.2 do not indicate
any serial correlation either (with d = 1.96). The
residual at 7 = 13 hr is the largest in magnitude for the
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logistic pdf. If it were possible, it would be instructive
to examine the circumstances of this original yeast
experiment to determine whether anything unusual
occurred at around hour 13.
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2 57 3
3 ] e® o °
§ 0-_!. PO )
1234567891011 D13615161718
_5 L Time (hr)
i [ ]
_10-

Fig. 5. Residual plot for yeast data differences

4.3 Reanalysis of US Population Data, 1790-1990

Consider now the US population data in Section
2. The first differences and the fitted model are
illustrated in Fig. 6. One feature that stands out
immediately in this figure is the lack-of-fit for periods
15 and 17 in the graph. These periods correspond to
the US depression years 1930-1940 and to the post-war
boom years of 1950-1960, respectively. The lack-of-fit
for these two periods is even more dramatic in the
subsequent residual plot. On the other hand, these two
effects are barely noticeable in the cumulative plot in
Fig. 2. This illustrates an advantage of the analysis
based on first differences, namely better diagnostics for
model lack-of-fit.

The fitted curve in Fig. 6 is

_ (4)x(23.89) x g 018Ut-2067) s
1+e© 181(t—20. 67)) (18)

D(1)

which fits adequately. It appears, however, that the first
differences are just approaching the peak in Fig. 6, and
have not yet started to decrease. Thus though the C()
counts seem to fit the logistic cdf model adequately in
Fig. 2, it is apparent from the D(¢) incremental counts
in Fig. 6 that the model should be regarded with caution
until it is validated by a decreasing trend in future
observations, as an extrapolation of the model would
predict.

The parameter estimates are y, = 23.89 (3.03)
million, lnax = 20.67 (2.95) periods, and b = 0.181
(0.038)/period. y . corresponds, using (16), to K =

357
301 o

25 o
20-
15
101

— Fitted Model
® Increase

Increase in Size (millions)

e0°
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Time (10-year periods)

Fig. 6. US population differences with fitted curve

528.2 (177.8). These estimates differ considerably from
the estimates of K = 387.7 (30.5), 7 = 17.57 (0.72)
and b = 0.227 (0.011) for the cumulative data fitted to
(3). These differences indicate there is still considerable
instability in model definition due to the lack of crucial
data to estimate accurately the size and time of the peak
in model (11).

10 -
81 °
8_
8_
$ ol oo e’ .
3 ° ° © *
Z 2{22%2%678910111281415%171819 ®
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_8-
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Fig. 7. Residual plot of US population differences

Fig. 7 shows the plot of residuals. There is no
obvious pattern to these residuals, as opposed to the
striking serial correlation apparent in Fig. 3 for the
cumulative data. The Durbin-Watson test statistic is
d=1.77 (with critical value d, = 1.41). Therefore
the hypothesis of mdependent observatlons is not
rejected, as it was for the cumulative data, which
indicates clearly that the objective of reducing serial
correlation has been achieved. Hence a regression
model which assumes independent errors for the first
differences is appropriate for analyzing these data.

The standard errors of the estimates from (18) are
again at least three times than those from (6). In this
case, the ones based on first differences are obviously
more appropriate statistically due to their little or no
serial correlation.
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5. DISCUSSION AND CONCLUSIONS

This paper considers the common case where the
C(f) observations are equally spaced over time. In cases
where that is not so, one could use a slight variation in
which the dependent variable is the rate of change, say
R(f) = D(t)/At. Model (11) is the direct derivative of
the cdf model, hence the R(7) could be fitted directly
to (11).

If experimenters were aware of both the cdf and
pdf model approaches, they might prefer the cdf model
approach because its graphs obviously tend to be
smoother. However, the error estimates for the
parameters, as shown in the two examples, may be
based on incorrect error assumptions, which would
invalidate statistical inferences on those parameter
values. We thus make a case for using the pdf model
as an alternative to the cdf model.

1. When there is an indication of serial correlation
in the residuals from the cdf model, the residuals
from the pdf model may have far less serial
correlation. Statistical tests should be used to
verify this assertion, and if it is correct, a data
analysis based on the pdf model should be
considered.

2. With little or no serial correlation in the residuals,
the estimated standard errors of the parameter
estimates from the pdf model are larger, and
arguably more credible than those in the cdf
model.

3. Model “lack-of-fit” is more apparent in the pdf
than in the cdf model, making the former a better
diagnostic tool for finding outlying or unusual
observations which may have heuristic value and
also suggest areas for future model refinements.
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