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SUMMARY

In sample survey based longitudinal set up, first, a suitable sample of individuals are chosen from a finite or survey
population by using an appropriate sampling technique such as two stage cluster sampling. Secondly, a response of interest
along with a set of multi-dimensional covariates are collected from each individual of the sample, over a small period of time.
These repeated responses exhibit longitudinal correlations. Also, on top of the influence of time dependent covariates, the
responses of the individual may further be influenced by an individual random effect. Since, the so-called generalized quasi-
likelihood (GQL) approach has been shown to be an efficient estimation approach for both regression effects and random
effects variance involved in an infinite population based longitudinal mixed model (Sutradhar et al. 2008), for example), in
this paper we demonstrate how to develop the sample survey based GQL estimating equations for the estimation of the desired
finite population parameters both in linear dynamic and binary dynamic mixed models set up. We also illustrate the sampling
design weights based GQL estimation methodology by re-analyzing the SLID (Survey of Labor and Income Dynamic) data
from Statistics Canada.

Keywords: Consistency, Dynamic dependence parameters, Efficiency, Random effects, Regression effects, Sampling design
weights, Variance components.

1. INTRODUCTION the effects of certain covariates such as gender, age,
education level and marital status on the employment
status of an individual collected over a small period of
time. In this second problem, employment status is a
binary variable, which may be assumed to have a

logistic relationship to the covaraites, and the

Panel data analysis is an important research
problem in socio-economic and biomedical fields,
among others. In this set up, it is common to collect a
small number of repeated continuous or discrete such

as binary responses along with multi-dimensional
covariates from a group of selected individuals. For
example, in a provincial clinical trial study, it may be
of interest to know the effects of certain covariates such
as gender, age, smoking status and food habits on the
blood pressures of an individual collected over a period
of a few weeks. In this example, blood pressure is
assumed to have a linear relationship with the
covariates, which may also be affected by individual
random effects. Similarly, in a provincial economics
study, a state government may be interested to know
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employment status may also be affected by individual
random effects. Note that since the state has a huge
number of individuals to consider for each of the above
two problems, it would be appropriate to choose a small
number of individual in an efficient way, and then
collect necessary information from the selected
individuals over a period of time. The scientific
question is to analyze the longitudinal data from the
selected individuals in order to ascertain the effects of
the covariates on the responses by taking the variation
of the random individual effects into account.
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Now suppose that there are N individuals in a
survey population and y,, denotes the continuous or
discrete response collected from the i-th (i = 1, ..., N)
at time point 7 over a duration =1, ..., 7. Let x;, = 0y,

. xl.tp)' denote the p—dimensional time dependent
covariate vector corresponding to y,.. Next, we assume
that the responses y,, and the corresponding covariate

vector x,, in the survey population follow a super

t
population model (M) to explain the effect of x; ony,.
For definitions of the survey population and super-
population one may refer to Godambe and Thompson

(1986), for example.

For continuous data, we consider a linear dynamic
mixed (LDM) super population model given by

Y= XB Tyt g

V= KB+ 00 =X B Tz g,
for =2, .., T (1.1)

[see Amemiya (1985, Section 6.6.3), Hsiao (2003),
Arellano and Bond (1991), Imbens (2002), Chamberlain
(1992), and Bun and Carree (2005)] where j/i* is an
unobservable random effect of the i individual, g, is
error component of the linear model, and z; is a known
additional covariate for the i individual on top of the
fixed covariates x,. In (1.1), S is the p X 1 vector of
fixed effects of Xx;, on y,, and @ is a scalar dynamic
dependence effect of Vi1 0ny, fort=2, ..., T. Here
both S and @ are referred to as the super population
parameter. Further we assume that

g,1d0, %) and v, 19(0, 67)  (1.2)
where 0'.92 is the error variance and O'f is the random
effects variance. Similar to £ and 6, these variances,

2
namely, o

and O'f are also super population
parameters. Also, we assume that &, and y, are
independent. Now it follows from (1.1)-(1.2) that the
super population model (M) based first order moment

is given by

E\JY,1= X8 =, (say) (13)

which is a function of the super population parameter
S only, whereas the model based second order moments
given by

2
t-1 t-1
vary Y, 1= 0, Zio'y{zej} +0'€29 :
j=0

j=0
fort=1,.., T (1.4)
and
t-1 u-1
covy Y, Yyl = G, = 7oy %0 3.6

u-1 .
+02Y 0 foru<t (15)
j=0

are functions of the super population parameter 6, 0'5 ,
2
and o .

For longitudinal binary data, Sutradhar et al.
(2008) have considered a non-linear binary dynamic
logistic mixed (NLDLM) super population model given
by

exp(xy 8 +0,7,)
1+ exp(X, 8 + o, )
exXp(§ B+ 0Y; _1+0,%)
1+exp(X, B + 0Y; 1+ ayyi)

fort=1

Pr(y, = 1]y) =

fort=2,..., T

where ¥, iid (0, 1). This model produces marginal means
those maintain a recursive relation among them. By the
same token, the variances also maintain a recursive
relation. As far as the correlations are concerned, this
model produces longitudinal correlations ranging from
—1 to +1.

In some situations, it may be, however, more
appropriate to assume that the marginal mean at a given
point of time depends only on the covariates at that
time, and thus it does not have any relationship with
means from the past. One may use a conditionally linear
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dynamic probability model to represent such a situation.
This conditional linear model may be written as

POy =117y, p oY) = () F

2 |tj(7i)

W= M ) (16)
(see Qaqish (2003) for a similar but fixed effects model)

where

. eplg Bro,r) L
M (%) = L+ e (4 B+ 7,) (1.7)

yielding o, (7) = s, (7) [1 - £, (7)]. One may then

compute the first order unconditional moment by using
= E Y, = EE Y, 7]

= E,; [ (5)]

W
=W Xt () (1.8)
w=1
[Jiang (1998), Sutradhar (2004)] where y, = is the wih

(w =1, ..., W) realized value of v; generated from the
standard normal distribution. Here W is a sufficiently
large number, such as W = 5000. Consequently, the
model based variance of y,, is computed as

lll = VarM[
= Ml = ]

W FRLAg
= 3 () BWTY w031 (19)

w=1 w=1

Next following (1.6), one may relate y,, and y, as

EV, 75 Vi) oo Vi) = Moy () F 2 g (%)

(yi,t—j -

and compute the model based conditional covariance
by using

Koy ) (1110)

Ot (7) = 0V (¥, V)17

= E\J(Y,,~ #, (7T, — thy (7))

_ i * u-
‘[szl‘9i,t—j+1,1(7’i)+ IT; 1‘9|t i+12 ()

. H:ﬁ 10|*t j+1t— u(yl)] |uu(}/i)
(1.11)

with O'IUU(}/I.) = ,ui*u [1 - ,ui*u ], Note that at a given

point of time ¢
O t1-1( )}

may be computed from a pre-specified correlation
structure by using the formula

0, (7) = [Hf,tl(yi),....

6,1 = {conty, )} [Coviy, .yl ]

(1.12)

*
j— 4
where Yito1 = Wi - yl.’t_l)

Cov(y;,_p) = (A2 Clo AH? (1.13)

with C(p) = (¢
structure, and

1jt) as the pre-specified correlation

A = diag[ai*,ll’ aﬁ*,t—Lt—lJ

where a = 01(7) = i~ 45 (7))

Furthermore,

Cov (¥, 1Y) = (\/ai*,ttai*,ll G,
\ & @ 11,018 11t ),

As far as the range for the correlation index
parameter p is concerned, this can be computed by
using the fact that the conditional probability in (1.6)
has to be bounded between 0 and 1, that is 0 < Pr[yl. =
1|}/i, Vigq yl.l] <l1,foralli=1, .., K

(1.14)

Note that when it is of interest to compute the
regression effects f only, one may compute the
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conditional covariance cov[(Y, . ¥, ) |71 in (1.11) by
using an equivalent formula

coV[(¥y, V)17 = A yyllvar (G, 17) var (¥ [7)]

= P[0 (1) T ()]

(1.15)
where Pii—u is the (u, t)th element of the C(p) matrix
and O-i*tt’ for example, is the conditional variance given

by O'i*tt = ,ui*t [1- l“i*t ]. It then follows that the model

based unconditional covariance cov, [V, . ¥, ] may be
computed by using the formula

O-iut - COVM[Yiu’ Ytt]
=0 s | [0 () 0 )

+ cov,, [E{Yl.u | %}, E{Yi, | 7,~}]

=P % [\/[O-i*uu () O () J
w=1

w
WS L i) ey ()] — 1,0, (1.16)

w=1

with x4, as in (1.8), leading to the model based
uncorrected second order product moments as
ﬂ’iut - E]M[Ylqut - O-iul + 'uiu'uit (1.17)
Note that the aforementioned model based first and
second order moments, namely the formulas for i, and
o, given, respectively, in (1.3) and (1.4)-(1.5) under
the linear dynamic mixed model, and in (1.8) and
(1.16)-(1.17), respectively, under the dynamic binary
mixed model, will be exploited in Section 2 to develop
the survey population (finite) based generalized quasi-
likelihood (GQL) estimating equations for 4. Similarly,
by exploiting the model based third and fourth order
moments, the survey population based GQL estimating

equations for 6, 0'5, and 0'82 under the linear dynamic

mixed model, and for o2 under the dynamic binary
mixed model, are developed in Section 2. The
longitudinal correlation parameters such as p under the
binary dynamic mixed model will be computed by using
the well known method of moments (MM) which
always produces consistent estimates.

Further note that since N, the total number of
individuals in the finite or survey population, is quite
large, it is practical to assume that the responses from
all N individuals in the finite population are not
available. Consequently, one can not use the survey
population based GQL estimating equations to be
developed in Section 2 to estimate the finite population
parameters. As a remedy, it is natural to consider an
appropriate sample s* of size n individuals from N
individuals of the finite population. As far as the
sampling technique is concerned, we will use a two-
stage clustered sampling, for example. The construction
of the sampling design weights (SDW) (Binder 1983,
Pfeffermann 1993) based GQL estimating equations is
shown in Section 3, for the estimation of the survey
population parameters defined through the survey
population based GQL estimating equations from
Section 2. Both continuous and binary cases are
considered in developing such SDW based weighted
GQL (WGQL) estimating equations. The WGQL
approach is illustrated by re-analyzing the well known
SLID (survey of labor and income dynamics) data from
Statistics Canada. This data set contains longitudinal
binary responses on employment/unemployment along
with certain suitable covariates collected from 15,731
individuals selected by using a two-stage complex
sampling design. The effects of ignoring the SDW in
estimating the survey population parameters is also
examined. Note that Sutradhar and Kovacevic (2000)
have earlier analyzed the SLID data for two years 1993-
1994, but, by using an ordinal longitudinal model,
whereas in this paper we use repeated binary responses
for six years from 1993 to 1998.

2. FINITE POPULATION BASED GQL
ESTIMATING EQUATIONS

2.1 Finite Population Based Estimation of S

Recall that the super population means (4;,),
variances (0;,) and covariances (o;, ) of the repeated
IESPONSES Y, , ..., Vyps ---n V;p are given by (1.3) and (1.4)-
(1.5), respectively, under the linear mixed model (1.1),
and by (1.8) and (1.16), respectively, under the non-
linear binary mixed model (1.6). Let y, = (¥;}5 --.,
Vip e yl.T)’ be the vector of T responses for the ith
individual, so that,

H = EfY) = (s o fyp woos Myp )’ and
I =cov,(Y)=(0,) @1
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Now if the responses along with covariate
information were available from all N individuals of the
survey population, then following Sutradhar (2004), one
could obtain the finite population (survey population)
based consistent and efficient estimates for the super
population parameter £ by solving the survey
population (finite) based GQL estimating equation
given by

u (ﬁ)
2

i=1

>0, - 1By

N
= Y.0,(B16.67,62) = G(Blo.07,07) =0
i=1

(2.2)
in the linear dynamic mixed model case, and by solving
the survey population (finite) based GQL estimating
equation given by

aﬂ, (B)
Dy

i=1

DI,

N
= ¥ g,(810.6%) = G (16,62 =0 (23)
4 14
i=1

in the binary dynamic mixed model case.

Let ﬂN denote this finite population based GQL
estimate of /3. Note that this estimate /3, is also referred
to as the survey population parameter.

2.2 Finite Population Based Estimation of

E= (0,0'5, 0'62) for Linear Dynamic Mixed

Model
Note that & is a dynamic dependence parameter

and 0'5 is the variance of the random effects. In a non-
linear dynamic mixed model set up for binary data,
Sutradhar et al. (2008) used the raw second order
response based GQL approach for the estimation of this
type of dynamic dependence and variance component
parameters. To develop similar GQL approach in the
linear mixed model set up, it is convenient to use the
corrected second order responses and construct a vector
of basic statistic given by

_ 2
$; = L0y =407 s O —
s Oy = i)y = Hig)s s

Hir v, O =41 O = ),
01— M 7 ) W= D)
(2.4)

The super population model based expectation of s, may
then be written as

0; = Eyf8)) = (Opyps s Oy wvos Oppps Opps oo

Top > T rp) (25)
where 0, and o, , are given by (1.4)-(1.5), and they
are function of €, 0'5 , and 0'62 parameters. Let the super
population model based covariance matrix of s, be
denoted by Q , that is, Q= cov, (s,). Now if the
responses and covariates for the computation of s, were
available from all N individuals of the survey
population, then following Sutradhar ez al. (2008), one
could obtain the finite population (survey population)
based consistent and efficient estimates for the super

. _ 2 2 .
population parameter &= (6, o o_) by solving the
survey population (finite) based GQL estimating
equation given

N

d0°
>y Y. sz'l< - 0)= zg.z(e i)

i=1
= G, (0, aﬁ,ajw) =0 (26

which is however not possible to compute under the
present linear dynamic mixed model (1.1). This is

because, the distributions of the random effects J/i* and

of €, under (1.1) are not known and hence the one can
not compute the fourth order moments based 2 ; matrix.
However, since the consistent estimation of & is not
affected by the choice of the weight matrix Q » We, for
convenience, use normality (N*) based weight matrix
Q i that is computed by pretending that the responses
follow the multivariate normal distribution. To reflect
this normal approximation, one may re-write the GQL

estimating equations in (2.6) as

N 9o N
>3 5‘ Q5 9) = R 6.07.0210)
1=

i=1
= G, (6, af,aezw) =0
Q@.7)

where Q ., may be computed by using the normality
based third and fourth order moments given by
following two lemmas.
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Lemma 2.1 Let 33y, = By [0, ~ ) (0~ 1y
(Ifi[ - ’ul't)]’ yleldlng

*

o

iult

0 (2.8)

Lemma 2.2 Let ¢ . = EM|N* (Y, — )Y, -
u )Y, — p Y, — p2)]. Tt then follows that

+ o, O

* O iut " ilm

ium " ilt

¢|ulrrt - O-iu/o-imt 29

where o, . for example, is available from (1.5).

Let &y = (6, O'f’N,O'EZ,N )" be the finite

population based estimate of the super population

parameter &= (6, 0'5, 0'62 )’, obtained from (2.7).

2.3 Finite Population Based Estimation of
o= (0'}%, Pys - -+ Pry) for Binary Dynamic
Mixed Model

2.3.1 GQL estimation of O'f

To construct the GQL estimating equations for O'f
for the binary data in the infinite population set up,
Sutradhar et al. (2008) used a raw second order
response vector

’

u, = (U, U, (2.10)

where

_ 2 2 v .
Uy =Yg - ¥ip ) 1 T 1
Up = WiV oo YiVip o VoY) + (T=DT2 %1
Note that since yi% = y,, for the binary data, one may
write

— — /7
YiZ Uy = W oo Vi o Vi)

and hence u; in (2.10) can be re-expressed as

u= (Y. §) @11)
with ;= Uy, for convenience of notation. Let
0= Ey(U) = [ECY), B(S)Y (2.12)

be the super population model based expectation of the
vector u;, which is computed as

n=u, AT (2.13)
where

;= Wy o fhip s iy )

A= g oo Ay o0 ki»T—laT],
with g, = E[Y,] and A.

iut

and (1.17), respectively.

= E[Y,

i) as given in (1.8)

Further, let I, be the super population model based
covariance matrix of u,. For convenience, we express
this matrix as

i %A B cov, (Y)
A ) vy (S
(2.14)

where 2, = (o;, ) with o, and 0, (u < 1) as given by
(1.9) and (1.16), respectively. Note that unlike the
computation for Zl., one can not compute the third and
fourth order moments under the dynamic binary mixed
model (1.6). One may however obtain an approximation
to these moments by pretending that the binary response
vector y; = [V;ps s yl.T]’ follows the T-dimensional
normal distribution but with true binary mean vector
M; = [y s M;7]” defined by (1.8), and true binary
covariance matrix 2 defined by (1.9) and (1.16). We
refer to Prentice and Zhao (1991), among others, for
such an approximation. Let this normal (N¥)
approximation yields Ai,N* and @, ., for A; and @,
respectively.

covyy (¥, §)
covy, (S)

’N*a

Now, the elements of Ai,N* matrix may be
computed by using the general formula

5iu1t,N* =covy[Y, YY; ]
= E LY, YY) - i, Ay

i il it

(2.15)

where, following the Lemma 2.1, the third order raw
moments are computed as

EVAY, YY) = Ay, + N gy Ay, = 248, 1 00,)

=5 (2.16)

iult, N*
where 2, is computed by (1.8), and Zl.u ,» for example,
is computed by (1.17).

Similarly, by using the Lemma 2.2, a general
element of the @, ,, matrix may be computed as

¢iu/mt,N”‘ - COVM[YiuYi/’ thth]
=E Y, Y,Y, Y.]- 2

iu”il” im

A, 2.17)

iul”"imt
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where, by Lemma 2.2, the fourth order unconditional
uncorrected moments have the formula (see also
Jowaheer and Sutradhar (2002)) given by

E Y Y)Y Y.]=

i’ il im” it * Cum©;

ium " ilt

+ O, O,

lul imt iut " ilm

+5|ulm N*'uit 5|u|t N*/uim

+ é‘lumt N*

- lul’u imtie — it

Ciukittim = CitmHinis

O-ilt‘uiu‘uim - O-imt'uiu‘uil
T3 My

My T 5|mt N+ Hiy

lum’u ll‘u it

(2.18)

where &

fult, N* * for example, is computed by (2.16).

Now if the responses along with covariate
information were available from all N individuals of the
survey population, then following Sutradhar (2004), one
could obtain the finite population (survey population)
based consistent estimate for the super population

parameter 0'5 by solving the survey population (finite)
based GQL estimating equation given by

él:lgi*Z,N* (O-ﬂﬁ'pl'""pT—l)

oo
,gl 80‘5

x L

iN* (”i ~ 7 (O-ﬂﬂ’pl""’ pT—l))

- 2N*( "3 Py Pr 1) 0 @19
where, for known £ and pd=1,..,T-1),

2
OB, Py - Ppy) =
from (2.12)-(2.13). Let aﬁ y be the finite population

E, [U] may be computed
based estimate of the super population parameter 0'5,

obtained from (2.19).

2.3.2  Finite population based moment estimation of

pd=1..,T-1)

Define z;, = [yit—,uit]/ |0 » Where 4, and o,
are computed by (1.8) and (1.9), respectively. Since by

(1.16), the model based covariance 0, =E, [(Y, — ;)
(Y, — u,)] is given by

=P w! Z[\/[ Oiu (iw)©@ i*tt (%w)ﬂ

w
et Xy () ()| — 10, 2.20)

w=1

one may then obtain the finite population based moment
estimate of p, as

NTZ. 12t 1%t%t+|
NU—')Z 1Zt =14 t
[W_l 2\;\/\/:1{'“; V)t 1 (i)} =~ Mty }
A N(T =1) (014 1411+
5 \/Utta,t I t+]

vt WISY o o il
2i21 t=1 N(T |)

le t1

itt | t+1,t+l

@2.21)

3. SAMPLING DESIGN BASED WEIGHTED
GQL ESTIMATING EQUATIONS

3.1 WGQL Estimation of S

It is recognized that in the finite population set up,
one does not observe values for all NV individuals.
Consequently, one can not construct the estimating
equation (2.2) to estimate the survey (finite) population
parameter BN. Since in practice, one observes a sample
s* chosen from N individuals based on a suitable
complex survey, such as two stage clustered design (D).
One then construct this sample based weighted
estimating equation to estimate the survey population
parameter /3, . As far as the weights are concerned, @, .
will denote the sampling design weights for the ith unit
to be selected in the sample s*.

We remark here that even if the underlying model
is incorrect, this type of weighted estimating equations
still produce consistent estimation of the survey
population parameters (Pfeffermann 1993).
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Now, to obtain a consistent estimate for the survey
population parameter S, under the linear dynamic
mixed model, we follow (2.2) and first write the survey
estimating function

> s*gll( 0, 05' 062)

ies
such that

ED{%Wis*gil('Bw' O'f- O'ez)}

N 2 2
= Zgil(/ﬂe, 02,07 ) G.1)
i=1

where E,(-) denote the sampling design based
expectation. Consequently, one may obtain consistent
estimate for f, by solving the estimating equation

(,3|9 0,,0, ) 2 s*gll('[ﬂe Ty O ) 0

(3.2

Note that the quantity g; (3] 6, 0' . OF 2)in (3.2)
is the same GQL function for the i 1nd1V1dua1 as shown
in (2.2). Consequently, the equation in (3.2) is referred
to as the weighted (GQL) (WGQL) estimating equation.

As far as the sampling design based estimation for
By under the binary dynamic mixed model is
concerned, we simply replace the GQL function g, (")
in (3.2) with gi*l(-) from (2.3). Thus, under the binary
dynamic mixed model, one writes the WGQL
estimating equation given by

GAI (,8|p1,....,pT_1,0'§)

:.%V%§g:1(ﬂ|pl, Sy af) =0 (33)
le

Let gNGQL denote the solution of (3.2) or (3.3).
Thus, ﬂWGQL estimates f,, the finite population
parameter involved in the linear dynamic mixed model,

when it is obtained by solving (3.2). Similarly, ﬂA\NGQL

is an estimate of f,, the finite population parameter
involved in the binary dynamic mixed model, when it
is obtained by solving (3.3).

Note that BWGQL, the solution of (3.2) or (3.3),
is obtained iteratively by using

féwGQL (m+1)= fé\NGQL (m)
+ [2 e

ies*

aﬂ, (B)

2—13/4, (ﬂ)}

m

3 (B) -
x {z*wis* ’“‘a';ﬁ L3y (,6))}

(3.4)
where []

bracket is evaluated at f= %QL m %QL m being

the value of %QL at the m™ iteration. Furthermore,

represents that the quantity in the square

the covariance matrix of BWGQL may be estimated as

s W (B) w10 (B
COV(%QL)sz* B o }

X cov{z - 'L;;ﬁ)zi_l(yi—ﬂi(ﬁ)]
ies*

) _10
X{E - A;;ﬁ)z 1 ﬂ(ﬁ)] (3.5)
ies

3.2 WGQL Estimation of & = (6, aﬁ,aﬁ)' for
Linear Dynamic Mixed Model

To obtain the sampling design based estimates for
the finite population scale parameters in &_?N, we first
write the survey estimating function

2
2 Wis’* gi2,N* (9’ O-]/’o.e
ies*

such that
ED{ 2 W Gip e (9' 05'062"3)}

ies*

= ZgiZ,N* (6’, O'f, o-e2 ‘,8) (3.6)

i=1
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where

N

00
320k -0
) tzl o N

N 2
Z gi2, N* (6’ O-y ! O-e
t=1

_ 2 2
=Gy v (6, o, 0; ‘,B)

by (2.7). Thus, we obtain the sampling design based
WGQL estimator of &, by solving the WGQL
estimating equation

éZ,N*(H,Uf.UEZ‘ﬂ) 2 s*guzN*(e’aﬁ'aez"B)

|N* (S 0-1)

2 'S*af

ies

=0 (3.7)

Let é\NGQL denote the solution of (3.7) that estimates
the finite population parameter &,

3.3 WGQL Estimation of o= (af, p) for Binary
Dynamic Mixed Model

3.3.1 WGQL estimation of 0'5
Similarly to Section 3.2, one may obtain the
sampling design based WGQL estimate of the finite

population parameter O'f’ n under the binary dynamic

mixed model, by solving the WGQL estimating
equation

GZN*( "B Ppoe Py 1)

= Y Welp, N*( ﬂﬂ'pl'""pT—l)

ies*

_ ZW ani’(af‘ﬁ,pl,...,pT_l)

_ 2

X

L N+ (ui — (05 ‘ﬂ’ Py e pT—l)) =0
(3.8)

where

L%* 902 N*( ﬂﬂ Py pT—l)}

N
~ Yo (PBormnry) GO
i=1

N 877( ‘ﬁ,pl...,pT 1)
B ,gl 80‘5

1 2
X FI N* (ui —77i (O-}, ‘ﬂy /01, sy pT—l))

denote the solution of (3.8) that
, defined

by (2.19). Let 62  WeoL

: 2
estimates the finite population parameter O, N
by (2.19).

3.3.2 Sampling Design Based Estimation of p,

Note that the finite population based estimate of
p; is given by (2.21). This formula is however not
applicable as the information from the finite population
is not available. To estimate this by using the sample
information, we may modify the estimate in (2.21) by
using sample observations along with their sampling
design weights. This sampling design based moment
estimate is given

T2|es* tl Wist 4t 4 41 3
|)2|es*2t Wi Zn

[W712w=1{”a (7iw)'ui* t+l (Viw)}_”it”i,m ]
ﬁ _ (T-0 Oitt |t+|t+|
| WS ot )i i) |
(T_I)\/O-itto-i,t+l,t+l
(3.10)

4. ANALYSIS OF A LONGITUDINAL BINARY
SURVEY DATA: ANUMERICAL
ILLUSTRATION

4.1 Statistics Canada SLID Data

ies t1 |s*

2 T—IW
jest Lat=1 "Is*

Survey of Labour and Income Dynamics (SLID)
is a longitudinal household survey conducted by
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Statistics Canada from 1993 to 1998, designed to
capture changes in the economic well-being of
Canadians over time. The target population of this SLID
data includes labour force residents of the ten Canadian
provinces with the exclusion of the Indian reserves, the
military barracks and residential institutions. Since it
is impractical to collect employment information from
every individuals of this huge target/finite population,
Statistics Canada designed a sample based on a
stratified cluster sampling scheme. Initially the sample
had more than 35,000 individuals. But, as the data were
collected longitudinally over a period of six years, the
design weights were adjusted every year starting from
the second year. We consider the sample s* with 15,731
individuals who provided employment information for
all six years. Their sampling design weights naturally
come from the last year of the study. As far as the
responses are concerned, let y,, = 1 denote that the i
individual is unemployed at time 7.

Note that the sampling weights are usually denoted
by w (i €s*) or equivalently w, ., for simplicity.
However, the notation for these design weights may
further be changed showing the strata and cluster that
the individual belongs to. Let

1. L denote the total number of stratum;

2. n, be the number of clusters in the A
(h=1,..., L) stratum;

3. n,, denote the size of the b (c=1,..,n,) cluster
under the 4™ stratum;

4. w,, ;. represent the design weight for the ith
individual to be included in the sample s* based
on his/her origin in the ™ cluster of the 4™

stratum.

Further note that these complex survey information
(e.g., L; n;; and "hc) from the stratified cluster sample,
will not be reported in the paper, but they will be
available from the author upon request.

Next, with regard to the selection of the covariates,
SLID data contains many socioeconomic covariates but
for convenience, we consider five important covariates.
These covariates are: gender, age, geographic location,
education level, and marital status of the individual.
While gender, age and geographic location were held
as observed in 1993, education level and marital status
are considered to be time dependent covariates. As
some of these five covariates are categorical with more

than two levels, we, for convenience, express these 5
covariates through 12 renamed covariates. Let x,, denote
the vector for these 12 covariates corresponding to y,..
To be specific, the 12 covariates are constructed as
follows.

0 forfemale
X., =
it 11 formae
(0,0) agegroupl6and 24inclusive
(x; X;,3) = 1(1,0) agegroup 25and 54inclusive

(0,1) agegroup55and 65inclusive

Kirg2 Xiss0 Xivgr Xi7)

(0,0,0,0) Atlanticregion
(1,0,0,0) Quebec region
= 4(0,1,0,0) Ontarioregion

(0,0,1,0) Praries

(0,0,0,1) British Columbia-Albertaregion
(0,0) low education

(x> X;,9) = 1(1,0)  medium education

(0,1) high education

and

G100 Xirn1> Xir12)

(0,0,0) married and common law spouse group
(4,0,0) separated and divorce group

B (0,1,0) widow group
(0,0,1) singlegroup

4.2 Longitudinal Model and Inferences

Note that y,, = 1 denote that the ith individual is
unemployed at time . It follows that the repeated binary
TESPONSES Y, «.s Vjpr -oes V;p frOm the " individual are
likely to be correlated. They may also be affected by

the individual random effect yi* ~(O, O'f), but, for

simplicity, we assume that individual effects are the
same for all 15,731 individuals. Consequently, we need
to estimate the effects of the aforementioned 12
covariates on the binary responses {y, } after taking the
correlations of the repeated data into account. For the
purpose, in the absence of random effects, we use
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aWGQL estimating equation for 3, slightly different
from (3.3). This simpler equation has the form

)Y s*gll(ﬂ|p1"- 2 Pr_g) =0 4.1

ies*

where

|1(15|/)1"- v Pr- 1)

Note that in Section 4.1, the sampling design
weights w, . has been rewritten reflecting a stratified
cluster sampling design. Hence we re-write the WGQL
estimating equation (4.1) as

2 Yo, — 1)

2 s*zls* - 2 CIS*Z:ICiS* :Z;c =0 (4.2)

ies*

where
)/ |
ZiS* - ﬁzﬂ (p)(yl_,u,)

for i e s*. Let B\NGQL(F) (WGQL regression estimate
under finite population model for longitudinal data) be
the solution of (4.2) which may be obtained iteratively
by using

BucoLE)™m + D =

%QL(F)(m)

-1
+ 2 hcis* aﬂ aﬂ]
Mhe o —_1
X 2 heis* IBIZ| (p)(yi —,Ui)] (4-3)
m
where p represents all p,(/ =1, ..., T— 1). In the

absence of random effects, by following (3.10), these
lag correlations may now be estimated by

EI 12t —1 Whics %t 4 t+1
-1) Zi =C1this*
T
Zingclzt:lwhcis* Zl% / T Zingclwhcis*

where the weights are used in new notation w, ...

o = (4.4)

As far as the estimation of the standard errors of
the estimates of the components of S is concerned, this
may be done by estimating the covariance matrix of

BncoL (k) 25

-1
r he L o
o (AusoL(r) ) = [Z_llwhcis* L3 o) ]
X cﬁvlzhi heis* 53 2 “(0) (y; ﬂ,)]

-1
[2 is 35 50 ] (45)

where, the middle term in (4.5), i.e.,

cov (ZI 21 Wheist Zhds*) may be computed as

COV| D, Wi Zogise
i=1
L nh * * * * /
5 03 e )|

(4.6)
where Z. = Znh " /n_ is the p x 1 mean vector
h c:1zhc h p :

The regression estimates and their standard errors
obtained from (4.3) and (4.5)-(4.6), under the finite
population model, are reported in the last two columns
(4 and 5) of Table 1. In columns 2 and 3 of the same
table, we have also reported the regression estimates
and their standard errors under the infinite population
set up, that is, by computing the estimates and their
standard errors under the assumption that the 15,731
individuals were selected from an infinite population
based on the simple random sampling design so that
W, Is the same for all individuals. The lag correlations
obtained by (4.4) under the present finite population
model are reported in column 4.
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Table 1. Estimates of regression and their estimated standard errors, as well as estimates of autocorrelations under both
infinite and finite population set up for complete SLID data.

Set up
Infinite population Finite population

Parameters Estimate SE Estimate SE
Male vs Female (x) —-0.638 0.066 —-0.502 0.074
Age group 2 vs 1 (x,) —-1.688 0.057 —-1.285 0.087
Age group 3 vs 1 (x3) -2.489 0.115 —-1.864 0.154
Quebec vs Atlantic (x,) -0.762 0.078 —1.249 0.157
Ontario vs Atlantic (xs) —1.052 0.088 —1.528 0.110
Praries vs Atlantic (x,) —-1.702 0.114 -2.061 0.136
BC & Alberta vs Atlantic (x,) —1.482 0.169 -1.955 0.191
Education medium vs low (x,) —1.681 0.058 —1.589 0.092
Education high vs low (x,) —2.446 0.153 —2.609 0.236
Marital status 2 vs 1 (x;) 0.193 0.096 0.243 0.142
Marital status 3 vs 1 (x,,) —0.688 0.248 —-0.480 0.379
Marital status 4 vs 1 (x,,) —0.566 0.077 —-0.343 0.146

2 0.393 - 0.360 -

Py 0.243 - 0.202 -

Ps 0.155 - 0.123 -

Py 0.129 - 0.089 -

Ps 0.126 - 0.087 -

4.3 Estimates and their Interpretation

The lag 1 correlation is found to be 0.360 which
is not too small and hence can not be ignored in
efficient estimation of S. The other lag correlations
show a decaying pattern as expected.

We now interpret the WGQL estimates of the
components of the £ vector. The negative value —0.502
for the gender effect indicates that the male has lower
probability of an all-year unemployment as compared
to the female. The negative values —1.285 and —1.864
of 4, and /3, indicate that the younger group has higher
probability of an all-year unemployment and the
probability decreases for older age groups. As far as the
effect of geographic location on the all-year
unemployment is concerned, it appears that the Praries
had smallest probability of an all-year unemployment

during 1993 to 1998 followed by BC and Alberta,
Ontario, Quebec and Atlantic provinces. This follows
from the fact that the regression estimates for Quebec,
Ontario, BC and Alberta, and Prairies are found to be
—0.1.249,-1.528, —1.955, and —2.061 respectively. The
larger negative value —2.609 for /3 as compared to /3
= —1.589 indicates that as the education level gets
higher, the probability of an all-year unemployment gets
smaller. Finally, with regard to the marital status, the
positive value 0.243 for ﬂlo means that the separated
and divorced individuals have higher 24 probability of
all-year unemployment as compared to the married and
common law spouse group. Similarly, the widowed had
less probability of an all-year unemployment as
compared to the single but never married individual.

Note that the simple random sampling (SRS)
design based regression estimates reported in
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column 2, are in general different than the stratified
clustered sampling (SCS) based estimates (in column
4) but their patterns are similar. As expected, the SCS
design based estimates have larger standard errors as
compared to the SRS design based estimates, but the
former estimates are known to be less biased than the
SRS design based estimates.
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