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SUMMARY

In this work we have derived the best linear unbiased estimator (BLUE) of the location parameter
(M ) and scale parameter (& ) of Pearson Type I family of distributions, when the shape parameters p and
q are known. The values of coefficients of order statistics in the BLUE’s of X and & for p > q have
been explicitly derived in terms of coefficients of order statistics involved in the BLUE’s of M and o for
P <q . The coefficients of order statistics in the BLUEs of 1 and o, their variances and covariance for
n=5(5)10, p=2(0.5)4, q=2(0.5)4 for p < q are also evaluated. An application of the results of this paper
is illustrated to a data in which lengths of fishes, is measured in centimeters (c.m.), on a catch of a trawler.

Key words : Pearson type-1 family of distributions, Beta distribution, Order statistics, Location
and scale family of distributions, Estimation by order statistics.

1. INTRODUCTION

The family of distributions with probability density
function (pdf) of the form

f(x; p, ¢, b, @)

= éB(pl, q)(x;ujp_l {1_()(;“)}(1—1

0 otherwise

for p<x<p+o (N

where —0o<pu<w,6>0,p>0,q>0 and B(p, q) is
the usual complete beta function is called the Pearson
Type I family of distributions (Johnson et al. 1995, p.
210). A distribution defined by the pdf (1) is also called
as Generalized beta distribution. For convenience, we
may write GBD (p, q, p, o) todenote the distribution
defined in (1). If we put ¢ = 1 in (1), the obtained
distribution is called a Power function distribution. If X
has a distribution defined by (1), then Y =(X-pn)/c
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follows the well-known standard beta distribution with
pdf given by 1 1
PPla-y)1” 0<y<l
g(y:p. 9={B(. 9’ it d 2
0 otherwise
For convenience, we may write BD(p,q) to denote
the distribution defined in (2). Extensive applications of
beta distribution are seen in the available literature. For
example, beta distribution has been used in modelling
distributions of (i) porosity/void ratio of soil (Harrop-
Williams 1989), (ii) conductance of catfish retinal zones
(Haynes and Yan 1990), (iii) variables affecting
reproductivity of cows (McNally 1990), (iv) size of
progeny in Escherchia Coli (Koppes and Grover 1992)
and (v) transmission of HIV virus during a sexual contact
between an infected and a susceptible individual (Wiley
et al. 1989).

Though the problem of estimating the parameters
in (1) is discussed extensively in Johnson e al. (1995),
one may not get explicit solution for maximum likelihood
estimators from likelihood equation of GBD(p, q, i, ©)
(AbouRizk ef ul. 1991 and Carnahan 1989). Moreover
the procedure involved in obtaining estimators by method
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of moments is cumbersome (Elderton and Johnson 1969).
In most real life situations only small samples could be
realisable from a population and in such situations one
cannot say much on reliability of estimators obtained by
the method of moments or maximum likelihood procedure.
These estimators are not even unbiased. In the available
literature not any good finite sample estimators are seen
derived and their properties analyzed for the parameters
involved in (1). Hence, there is necessity to derive
reasonably good finite sample estimators of the
parameters involved in (1).

If p and q are known, it is clear that (1) is a member
in the family of distributions, which depends only on a
location parameter W and scale parameter ©. Lloyd’s
(1952) method. of estimating location and scale
parameters of a distribution by order statistics is an
extensively used method of estimation. For a survey of
literature on the application of this method to various
distributions, see David and Nagaraja (2003) and
Balakrishnan and Cohen (1991).

In applying Lloyd’s method of estimating the location
and scale parameters of a distribution, one requires the
expression for the first two single and product moments
of order statistics arising from the standard form of the
given distribution. In the available literature not any other
work is seen done on the order statistics arising from the
standard beta distribution BD(p, q) except the results of
Thomas and Samuel (2006) regarding some recurrence
relations on the single and product moments of the order
statistics arising from BD(p, q).

Since Lloyd’s (1952) method of estimation of L and
o involved in (1) has not been seen derived in the
available literature, in this work we use this method to
obtain the small sample estimators of 1 and & involved
in (1) for some known values of p and q. Cadima et.al
(2005) have reported a data on length in centimeter
(c.m.) of fishes obtained in a catch of a trawler. We
have noticed that Pearson Type-1 distribution is a
reasonable fit to the data and we have illustrated the
methods derived in this paper to estimate 1 and o of
(1) based on small sample data on lengths of fishes.

2. ESTIMATION OF LOCATION AND
SCALE PARAMETERS OF A
GBD(p, q, 4, o) DISTRIBUTION

Let X be a random variable with pdf (1). Let
Xin>Xoms-s Xpn De the order statistics of a random

sample of size n drawn from (1). Define Y =(X -p)/c,
then the pdf of Y is given by (2). Let
Yor =Koy —)e, £= 1 5 0 TheR Yy, . Yoy 21€
distributed as the order statistics of a random sample of
size n drawn from (2). Clearly (2) is free of K and ©
and hence the single and product moments of the order

statistics Y,,,r =1,...,n are also independent of 1 and

c. Let

E(Y,,)=0,, 1=<r<n 3)
and

Cov(Y,, Y.) =V, ., 1<r<s<n 4)

in which we define Y, o OB the variance of Y_ . If we
write X = (Xjy» - Xppn) then from (3) and (4) we
have

E(X)=Ab (%)

D(X)= Vo’ (6)
where 0'=(u,6), A(l,a), 1 being a column vector of
nones, 04=(04. 4, -y Op.p) and V= ((Vr,s:n)) .

Now using Gauss-Markov least squares theorem,
the BLUE’s u* and 6" of MK and o are given by
(Balakrishnan and Rao 1998)

+__aVi'da'—al)v!

Ho= A X (N

« I'V%da -al)Vv!
e (ocA al’) X (8)

with variances and covariance between the estimators
given by

=1
Var(u') = 2Y % 2 ©)
A
-1
Var(c*)zlv L (10)
and 1
y v
Cov(ph , © ):—(OL—A——)G2 (1)
where
A=(@' V3V - (' V'1)? (12)
It is to be noted that (7) and (8) can be written as
n
W=22m X (13)
* l"—r‘ll
" =2 bin X (14)



44 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS

We have computed o, 1 Sr<nandV__ for
I<r<s<n;p=2(0.5)4,q= 2(0 5)4forp<q,p— 1.981,
q=2.158 and n=5(5)10. We have verified the accuracy
of the values obtained for the above moments by using
the recurrence relations established by Thomas and
Samuel (2006). Based on these values we have further
evaluated the coefficients a;.,, b;., fori=1, .., n,
n = 5(5)10, p = 2(0.5)4 and q = 2(0.5)4 with p < q,
p=1.981, q =2.158 and are presented in Table 1. The
above technique of obtaining the BLUE’s of 1" and ¢*
can be applied even if we have a censored sample, in
which case we apply the technique with the expectation
vector and covariance matrix of the vector of the realized
order statistics of the sample.

It may be noted that when we put q=1in (1), the
distribution is known as the power function distribution.
The problem of estimation of the location and scale
parameters involved in a power function distribution by
order statistics has been considered in Kabir and
Ahsanullah (1974). Hence in Table 1 we have not included
the coefficients of order statistics in the estimators p*
and o" forq=1. Whenp=1, q=1, then GBD(1, 1, u, ©)
becomes a uniform distribution for which the BLUE’s
of U and o are well known.

The well-known Gupta’s simplified linear unbiased
estimators {i for & and & for o are given by
Balakrishnan and Cohen (1991).

n
L= A X (15)
i=1
n
= Z Bi:n Xi:n (16)
i=1
where
1 a(a., — Q)
Aln - = and

where a=— Zam
11

We have evaluated Var(u), Var(c) and tabulated

* * A A
Va A\
the values of r(zu ), ar(zc ) Var(p) Var(c) i

s 2
o o 02 02

the efficiency el(M*/ 1) of W' relative to (i and the

efficiency e, (c* /6) of ¢ relativeto G forn= 5(5)10,

p = 2(0.5)4, 9 = 2(0.5)4 with p<q and p = 1.981,
q = 2.158 and are presented in the Table 1. From Table
1 it is clear that though Gupta’s linear estimates are also
unbiased, our estimates i and ¢~ are relatively much
better It may be noted that the required estimators u ,
o forp> q can be obtained from Table 1 itself. The
way in which the coefficients of the order statistics in
u and 6" for p > q can be determined from those in
Table 1 becomes clear from the results that we prove in
the next Section. All the computational works involved
in this paper were done using ‘Mathcad’.

3. RELATIONSHIP BETWEEN THE

COEFFICIENTS OF ORDER STATISTICS IN

THE BLUES p° AND " OF GBD (p, q, 1, o)
FOR p < q WITH THOSE OF p > q

Let X,,,...,X,., bethe order statistics of a random
sample of size n drawn from GBD (p, q, 1, o). Let
Yins» Yy be the order statistics of a random
sample of size n drawn from BD(p, q). Let
Y =Y 05 o Ynen) s B(Y)= (s s Olpy) and
D(Y) ((vi, j.-n))=V . For convenience we write u(p Q
and 0(p q) to denote the BLUEs of 1 and & involved in
GBD (p, q, U, ©). Then we have

V3o —al)v!

M(p, q) = A X (17)
. 1'v1a -al)yv!
Sp,q) = A X (18)
* O(.'V_IOL
Var(ig, o) == o’ (19)
‘ PV
Var(c(, g))=——0 (20)
and
* * (X,V*] 1
Covlkp, q)» O(p,q)) = o’ (21)

A
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LetZ ,Z,, .. Z, be the order statistics of a

random sample of size n arlsmg from GBD(q, p, U, O).
Then

[(len = H)/G,(sz - H)/U,----: (Zn:n —H)/O']

is distributed identically as the order statistics of a random

sample of size n arising from BD(q,p). Now it is clear
that

[(Z1n —W)/0.(Z3n —W)/0...
is distributed identically as
= Yn:n pl = Yn—l:n gl = Yl:n )-

Z,, ~1)jfc]

Consequently we have
B(Z,y) = (01 = Gy pri) +
and
CoV(Zyps Zgn)=CoV(Yn_sitn> Yn-r+in)
Let Z=(Zys Zosys vvn Lgm)
Thus we have
E(2)=o(1-Jo)+1n,

where J is the n X n matrix given by

0 0 ... 0 1]
00 .. 10
J=

10 .. 0 0

Clearly wehave J=J' =]} and J1=1.1f we write
D(X) 62V, then D(Z)= JVIc?. If we write u(q 5
and c(q,p) to denote the BLUE’s of 1 and o involved

in GBD(q, p, p, ©),then
. a ~Ja) IV - Ja) = (A= Ja)'PV

Hap = A

Z

(22)
where
A =1 -=Joy V) (1 =Jo) (1'TV-IL)
—((-Ja) VD1

=V I-a'VIDATIVT1-Jal'vV')
e B
=rviLrvii-ovinrvh
~'v3e 'V +a'viarvh
VMY =@V + 2.V L'V
= o'V9a 'V - (aVvi? (23)
Thus using (22) and (23) we have A'=A

Further simplifying the numerator of (22) and using
(23) the BLUE pg ,,y reduces to

5 'V e -al)yv!
p’(q,p) o A (JZ)

-1 ’ ny -1
o'V (locA—ocl )\ 02) 24)

The BLUE GZq, p) of o is given by

. 1TEVITHIA - Joy = A= Je)l']Av)) !

Op = A - Z
(25)
Then on simplifying (25) we get
. 1'Vida —al)v!
Ofq.p) = ( A ) J2) (26)
C(1-Joy(AVTHa- Jo)
Varp = A
-1 -1 -1
_ 'Vl 2a\; 1+a'V o 2 @7)
. IVl
Varc =——0C
(@.p) A
-1
1
=1\; o’ (28)
and
. . (@V1-1v71)
Cov(k(q, pys O(q, p)) = A o’ (29)
Since in (24), JZ= (Z“&’ i+ »Zy,), We note

that the coefficientof Z__in u(q py is equal to the sum of

the coefficients of x__ in u(p q and G(p q and the

coefficientof Z.., in G(q - 1s equal to negative value of
the coefficientofx__, _in c(p q) - Then we have proved
the following theorem
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Theorem 3.1 : If X, ..., X, be the order statistics
from GBD (p,q,1,c6)and Z;.,, ..., Z, ., bethe order
statistics arising from GBD(q, p, 1, 0) then the coefficient
of Z,., inthe BLUE of u(q p of B inGBD(q, p, 1, O')IS
equal to the sum of the coefficients of x,__,,, in u(p 9
and c(p q Of the parameters 1 and o involved in
GBD(p, q, K, 0 )and the coefficientof Z ., inthe BLUE
of cs(q p) of o of GBD(q,p, 1,5 )is equal to the negative
value of the coefficient of x,_,_ ., in G(p o of o involved
in GBD(q, p, ., ). Further

Var(“zq, p)) = Var (“Zp, @)t+2 COV(”ZP, q) Gzp, Q)

+Var(c:p, q))
Var(c(, ;) =Var(c,, o)) and

Cov(q, p)»O(q, p)) = ~CoV(k(p, 4):5(p, q)) — Var(o,, o))

When the censoring is symmetric then also the above
theorem can be seen to be valid.

4. AN APPLICATION

As an illustration of the theory developed, we
consider the fisheries data given in Cadima ez al. (2005).
The data consist of length in c.m. of 195 fishes in a catch
of a trawler. We have arranged the raw data into a
frequency data as given below :

Individual total length (c.m.) Frequency (f)
15 1
16 1
17 | 3
18 12
19 24
20 24
21 23
22 18
23 18
24 12
25 12
26 13
27 11

Individual total length (¢.m.) Frequency(f)
28 9
29 6
30 6
31 2
Total 195

Using this data, we check whether the given data
is from the distribution defined in (1). We first consider
the estimate of 1 as i=15, the smallest value in the
given data and the estimate of L+ G as i+ =31, the
largest value in the data. Therefore, the estimate of o,
is given by 6=16. Then considering Land o in (1) as
determined by =15 and =16 then one can use the
results in Johnson et al. (1995) to obtain the estimators
of p and q by using

Rd= L m, J (30)
(16)*
and
-1
:(m]mls)z(l_[m2lglsn[(1n;2)2J —( 1;15]
(€2))

where m, and m, are the mean and variance of the
sample data. In this case, m, = 22.656 and m, =12.431.
Consequently the estimator of p and q are obtained as
p=1.981 and §=2.158 or p=2 and q = 2. Now using
Kolmogorov-Smirnov test, we test the hypothesis that
the given data is from (1). The x values,
Fy(x)=P(X £x), the empirical distribution function
Fl*95 (x) and the test statistic D, = |F1*95 x)-F, (x)‘ for
each x = 15(1)31 are given below.

Clearly we have Sup D, = Sup|Fl*95 x)-Fx)| =
0.103. Now for the Kolmogorov-Smirnov two-sided test,
at one percent level of significance, the critical value is

equal to =0.117. Therefore, for one percent level

of significance, we accept null hypothesis that given data

B B L e em—— e~
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is from a Pearson type-1 family of distribution with
p=1981and q=2.158.

X | FX) F1*95 (x) D,= F1*95 x)-F, (X)|
15 10 0.005 0.005
16 | 0.013 0.010 0.003
17 | 0.050 0.026 0.024
18 | 0.105 0.087 0.018
19 0.176 0.210 0.034
20 0.258 0.333 0.075
21 0.348 0.451 0.103
22 0.443 0.544 0.101
23 | 0.538 0.636 0.098
24 0.632 0.697 0.066
25 0.720 0.759 0.039
26 0.801 0.826 0.025
27 0.870 0.882 0.012
28 0.927 0.928 0.001
29 0.968 0.959 0.009
30 | 0.992 0.990 0.003
31 1 1 0

Suppose we draw a sample of size ten from the
given data on the length of 195 fishes using random
number table. The values are given below :

16,21, 18,26,29, 19, 18,26, 19, 19

Using these values for p = 2, q = 2, the BLUE of
K and © are:

p" =0.990X,,0 +0.146X 0 +0.085X 310
+0.057X 430 +0.035X 50 +0.018X 4
+0.008X 10 — 0.012Xg, — 0.038Xg,0
~0.290X 5510

Similarly
s = —1376X - 0.180X,,, — 0.093X,
- 0.042X, - 0.002X, , + 0.022X, |

+0.067X, , + 0.115X, o + 0.217X,
+ 1.268X

=19.463

10:10

with V(p*)=0.0116%, V(o' )=0.033¢"
and Cov(p', o')=-0.0150>

Clearly if one is interested with the estimate of mean
length of fishes in the locality with the reported catch,
then one requires the BLUE of the population mean of
(1) given by

- efip
p+q

If p and q are known as p = 1.981, q = 2.158, then
* p *
S u + ——— Y
o - o5k)
= 12.546+0.479 x 19.463 =21.869

2
Var(u*)+( p }Var(c*)
p+q,

+2£ P )Cov(p*, c*)
p+q
= 0.004c°

Var(e*) =

Similarly the results of this paper are helpful to deal
with several problems, when one has an evidence to see
that the associated random variable is having a distribution
defined by pdf given in (1).
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