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SUMMARY 

It is demonstrated that, unbiased linear invariant estimator does not exist 

for each of the T"T2,T3 and T4 classes. 
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1. Introduction 

Let U=(U" u2' ••. , UN) denote a finite population consisting of N 

elements. Let Yj represent the value of the characteristic under consideration 
N 

for the ith population element. The population total is denoted by T =L Yj • A 
i =1 

random sample of size n is drawn without replacement with arbitrary 
probabilities of selection at each draw. 

For estimating the population total, Horvitz and Thompson [1] have 
formulated certain classes of linear estimators. 

2. Classes ofLinear Estimators 

(a) Estimators belonging to the Horvitz and Thompson TI class are defined 
symbolically as 

(1) 

where a (r =I, 2, ... , n) is a constant used as weight attached to the outcome at r 

the eh draw. 
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(b) T2-class: T2 class of linear estimators is defined as 

(2) 
r=l 

T2 =L
n 

fli(Yr =Y;) 

where fli' i =I, 2, ... N is a constant to be used as weight attached to the ith 

population unit whenever it is included in the sample and Yr denotes the outcome 
at the ll! draw (r 1, 2, ... , n). 

(c) T3-class: T3 class of linear estimators is defined as 

(3) 

where I3s is a constant to be used as weight attached to the total of stl! sample, 

s = I, 2, ... ,(N)n!
,n 

(d) T4-class: T4 class is defined as 

T4 =L
n 

flri (Yr =YJ (4) 
r 1 

where I3ri , r = I, 2, ... , nand j = 1, 2, ... , N is a constant used as weight attached 

to the jib population unit, whenever, it is selected at the rll! draw. This class was 
defined by Koop [2] and Prabhu-Ajgaonkar [4] independently of each other. 

3. Invariant Estimator 

Roy and Chakravarti [3] defined a linear invariant estimator and 
demonstrated that in the class of linearly invariant unbiased estimators in 
general, there does not exist a best estimator. 

A linear unbiased estimator T = t{y) is called as invariant, if the 

transformation y~ =aYi + b, (i =1, 2, .... N)of the variate values transforms t (y) 

to t· (y) where 

t*(y)= a t{y)+ b 



---------------

liNEAR UNBIASED INVARIANT ESTIMATOR FOR SOME CLASSES OF ESTIMATORS 155 

4. Results 

(a) Prabhu-Ajgaookar [4] demonstrated that, TI class is unbiased if and 
only if 

L
n 

u rPir=l, i=I,2, ... ,N 	 (5) 
r:) 

where Pir is the probability that Uj gets selected at rib draw. 

The unbiased Tl class is linearly invariant, if 

Tt = L
n 

ur(aYr + b) 

r=1 


n n 


a L u ry r + bLUr 
r=l r= 1 

n 

This is so if L U r =I 
r I 

In equation (5), summing over i, we get 

or 	 L
n 

u r = N as L
N 

Pir = 1 which is a contradiction 
r=1 ;=1 

Thus, linearly invariant estimator does not exist in the unbiased T I class of 
linear estimators. 

(b) Horvitz and Thompson have proved that a unique unbiased estimator 

exists in the T 2 class, if l3i =..!.. Where 1t j is the probability of including the ith 
1t; 

population unit in the sample (i =1,2, ... , N). 

Let T; be the transformed estimator 

--._------­
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Then T; 

This is invariant estimator, if 

This is so, if L.n 

I = I 
r I 1tr 


But 1tr ~ I 


I 

or -2:1 

1tr 

t 
r =I 

Hence, unbiased invariant estimator does not exist in the Tz class. 

tls(c) T3 tls [t y,]. T3 will be unbiased estimator, if ~ p(s)= I where 
r I s SE I 

p(s) is the probability of gettin~ the sth sample, s =I, 2, ... (~)n! and L. is 
SE i 

the sum over all samples which contain the ith unit. 

T; is invariant. if 

tlsnb = b i.e. tls =..!. 

This 

Therefore. 
class. 

value 

an un

n 

of W does not satisfy the conditions of unbiasedness. 

biased linear estimator (invariant) does not exists in the T3 

..-..­ ... ~---~------.-------
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n 

(d) 	T4 = L ~ri (Yr =yJ 
r=1 


The condition of unbiasedness is 


L
n 	

~riPir = 1, i = 1. 2, ... N 
r=1 

where Pir is the probability of selecting the illl unit at the rill draw. 

T: =L
n 

~riY~ 
r=1 

n 

T4 is invariant. if L ~ri = 1 

r=1 


Subsequently, the T4 class is unbiased linear invariant if, the following two 
conditions are satisfied. 

L
n 	

~riPir =1 (1) 
r=1 

and :t J3ri = 1 	 (2) 
r"'l 

n n n n 

which is aNow. 1ti =L Pir =L Pir L ~ri ::i!: L ~ri Pit =1 
r=1 r=1 r=1 r=1 

contradiction as 1ti is a probability. 

Thus, an unbiased invariant estimator does not exist in the T4 class. 
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