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SUMMARY

A general theory of estimation for repeat surveys in case of the biased
estimator is developed. Estimates for the current occasion and change are
developed as particular cases in respect of two occasions. The theory so
developed assumes the knowledge of coefficient of variation of the
population. Suitable estimators based on estimated coefficient of variation
have been proposed.
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1. Introduction

Jessen [2], Tikkiwal [9], Patterson [3] and Raj [4] developed the theory
of unbiased estimation of mean of characteristics in successive sampling.
Searls [6] considered the use of information pertaining to the coefficient of
variation in developing an estimator for population mean with smaller squared
error. This approach is extended to develop general theory of estimation for
repeat surveys in case of the biased estimator.

2. Some General Results

Consider a finite population Q = (U,, ... Uy) of ‘N’ identifiable units.
Let y be the variable under study taking value y, on uwnit U,, i = 1,..,N. Let
N
the parameter of interest be Y = "I}I- Z ¥;- The variance of a single observation
i
is defined by

N
1 by N-1
o=y 2= 8
i

N
where 8% = —I;I—l_—l—- E ;- Y)?
i
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A sample of size ‘n’ units is drawn from the population by SRSWOR.
For the sake of simplicity in exposition we assume that the fpc s° are ignorable.
Consider linear estimators of the type

n n
T = Z Ly; such that 21 =k
i i
The bias of '?‘ is given by
k-1Y
and the corresponding mean squared error by

MSE(T) = o ¥ 1?-&{2—1—) T+ k-1 Y @.1)
i i#}

We determine optimum values of 1’s by minimizing (2.1) subject to the

n

condition that 2 li = k, in other words we minimize

i

o 212 (N 5 2111]+(kw1) Y- Y-k

i#j

where A is the Lagrangian multiplier. We thus, obtain following equalities

ol - (N ) E 1. = Covl|y, 2 Ly| = .2
=9

1-KY? = A (2.3)

Y L=k (24)

i
It may be noted that the minimized mean squared error is

2

211opt (N 1) 2 I1opt == _kopt)Y2
i

The optimum values of L’s and k are given by

n
ope = @ @19 Kopt = (€ +n)
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where C? is the square of coefficient of variation of the population of y’s defined
by

=
¥2
Substituting the opti'{num value of ‘k’ in (2.3) we obtain the minimum
mean squared error of T, reported by Searls (1964), as

o’
C*+n
It can be seen that (2.2) holds good for ¥V i. Thus

n a A
Cov 2 Evi E Ly;| = A = Minimized mean squared error of T
i i

n
where z &y, is any unbiased estimator of Y ie. 2 E =
i i
Thus, we have the following result :
The minimum mean squared error of T is the covariance of any unbiased
estimator of Y and T
This minimum mean squared error is equal to (1 —kop() ?2. Further, the

minimum mean squared error linearly biased estimator is uncorrelated with
every zero function of ‘y’ values.

Next, we consider a set up wherein there are number of variates divided
into different sets. The i-th variate in the j-th set is denoted by
¥y (1<i< n; 1 £ j £ h). The population mean in the m-th set is denoted

A

by Y_ and its estimate by T_(1 < m < h). Consider estimator of the type

o

J h
z E W;Yij  such that
i

H
Ewij=kj for j = m
i

=0 otherwise 2.5)
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A
The wij‘s are to be determined by minimizing mean square error of T  subject
to the condition (2.5).

A .
The bias of T can be seen equal to (1-k )Y .

The expression to be minimized is thus

Y Y Wit X X, wy Wi Cov (v, yig) + X, X, Wy Wiy Covlyy, Vi)

ij=y izl
22
+2 Z W% Cov (Yija Yi'j)+(km—1) Yo, -2 2 A’j (2 wij—kj]
i ]aé_] i i

where A.j’s are the Lagrangian multipliers. The minimization leads to following

equations
Cov (y;; T,) = AV (2.6)
(-k) Y3 = A, @7
%
2w =k (2.8)

i
In view of (2.6), (2.7) and (2.8) we have the following result :

The minimum mean squared error of T is the covariance of any unbiased

estimator of Y and T This minimum mean square error is equal to

1~k )Y2 Further, T . 18 uncorrelated with every zero function of
Yi y. Vi, j

The foregoing result will be used to develop minimum mean squared
linearly biased estimators for sampling on successive occasions with partial
replacements of units.

3. The Minimum Mean Squared Linearly Biased Estimator
Jor the h-th Occasion

Let there be a finite population of ‘N’ units sampled over a number of
occasions (say, h). A sub-sample of m = nA units observed on the (h-1)-th
occasion is retained for use on the h-th occasion and an independent sample
of u = n-m = nu units is selected on the h-th occasion. For the sake of
simplicity in exposition we assume that the population variances remain constant
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and that the sample sizes and the proportions retained are the same on each
occasion. Further, correlations between observations on the same units, one,

two, three, ... occasions apart are P, pz, 93, ... . We also assume that the fpc’s
are ignorable. The population mean on the j-th occasion will be denoted by
Mj G =1,2,..h). We define

Xh-1 = mean of the observations on occasion (h-1) associated
with nA units common with occasion ‘h’

gt

¥y, = mean of the nA units on occasion ‘h’ common with the
(h-1) occasion

X"y~ = mean of n | units not common to h-th occasion
¥, = mean of n p units not common to (h—1) occasion

We consider minimum mean squared linear estimator of M, as
My = AMy 4k BX -~ Ky_ (A +BJT, 1 + 03y T+ 01

and

A
where M, _, is the minimum mean squared linear estimator of M, _,

Oyt 0y, = Ky

A
To determine A and B we apply the condition that M, is uncorrelated
with every zero function. In particular

A A
Cov (x{/_ . Mp) = Cov (X}, _ 1, M)

A A
Cov (x/_ 2, My) = Cov (X'}, _2. Mp)

¢ P

-1

Thus, we get B = 0 and A =

The minimum mean squared linear estimator is

A Gon P A — — -
M, = k, th-1“¢2hpxh—1"‘¢th + 0 Yh G.D

The quantities ¢,, and ¢, will be determined from the conditions
A A
Cov (yy,» My = Cov (¥}, M)
¢1h + ¢2h = kh (3.2)
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A A ¢lh
Further, MSE_;, (M) = Cov (M, ¥y, 0'2 =(1-k)Y2 (33

Using (3.2) and (3.3), we obtain

C+np
Pop = 1'¢lh[ J

np
A
MSE, ;M- ) o
pz———z;“ ; +;;;<1—pz)
and o = > T rm - (34)
0 ~h TR Q
o2
where Cj2 = M = square of the coefficient of variation of the variable
observed on the j-th occasion Vj = 1,2, .., h
We define
A
.o w gll(c? )
! MSE;, (M) ne
It may be noted that G, = 1.
From (3.4) it can be easily seen that
1 (:2 + n(l - ;\'}\) n}.hkh -1 (3 S)
— + .
Gy, Ci+n p’n Ay, Gy +ky - ((C+0) (1 -p)
Maximizing (3.5) with respect to A,, we obtain
Kt — 1yopt (C +m) V1 = p?
A,hopt = J 5 36
n(1+¥1=p%) G, _ yyopt

1 (Ch+n)G(h l)om(lmh- ) + Ky - 1o (1 = V1= p) (C} + )
Ghopt (€] +1) Gy pyope (1 + VT =)

37
Also, the optimum value of k;, is given by

n(1 + V1 0°)G¢s _ 1y0pt *+ Kt - 1j0pe (3 +0)(1 = V1= p7)
(Ch+ o)1+ VT =0) G, - 1yope + Kt = 1y0pt (CT + 1) (1 = V1 - p%)

khopt =
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It can be shown that

Kh-13opt __n N Kb - 2)opt o,
G T (2 G 2
(h-nopt  (Cy+n) Yn-2)0pt

whereB=(1~ 1-p)
{1+v1-p°)
Repeated use of the recurrence relation gives

k(h-l)opl _ n [I—Bh-‘j] 3.8)
G e 1-B )
(h~Dopt (Cj+n)

Substituting (3.8) in (3.6) we get

1 -~
Mnopt = 5 11 -B" " 3.9

Similarly, it can be shown that

1 2AG+ma+Vi-p)Vi-p +np’ 1-B"")

= 3.10
Ghopt 2N1 - p* (1 +V1 = p* ) (C} +n) (-10)
A W1-p" 1+V1-p")
MSE = 3.11
My 2AC+m)V1—p* 1 +¥V1-p*) +np*(1-B""H G.1h
From (3.8) and (3.11) we can see that
1
Ao = >
A A2 At
MSE(M_) = N1-p” (14V1-p") (.12)

202 \N1-p* 1+V1=p? ) +n( +¥1-p? )
In particular, if only two occasion data are available
-1
¥ i- 5 brd e " =
M, = [C%L—nm*- 1 —pzuz] Y +u(1 - ) ¥+ M (X7 - %)
(3.13)

V1-¢? 1
A’ = b4 = s
2o = T AT Yo = TN

K - 2n
20t " ons R +VI-p?)
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o’ +V1-p?)
2n+ (1 +V1-p%)

A
Let M’2 be the minimum variance unbiased estimator on the second

A
and 1\’18}3(1\/12}0pt = 3.149)

occasion, then
A g
M, = [1-pW’ T IAY +u(l - p’) ¥ + App " - X))

A o (1+V1-p%)
vim 2)0pt = n

A A
The percent gain in precision of M, over M’, is given by

2[1+¥1-p° ]
G2 2n

Percent gain in precision = x 100 (3.15)

A A
It can be seen that the MSE(M,) , is always less than V (M,z)opt' Also,
the gain decreases as sample size increases.
4. Empirical Study

Data, listed in Sukhatme ([7], area under wheat in 1936 and 1937),
Samford ([5)], total acreage of tillage crops and grass in 1947 and the actual
area recorded under oats in 1957), and Cochran ({1], sizes of large United States
cities in 1920 and 1930), were utilized for empirical study. In addition to this,
data pertaining to production of apple from a survey conducted by IASRI on
cost of production of apple in hilly areas of UP for the years 1972-73, 1973-74
and secondary data on wheat production for a zone comprising of two blocks
of Bullandshahar district of UP for the two years 1984-85 and 1985-86, in
a survey also conducted by IASRI, were utilised. For the purpose of illustration
we treat this data as population and call these populations as I, II, III, I'V and
V respectively. For the empirical study 20%, 15% and 10% samples were drawn
from these populations respectively. The results of the study are presented in
Table 1.

A A
Table 1. % Gain in precision of M, over M',

Populations Cg p? % Gain in precision
Percentage of Population Sampled
20% ﬁ 15% 10%
I 0.554 0.865 5.57 7.57 11.14
i 0.495 0.762 5.46 7.35 1092
11 0.909 0.964 5.52 7.36 11.04
v 4.429 0.080 22.36 29.81 44.73

\ 0.521 0.579 8.95 11.93 17.90
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It can be seen from Table 1 that the percentage gain in precision of
M, over M’, increases with decrease in the sample size. Also, gain in precision

is substantial when C} is high and p is low.

The minimum mean squared linearly biased estimator on the first occasion
is given by

~1
¢ 1- § -y - "
M, = [Cf L““Mn +1-p"u’} [ +p-o' X+ 2 G -]
L
The estimate of change is given by
A A
M, - M,

and the corresponding minimum mean squared error as
A

MSE (M, — M,)..;. =
2 (=) +) 1 . 1

n C; :
—;(l—upz)ﬂ—uzpz -I;(l—upz)ﬂ—u”pz

5. Alternative Estimators

If Cg is unknown, we propose estimating Cg by

2 U
2 _ % 1 -2
c2=%’su=u__1 E (yi_yu)
yu i=1

Substituting ci for Cg in (3.13) and after some readjustments we obtain

Mys = [ (n=-upd)+ (2 —u2p))" A {7 +B &, - X)) +u (0 —up?) 7]

21 -1
= {fz—ﬂ» 1} [—%T {7 +B &, — X))} +uT ?”] 4.0
n (1-p'p9)

where T = [1-pp?)[1-p’pl"
A
We now investigate the large sample properties of M,

Write

Vo= Y+E: Tm= Y+E,: X, = X+6; X = X+E

2 = o?+v

u
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2 2
A[l+—%9+€—;2‘3}[1+%'3+%(82~82m)]

3y 3811"1 3(-:%u
+u(l-p =+ +=
( p)[ Y Y: Y

-l
G v 2, €,
1+2T+Lre 2, 0 g

[ n nY? Y?

expanding the right hand sidf and retaining terms to order 0p (n7%), the bias
and mean squared error of M,, can be shown equal to

A c c3
B(Myy) = - T| |1 - T+~ L J

“U»
Zan2 J 2

%)

+
op (1 -
w
M(M, ) = %2-1*[1 +%T}

where w , = Cg [3 -2 V g' ] \fﬁ? %3;21 is the coefficient of skewness, My,

2 b4
being the third central moment.

A The mean squared error (4.3) will be smaller than the sampling variance

of M’, provided
Vo, 2 (4.4)

G

or in other words w,, is negative. The value of w,, was computed for
populations I, IT and II1,.. described in Section 3, and was found to be negative
in respect of populations JI and III. However, for normal population,
B, = 0 so that the estimator M,, will not only be biased but it will have larger

mean squared error. This will be true for all populations where in the distribution
is symmetrical.
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One of the feasible optimum values of p and A in the sense of minimum
mean squared error of T,, can be seen equal to

Mo = [1+VT=p7 T, Aoy = N1-p” 101+ VT-p7 ]!

and the resulting minimum mean squared error as

%(1+Vl—p2)[l+%(l+\ll~p2)] 4.5)

while the other feasible optimum values of p and A are given by (if w,, is
negative)

Y12 1‘\/'“’%2 2 Y12
Mo = =7y p N PHI+2T7

1

2
R ] 1\/‘& 2 Y2
kopt-1+n+p n2p+1+2n

. .. W12 “’?2 2 Vi
subject to the conditions that - > land—5p“+1 > -2—n—, and the
n
resultant minimum mean squared error as

0_2

A
M Maadmin = =3y

w
The value of -le was computed for populations I, II and III. The

w

condition —le > 1 was not satisfied for all these populations. Therefore,
A A

percent gain in precision of M,, over M’, was obtained only by utilizing

expression (4.5). This percent gain in precision can be seen equal to

2n+wp, (1+¥1-p*)

x 100 (4.6)

Next, we consider an alternative estimator of C§ wherein we put unbiased

estimators of (7; and Y? is C;. Thus, we propose estimating C; by

A2 2{=2 5 o
Ca=syn-7



40 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS
~2 2
Substituting C;, for C; in (5), we get

A

1 - _
Moar = RS (M + By — %)

-1
AYSY) 2
- sy ll's s
(L~ o)) ] [5*3- ]{ L T+Ye 'f}
However, instead we consider a slightly general class of estimators given
by

A

1 - —
MZAg = m [)"{y mt 3(;!1 - xm)}

+ (1 = pp)) 3,1 = 4.7
T 1) —
s2 [— - -—] +y5

where L is a constant to be chosen suitably.

A
The bias and mean squared error of M, g 10 order Op(n"z) can be shown
equal to

A _C ¢, LG ‘
B(Myg) = Y ML T, + zﬁ—nuz IJ{ -E—‘%-l}cg

(T -1 2 { \ /‘Bl
2 3 4.8
+ - -2 p? C% (4.8)

ch 2(L T
M(MgAg) 02 [ n l)

(T,-L) -
n

n

2LC2
VB,C5T -

np? L 2

_ 2Lc§'r1 . 3C§T1T _ chl}
np

4.9)
where T, = Tp-1

A
It can be easily seen that the proposed estimator M,, _ has smaller mean

A
squared error than variance of the unbiased estimator M’, if either of the
conditions hold
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'\’.ﬁ1 ”31
T, <L < T;+2uT|1- — |and 1 >

1 1 l’-{ 2 C
or

41

3
2 2

T, +2uT|1- !3% <L<Tjand 1 < B—; 4.10)
G C

2
Minimizing (4.9) with respect to L, we find optimum value of L. given
by

A\ / By
Lopt = 1+2T; ~uT a (@.11)
and the resultant mean squared error as

2
A & GT B
MMjpghmin = = T| 1=~ | 1= \ 2 J (4.12)

One of the feasible opimum values of u and A in the sense of minimum
mean squared error of M(Mug) can be seen equal to

Vi-p
Hope = 1+:11-— 7y hopt = [1+V1-p]

and the corresponding minimum mean squared error as

%(1”1—&)[1-%(141-92)] (4.13)

While the other feasible optimum values of w and A in the sense of
minimum mean squared error of M(M,, ) can be seen equal to

_g_l_\/gizg _ . Q.14/@ . .Q
uopt-n_p nzp'2n+l' }"npt*l_n+p nzp-

2
subject to the conditions that % > 1 and Q—2p2+1 > 2 Q

and the resultant mean squared error as

A o By
Mopt (MZAg)min = :;6* Q= C% 1= =)
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The value of % was found to be less than 1 for all the three populations,

A A
I, IT and III. The percent gain in precision of MZAg over M, is, therefore,

obtained utilizing the expression (4.13). This percent gain in precision is given

by

{1]
[2]
3]
[4]
[51
{6]
71
(8]
{91

{10]

Q1+N1-p°)
2n-Q(1+V1-p°)

x 100 @.14)
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