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SUMMARY 

Twenty five highly efficient NCm type PBm designs for number of 
treatments v S 15 and r S 10 have been listed alongwith their efficiency 
factors for all types of comparisons. 

Keywords : Association scheme, Partially balanced incomplete block 
design, NCm type design, Efficiency factor. 

1. Introduction 

Adhikary 11 J generalized the two class cyclic association scheme of Bose 
and Shimamoto [3] to higher associate classes. He gave certain conditions under 
which the division of the group of treatments into more than two subsets yield 
higher associate class cyclic scheme. He illustrated these by giving some 
examples of three-class schemes for some chosen values of the number of 
treatments. However, he did not propose any general method of dividing the 
group of treatments into subsets so that the stated conditions are met. It was 
left to Saha, Kulshreshtha and Dey [5] and Agrawal and Nair [2] to introduce 
general m-class cyclic association schemes with the names of NCm cyclic 
association scheme and reduced residue classes cyclic association scheme 
respectively. While the former is defined for V either a prime or power of a 
prime, the latter is defined for v a composite munber. Saha et al 15] have 
presented a method of obtaining cyclic solutions of PBIB designs based on 
the Nem scheme. However, they have not listed the proposed PBIB designs. 

In this paper we have taken up the problem of constructing NCm type 
PBIB designs not having more than three associate classes in the useful range 
of 5 ~ v ~ 15. With these restrictions, the only association scheme of NCm type 
that exist are for v "" 5,7,9 and 13 and of these the two-class association 
scheme for v = 9 coincides with the well-known Latin-square type scheme. 
While no llew design for·v =5 or 9, which necessarily lias two associate classes, 
seemed feasible, a number of new designs for v = 7 and v = 13 treatments 
having three associate classes could be cOllstmcted. Of these we present in 
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Section-3 a selection of twenty five highly efficient designs alongwith their 
efficiency factors for the three types of comparisons as also their overall 
efficiency factors. 

2. Some Preliminaries 

In this section we set out some results of Saha el al [5] and a few more 
results regarding the construction of NCm type PBIB designs. These will fwd 
use in the subsequent section. 

Saha el al [5] have defined NCm association scheme as. follows: 

Definition 2.1: Let v = ms + 1 (m, s ~ 2) be a prime or power of a prime 
and further let v and m be such v-I = 0 (mod m) if v is even and 
(v -1)12 0 (mod m) if v is odd. Let x be a primitive element of GF(v) 
so that all the elements of GF(v) can be expressed as 

Also let Al = (xqm/O$;q$;s-l) 

1Aj xi - 1 Al = (xj
- +qm/osq$;S-l),2$;j$; m 

Let us designate v elements of GF(v) as v treatments and defwe two 
distinct treatments a., ~ : a. , ~ E GF(v), as itb associates of each other if 
a. - ~ E Ai' 1 $; iSm. Then this defines an m-class cyclic association scheme 

called the NCm association scheme. 

Note that Ai' 1 SiS m, is simply the ith associate class of treatment 0 

and the ith associate class of any treatment a. is given by a. + Ai' which shows 

that NCm scheme is of cyclic nature. 

The following theorem can easily be proved. 

Theorem 2.1: Among the S2 differences u-v. U E A., v e A., each elemem 
I J 

of Ak occurs It times (i. j, k = 1, 2, "', m). 

Using this theorem one can easily obtain the following theorems regarding 
the construction of NCm type PBIB designs. 

Theorem 2.2: The set Ai any i, 1 ::::; i $; m, is an initial block for the Nem 

type PBIB design with parameters: 

v ms + 1 = b. r = k = S, Ak = pt (k = 1,2, ... , m) 
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Theorem 2.3: The set {O} U Ai for any i, 1 ~ i ~ m, is an initial block 

for the NCm type PBIB design with parameters: 

v ms+l=b,r==k=s+I,Ai=P\i+2 

Ak :::: I1i (k;t: i ; k ::::: 1,2, ... , m) 

Theorem 2.4: The set Ai U Aj (i;t: j; i,j 1,,2, "', m) is an initial block 

for the Nem type PBIB design with parameters: 

(k 1,2, ...,m) 

Theorem 2.5: The set {O} U Ai U Aj (i;t: j; i,j == 1,2, ..., m) is an initial 

block for the Nem type PBIB design with parameters: 

v = ms + 1 ::::: b, r = k ::: 2s + 1 
A' == ~,+ P~' + 2P~. + 2 A' Pi· + Pi· + 2Pi· + 21 1I.u IJ '] 1I.u IJ 

Ak ~, + p .. + 2P\', (k::f: i, J' " k = 1,2, ... m)
II .u IJ 

The following cOllstmction method using more than one initial block is 
due to Saba el at [5]. 

Consider a basic initial block I = (a1'~'"'' al) consisting of k (k < v) 

distinct elements of GF(v) and a set M (e • e2•...• e ) of t distinct non zero 
l t

elements of GF(v). We say a design D is generated by I and M and write 
D = [I, M] if it is obtained by developing (mod v) the blocks Ij == Iej 

::: (ej ai' ej a2, .... ej ak) mod (v), 1 ~ j ~ t. 

Let fj denote the mmlber of differences arising from I, belonging to the set Ai' 

so that 

m 

I fj = k (k -1) 

Then if I is such that not all fj ' s are equal, the following theorem can be proved. 

Theorem 2.6: When v is an odd prime or power of a prime such that 

an Nem association scheme with the parameters ni s, ~k exists, the design 

D ::: [I, MJ. M . {xo, xm. x2m •... , xID (8-2)'2) is an Nem type PBIB design with 
parameters 

b == sv/2. r == skl2, k, Ai ::: fjl2. 1 ~ i,j, k ~ m 
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3. Lisl ofDesigns and their Efficiency Factors 

Restricting ourselves to the consideration of NCm type PBIB designs with 
v:s; 15, r:S; 10 and having not more than three associate classes, we find that 
while no llew design with two associate classes seems feasible, a nwnber of 
new designs having three associate classes for v - 7 and v - 13 treatments 
can be constructed. Table 3.1 gives the initial blocks of twenty five such 
designs together with their efficiency factors for the three types of comparisons 
as well as their overan efficiency factors. Further, most of the designs appearing 
in Table 3.1, barring a few constructed by trial and error, have been constmcted 
using the method outlined in Section 2. Following John [4] we regard two 
designs to be equivalent if one can be obtained from the other by relabelling 
of the v treatments. Table 3.1 omits all those designs which are equivalent 
or which can be obtained by duplicating smaller designs. Some of the designs 
listed here also appear as CIB designs in John [4]. They have been indicated 
by writing J before their initial blocks. 
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