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SUMMARY

In sampling on h-occasions, Minimumn Variance Linear Unbiased
Estimnator (MVLUE) of any linear parametric function has been developed
using Hilbert space method. The problem of estimation of paramctric
functions has been dealt with under any sampling design for univariate or
multivariate populations.
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1. Introduction

On the basis of study of rotating samples in repeat surveys over a number
of occasions or periods Minimum Variance Lincar Unbiased Estimator
(MVLUE) of parameter for a level, change or average over time can be obtained,
The work done by Jessen [4], Yates [12], Patterson [8], Tikkiwal [11],
Eckier {11, Rao and Graham {9}, Narain es al. [7} Krishnaiah and Rao [5],
Holt and Skinner [3] and Nandram [6] may be mentioned iu this connection,
Gurney and Daly (2] have defined an elementary estimate as one which does
not make use of the survey data for any other time period except that period
to which the estimates refer. And with this elementary estimate as a conceptual
base, using the Hilbert space approach, they have derived two muatrices viz,
a matrix C (say) of the best weights to be used on all the elementary estimators
in order to yield the MVLUE's of level parameters and a dispersion matrix
D (say) of these MVLUE's. Often in a repeat survey it is also desired to obtain
MVLUE’s of parametric functions such as change between any two occasions,
an average or tolal over some or all the occasions or in general, any linear
combination of population parameters. Data on income in all surveys are
collected in nominal fonns. But in all planning exercises it is worked out in
terms of constant prices i.e. after taking into account the inflation.
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Mathematically

Y =

Hpm
el d

1
K-

where,
Yl = Average income per capita for time period t

C, = Inflation over base period for time period t for working out Y on
constant prices

In the Health Sector the number (B) of births, averted by using various
methods of Family Planning i.e. sterlization or spacing / temporary methods
(e.g. Cu. T, Tablets etc.) are estimated as a linear function of beneficiaries
adopting various methods.

Mathematically
M
B = z ki Yi
i

where k; = 1, for permanent method and less than one for spacing methods.

This problem has been dealt with in this paper for an univariate or
multivariate population,

2. Estimation of Parametric Funciions

In general, two types of sampling patterns are frequently noticed in the
literature on successive sampling viz. (i) a sampling pattern in which a
subsample is retained on zll the seasons of years but the other sub-sample
remains afresh on all the seasons of the years and (ii) a sampling pattern in
which a sub-sample is retained in all the seasons of years but the other
sub-sample remains afresh only on all the years not on the seasons. In order
to obtain MVLUE’s of paramctric functions only the laticr sampling pattern
has been adopted in this paper leaving the former as subject matter of further
research,

2.1 Sampling Pattern of the Problem 7

Suppose elementary estimators x ; and x; along with their variances
Vix,;) and V(x ;) correspond to two independent samples mi and ui selected
at the i-th occasion of a repeat survey for multivariate or univariate population
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such that sample mi is matched over all the h-occasions while the samples
ui’s are matched over only some of the h-occasions as shown in the following
diagram :

Season/ Samples
Occasion
1 ml ul
2 ml ul
3 ml ul
4 ml u4
5 mi u4
6 ml u4
i-2 ml ui~2
i-1 ml ui-2
i m]l ui=-2
h-2 ml uh-2
h-1 ml uh-2
h ml uh-2

Here we have considered a situation where a year comprises of three seasons/occasions.

The sampling design followed in the selection of all the samples mi's
and ui’s might be the same or it might be varied from sample to sample for
all the occasions. We shall assume here that the expected value of the elementary
estimators corresponding to the two independent samples selected on a given
occasion for a charactefistic is the same.

2.2 Notations
Let

Xo = (Kt X2 oo X+« Xt

Xy = (Xyp Xgg oo Xy ooe X))

X = (xm xu)
Smis Sui = VV(Xp), YVIxy)

S = (Sml Sz o Smivee smh)
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Sy = (841 Suz »ee Syj -++ Sun)

s = (5,8,)
6, = Population parameter on i-th occasion, ¥ i = 1,2,..,h
z; = MVLUE for 6,
6=1(0,0,...9,...6,0,0,...6, ... 6;))

= (Z6;u)
U= ujuy...uf...ul]
= [l 1))
= Design matrix or a matrix of the sampling pattern
E(x) = 8
E@) =6
Run = Ipyl
= Correlation matrix of x,,," under any correlation model
Ry = Ip;]]

= Correlation matrix of x,,” under any correlation model
R = Rmh Oh
O, Ry

Corrclation matrix of x’

~
i

Dispersion matrix of x’

Hadamard product ()of Rand 8" s

Rmh . sm' Sm Oh
Oy Ry -8y 8y

_ Kmh Oh
= l: 0, K| (say)
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2.3 Results

The matrix C of the best weights and the dispersion matrix D of MVLUE’s
z’ of 8 are obtained as follows:

C = U@UK''uy'tuk!
_ AL LKL O
= [Knslh"‘K:xlh ! I:Ih Ih:][ Or:h K;}%
D = U(UK 'uy'u

I, I
- -1 ~1y=1 | *h *h
- [Kmh + Kuh] [Ih Ih}

For detailed steps for derivation of C and D matrices readers are referred
to Gurney and Daly [2].

Let us further define a matrix B (say) of the coefficients of 8 in its various
parametric {unctions as follows:

B, 1 0 ....0 ....0 0 0 ....0 ....0
B, 0 1 ....0....06 0 0 ....0 ....0
B, 0 0 1 0 0 o 0 0
B = =
B, 6 0 ....0 ....1 0 0 ....0 .... 0
Byot 41 1 ....0 ....0 0 0 ....0 .... 0
Bth Yh ik ....0Wh....Uh O O .... 0 .... 0
Iy UN
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where

B; = By Bz By $00....0...0)
N j= L2, .0 h b+, h+ R
= Row vector with the coeflicients of zj‘s or Oj‘s in their

any linear combination as the components

Then following lemmas (Appendices A and B) due to Singh [10], the
MVLUE’s for the parametric functions B 6" (i.e. including level parameters)
are given by

A
{(Bo) =BCx
Ko + Ko™ (G hx g+ Koix))

T By, KK (KKl x) v
and the corresponding dispersion matrix by
V(B 0) = BVE B’
=BDF
o wder ks ]

-1 ~1y-1 1 1yl gy
Blh.xb (Ko + Ky Bnh,“(K"mh*Kuh) Blhxh,

The structure of (1) and (2) snmediately prompts us to prove the following
theorem :

2.4 Theorem

In a h-occasion repeat survey MVLUE’s for the level parameters and for
their parametric functions are separable.

Proof. In Section 2.3 evidently it is the structure of the matrix

B Iy 0,

B!h’xh oh'Xh
which helps us to obtain the MVLUE’s for both the level parameters and for
their parametric functions. Thercfore, 10 prove the result let us consider the

following two cases:
Case 1.
When B = [I, 0,]



24 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS

Then MVLUE’s for the level parameters arc given by
A
(Bg) = BCx’
= [I,, 0,]Cx’
= (Ko + K™ (K, + Kgpx,) 3

and their corresponding variances by the dispersion matrix
A Ih
V(B8) = [1,0,] D
Oh

= (K + K )! (4)
Case 2:

When B = [B, 0, .}
K xh

Similarly as in Case 1, here also the MVLUE's for the parametric functions
of the level parameters are given by

A
(BO) = By (K + Ko (Kq x,) + Kgpxy) (5)
and their corresponding variances by the dispersion matrix
A
V(Be) = B (K +Ky) ' B, (6)

Thercfore, as shown by the structures of the matrix B in Cases 1 and
2, the MVLUE’s for the level parameters and for their parametric functions
are given by the relations (3) and (5) and their corresponding dispersion matrices
by the relations (4) and (6) respectively.

Obviously the relations (3) and (5) and (4) and (6) arc components of
the relations (1) and (2) respectively. Hence the theorem.
Appendix A

Lemma - 1. The best weights for any linear combination of the MVLUE’s
are generated from the same linear combination of the individual best weights
of the corresponding MVLUE’s.

PrOOf: 0= (81 92 ...Sj...Gh)

= Population parameter—value row vector
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z=1(2,2...2...7)
= MVLU estimators’ row vector
X = (X! Xz PN Xj... Xh)

= Elementary estimators row vector

E(X') = Or
C=lc/cy...ci...q1"
= el ¥ij=12,..,h

= Matrix of the best weights to be used on the
clementary estimators for providing zj’s

B =B By By By

= Row vector with the coefficients of zj‘s or 6;'s in
their any linear combination as the components

Then a linear combination of the parameters and their MVLUE’s is defined
by B’ and Pz’ respectively, such that

A
Bz’ = (o)
Obviously 7 = Cx’

Hence we get

z; = ¢x’ Vi=j=12."h

Further we know that

A
Be) = pz’
= BCx’
= @B Vi=j=1,2.,h (1)
= (E Bjc“ 2 5,‘5;2'-- E ﬁjc;j,...ZBjcm)X’
i=j i=j i=j i=j
¥j=12..h Q@

From (2) we conclude that the best weight component

2 ﬁjcij' = Blclj’ + BZCZj, + ...+ Bjcij' + .4 thbj’
i=j
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assigned to X is the same linear combination of the best weights assigned to
X; in 2’ as is the linear combination P, ¥ j=j§=172,..h

Appendix B

A
Lemma - 2. The MVLU estimator G for level, change, average, total or
any other linear combination of the population parameters is given by

A
G= ax’
and its variance by

V(é) = V(ox’) = E B_%dﬁ‘*‘z z BiBydy

i=j G=jy<j
where
¢ = row vector of the best weights to be tised on x*
Bj B;” = j—thand j’~th componeuts of the row vector B
d; = i-th diagonal element of dispersion matrix D
(= [dD) of ;s
= V(z) ¥i=j=12.,h
and
di’ = (i.j)h element of D
= Cov (z;, z;) ¥i=j)<j=12..h
Proof. Let

D = [d;] = Dispersion matrix of the MVLUE’s z;'s of the population
parameters 8;’s for the levels, ¥ i,j=1,2, ., hand
o= (0 ... ... 0)
= Row vector of the best weights depending upon ﬁj’s andC
¥ ij,j=12..h

Denote “2 ﬁjci” in lemma-1 by ‘o’

i=j

Also from (1) of lemma-1, we get



ESTIMATION OF PARAMETRIC FUNCTIONS IN REPEAT SURVEYS 27

A
(Bo) = pr
= BCx’
= ox’
Hence,
bz’ = o’ 3
Afer defining Bz’ by G in (3), we get the desired result
8 = ox’
= (z ﬁjci(» z Bjciz Z Bjcij’ EB_; X ()
i=j imj oy -y

A
where a specific estimator G is ascertained by a siitable choice of an arbitrary
vector f.

To obtain variance of 6, let us consider now the dispersion matrix of
z’ given by

D= [d;)
Obviously
v(6) = V)

= BV@)P’

= BDP’

= Z B) td ’

i= Js..'
—zﬂd+223mm'
G(=j<j
Hence the lemma.
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