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SUMMARY

The present paper gives simple and elegant methods of construction of
variance balanced (VB) binary and non-binary designs with unequal block
sizes and unequal number of replications using (a) two or more balanced
incomplete block (BIB) designs having same number of treatments and (b}
the concept of reinforced design. Besides getting new binary and non-binary
VB designs which are not obtainable by the existing methods given by
many authors. It has been shown that some of these methods turn out to
be particular cases of the methods described in this paper.
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1. huroduction

Understanding significance of non-equireplicate VB designs, many have
contributed in the construction of such designs. John [4] constructed binary
and temary VB desigus starting with a BIB design. Kulshreshtha, er al. [5]
generalized the method of John [4] giving VB binary and ternary desigus with
unequal replications and unequal block sizes starting with two BIB designs
having same pumber of treatments. Das [1], explaining the significance,
introduced reinforced incomplete block (IB) designs and gave reinforced BIB
designs. K.R Nair pointed out that the reinforced BIB designs with no complete
block added is a particular case of the intra- and inter- group BIB designs
introduced by Nair and Rao [7]. Since then VB and efficiency balanced (EB)
designs are constructed using reinforced IB designs. As a significant
contribution, Das and Ghosh [2] introduced the concept of generalized efficiency
balanced (GEB) designs unifying BIB designs, VB and EB designs and
constructed several series of new VB and EB designs using the technique of
reinforcement. Kageyama and Mukerjee 6] starting from BIB designs attempted
to develop a unified theory of construction of VB, EB and GEB designs based
on.reinforcement, considering all possible choices of the parameters t, p, n,
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u, and u, used by them in their methods of construction. Gujarathi and
Pravender [3] gave construction of some new EB designs using the technique
of reinforcement.

In the present paper, two methods of construction of improper VB designs
with unequal number of replications are given by the reinforced IB designs
introduced by Das [1] using BIB designs as basic designs. It is shown that
besides constructing some new binary and non-binary VB designs by these
methods, some of the above discussed methods turn out to be a particular case
of our results and both of these facts are illustrated through examples.

2. Noiations
We introduce below the nofations used in the present paper :

® : sign of Kronecker product

1:®N: P - replications of N

v+ Vv-square identity matrix as an incidence matrix of a particular BIB design
withv=b,r=1,k=1,A=0

J..»: v xbmatrix of unities as an incidence matrix of a complete block design
which is a trivial BIB design withr = A

1, ,: asingle complete block as anincidence matrix of a trivial BIB design with
=pr=A=1

I’y 1+ 1 xvrow vector of unities

3. Methods of Construction

Two general methods of construction of VB designs are given below. Next
various types of reinforcement techniques are explained as a particular case
of the method in the corollarics,

Theorem 3.1. Let N| and N, be incidence matrices of two BIB designs
D, and D, whose parameters are respectively given by v, by, r k.4, and
v,b,,1,,k,, A,. Then the matrix N is given by

. XI5®N; JlI3®N,
Wl'i)'bl Zl';sz

is the incidence matrix of a VB design D with parameters v/ = v+1,
b’ = pb,+qb,, r = [Xpr,+yqrl,, wWpb,+zgb), k' = [(ik!+W)1’p .,
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Ok, +E)1’ﬁb 1, where X, y,z, W are positive integers so chosen that p and q are
2

positive integers which satisfy
p _ (mz-yh) (xk; + w)y
g & —wr) Ok +2X

Proof. Evidently the off-diagonal elements of C = (cij) matrix of D are:

Xph YA - L
- <
Cjj T W gz i,j<vand i#j

XWpr,  yzan : ,
.= — 4+ = < = 1
Cjj k4w Ik, tZ isvand j=v+
By Rao [10] we get the required result upon equating off-diagonal

elements.
Coroliary 3.1.1. If in Theorem 3.1, N, = J  then the matrix N gives
]

the incidence matrix of a VB design D with parameters
b’ = pb, +gb,
w pb; +Z gb,]

vV =v+1,
r = [Xpr;+yabyly;

kK’ [()_(kl + W)l,ﬁbl’ GV +al’ﬁb2]

where p and q are determined by
P @Gk +Why
q G -wr)Gv+ox
Corollary 3.1.2. If in Theorem 3.1, N, = 1 , then the matrix N gives

the incidence matrix of a VB design D with parameters
b’ = 5‘)1 +Zi,

vV =v+l1,
¢ = [KPr +J D1, Wpo, +7q]

k" = [(ky + W), s Gv+2)175]

where p and q are determined by
P @D+
a - (ill—er)(yv+f)§
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Note that the VB design given by Corollaries 3.1.1 and 3.1.2 does not
exist when y = z.

Corollary 3.1.3. If in Theorem 3.1, N, = I then the matrix N gives the
incidence matrix of a VB design D with parameters

vVi=v+1
b’ = pb;+qv
r = [(Xpr+yPl,,wpb, +Zqv]

k'

il

[(ﬂcl + W)l'ﬁb]' @ + al'av]
where P and § are determined by

Zy(xk; + W)

=i

Remarks.

(1) In place of N,, N, can also be seclected as N, = Jv.b‘ or

N, = 1, , and VB design can be constructed by obtaining appropriate condition.

(2) Because of above discussed choices for N, and N,, we have options
to construct a design with minimum size.

(3) The method discussed in Theorem 3.1 gives coastruction of binary
and non-binary designs is mentioned below in Table 3.1 as a sampie of
construction,

Table 3.1 : Construction of binary and non-binary VB designs

S. No. Constants Type of ~ Condition for
Xy w2z VB design variance balancedness
i 1101 Binary P_ (ry -2k,
7 Mky+1)
2 2110 Temary P - A2k, + 1)
§ " Zg@h )
3 2130 4-ary B - A2k, +3)
T 2k,(20 ~3r)
4 213 4 S-ary P (4ry - 2,) 2k, +3)
7 (A -3r) (2, +8)
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(4) (a) The design in Theorem 3.1 of Patel et al. [8] follows from
Corollary 3.1.1 taking X=p=Qq=1, y=q, W=p, z=x, b,=n,
respectively.

(b) The design in Theorem 3.1 (ii) of Kageyama and Mukerjee [6] follows
from Corollary 3.1.1 taking b,=n, X=p=qg=1, y=u, W=p,
z = u, and renaming b=br =1k =k A, = A, N, = N, respectively.

(¢) The design in Section 2 of Kulshreshtha e al. [5] follows from
Theorem 3.1 taking X =y = 1,Z =0, w = k", p = n, § = m, respectively.

(d) The design in Section 3 of John [4] follows from Theorem 3.1 taking
N=I,p=0g=Xx=y=1, w=k", z=0, k,=k &, =L b, =b,
I, =T, respectively.

(5) A VB design constructed by Theorem 3.1 is always a BIBD provided
@x=y=z=1,W=0adk =k+1bM)Xx=y=1w=1,z=0and

k, =k +1L

(6) Note that p and q may get large values as the number of treatments
and/or block sizes increase and thus these designs might not find much use
in the field of agriculture. However, they may be used in industrial ficld (cf.
the discussion in [11]). Furthermore, from the necessity (not merely the
desirability) of investigating various effects among many factors and the
prevasion of high-speed and large-scale computers we may stand in need of
VB designs with large values of v (number of treatments) and b (number of
blocks). Hence, these VB designs may find some use even in the field of
agriculture. Thus, the methods presented here will be of both statistical and
combinatorial usefulness.

Example 3.1.1. Consider two BIB designs D, and D, having parameters
v=7b=71=3 k=3 A =1ad v=7, b =21, 1,=6,
=24

z=0, giving p=7 and q = 4, we get a new ternary VB design with
parameters v = 8, b’ = 133, v = [661], 49], k' = [T1, 21/].

1, respectively. Using Theorem 3.1 with X =2, y =W = 1,

Note that (a) this design cannot be obtained by the method of Kulshreshtha,
elal. [S](b)ifwetake X =y = 1, W = 2,z = 0 with above mentioned two
BIB designs as basic designs then we get p = 1, q = 2 which gives us a VB
design with parameters v’ = 8, b’ = 49, r = [151, 14], k" = [51,] 21
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which is also obtainable by Kulshreshtha ef al. [5] taking k™ = 2 and above
considered two BIB designs as basic designs.

Example 3.1.2. Consider two BIB designs D, and D, having parameters
v=6 b =6 r1=5 k =5 A =4ad v=6 b, =13, 1, =13,
k, = 6, A, = 13, respectively. Using Corollary 3.1.1 with X =w =z = 1,
y =2, giving p= 12 and q = 1, we get a new ternary VB design with
parameters v/ = 7, b" = 85, ¢ = [861, 85], k' = [61,}, 131 []. However, we

cannot obtain above constructed design by the method of Kageyama and
Mukerjee [6] taking any set of values for u,,u,, p with b, = n and above

mentioned designs as basic designs.

Example 3.1.3. Consider two BIB desigus D, and D, having parameters
v=35b,=10, r,=4 k =2, A =1 ad v=35, b,=1, 1,=1,
k, =35, A, =1 respectively. Using Corollary 3.1.1 with X =w =1,
Z=0,y =35, giving p=1and § = 1, we get a ternary VB design having
parameters v = 6, b’ = 11, r' = [91,10], k" = [31 4, 25] which is same as
the design obtained by Kageyama and Mukerjee [6] method, taking BIBD
(5,10,4,2,) withp=1,u, =5 u,=0and n = L.

Theorem 3.2.LetN,, N, and N, be incidence matrices of three BIB designs
D,,D, and D; whose parameters are respectively given by v,b,, 1,k 4
v,b,, 1, K, A, and v,b,,1,,k,, A,. Then the matrix N given by

XI5®N; yIG®N,; SI'5®N;

7

N=]| . - -
Wl'i;bl z1 'Ehg nl a—‘bs

is the incidence matrix of a VB design D with parameters:
v = v+1,b = pb; +gb, + mb,
¥ = [(Xpr; +Yy{r,+5mr;)l,, Wpb; +Z gb, + nimb;]

[k + W5, (Vg + DG, Gy + 1R ]

~
]

determined by

Ei& }'l —Wf;) -:;a(-)’-}hz"az) §fﬁ(§?&,3 —'ﬁ!‘3)
e = = 0
xXk; + W yk, +Z sky;+0
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Proof. Can be proved on similar lines of the proof of Theorem 3.1.
Corollary 3.2.1. 1If in theorem 3.2, N, = Jv’b3 then the matrix N gives
. the incidence matrix of a VB design D with parameters:

v = v+1, b’ = pb; +gb, + mby

v = [(Xpr;+Yqry +Smbs)l,, W pby +Z qby + nmb;]

k' = [(xk; +W)l’§b‘ . (§k2+2)1’ab2, (§v+ﬁ)1’ﬁ;b3]
where P, q and ifi are determined by

px(xA, —wr)) yqyA,—-zry) sm(sv—inb;)
— = — =0
Xk, + W Yk +Z sV+n

Note that for b, = v, s =1 or 5 =0, the condition for variance
balancedness of this corollary reduces to the condition of Theorem 3.1

Corollary 3.2.2. If in Theorem 3.2, N; = 1, then the matrix N gives
the incidence matrix of a VB design D wilh parameters:

VvV =v+1,b = pb +gby +m

U = [(Xpr; +yqrp + Sm)l,, Wpb, +Zz (b, + i}

K = [k, + Wy, Gy + D1, GV+DIF]
where P, qand m are determined by

px(xi; —wr)) YqOA, -7} smE-1n)
e e o et = }
xk; +W Yk, +Z sV+n

Note that for's = 11 or s = 0, the condition for variance balanceduess of
this corollary reduces to the condition of Theorem 3.1,

Corollary 3.2.3. If in Theorem 3.2, N, = I_then the matrix N gives the
incidence matrix of a VB design D with parameters:

v = v+ 1,b = pb;+qb, +mv
r = [Xpry+Yyqr, +sm)ly, Wpb, +Zgby + nmv]

k = [(ﬂ(l'}'-\ﬁ)l'ﬁb], (9(24-2')1'6!)2, (§+H)1’FW
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where P, and in are determined by

Iy

PR@, ~Wr) FiGh-7) 5w
TS+

R +w | JkptZ ;

=3

Note that for s = 0 or 1 = 0, the condition for variance balancedness
of this corollary reduces to the condition of Theorem 3.1.

Remarks.

(1) In place of N;,N, andN, can also be selected as ‘N = J""’. or
N, = Jv.b;’ ‘N, = IM orN, = 1v,1’ and ‘N, = [ orN, = I’ and VB design
can be constructed by obtaining appropriate condition.

(2) Because of above discussed choices for N, N, and N, we have options
to construct a design with minimum size,

(3) In place of D, and D, taken as pairwise balanced designs by Pal and
Pal [9], we can take any two of the three designs D,, D,, D, as pairwise balanced
desigus.

(4) The method discussed in Theorem 3.2 gives-construction of binary
and non-bipary designs by appropriate assignment of positive integers to positive

(5) (@) The design in Method 3.2 of Pal and Pal [9] follows from
Theorem 3.2 taking N, as pairwise balanced design and N, = I, W = ¢,
z=0,0=k-1, m=m, k, =k —e (block size of Pal and Pal [9]),
Xx=p=y=85=1,q=m,r =r, respectively.

{b) The design in Method 3.3 of Pal and Pal [9] follows from Theorem 3.2
taking N, and N, as incidence matrices of pairwise balanced designs and
Ny=1,w=z=0n=k~-],m=m, p=m, X=y=q=5=1,
respectively.
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Example 3.2.1. Consider three BIB designs D,,D,and D, having
parameters v =16, b, =16, 1, =6, k, =6, A, =2; v=16, b, = 24,
=9k =6 A =3ad v=16 b =48, 1, =15 k; =5, A; =4,
respectively. Using Theorem 3.2 with X =y =1, s=n=p=m=1,
q=3 and W=z =0, we get a new BIB design with parameters
v =17, b = 136, I’ = 48, k’ = 6 and pairing parameter X’ (say) = 15.
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