
1.	 INTRODUCTION
In classical finite population sampling, a sample 

is selected using a probability sampling design from 
a single sampling frame containing all of the units 
in the target population. Hartley (1962) noted that in 
a Multiple Frame (MF) survey, a set of at least two 
frames is used instead of a traditional single frame of 
units from the target population. Each frame by itself 
may or may not be complete but the union is assumed 
to be complete. Dual Frame (DF) surveys are special 
case of MF surveys considering two frames covering 
entire population. The main purpose of using MF 
surveys is to reduce cost while maintaining estimation 
efficiency almost at par with a complete but single 
frame survey. In some cases, a frame that covers the 
entire population is very expensive, so an alternate 
frame may be available that does not cover the entire 
population but is cheaper to sample from. Sampling 
costs depend on many factors including the size of 
the sample or the mode of interview. For example, in 
case of agricultural surveys, in estimation of sugarcane 

production, making the list of all the farmers producing 
sugarcane in a particular region is expensive, whereas 
getting lists of the farmers supplying sugarcane to the 
sugarcane factory in a region is quite cheaper. Also, 
the frame developed with the help of the sugarcane 
factory is the overlapping with the frame of all the 
farmers producing sugarcane. Here, DF surveys can 
be used efficiently considering both the frames. Again 
in many agricultural surveys in different countries, an 
area frame consists of segments of land that completely 
covers the entire population, whereas a list frame 
consisting of the names and addresses of agricultural 
operators is not complete. Even though the area frame 
is complete but is very expensive to sample and on the 
other hand, list frames are usually less costly to sample. 
Such situations demand DF surveys for reducing the 
cost to obtain a given precision level. 

Hartley (1962, 1974) developed the general theory 
for dual frames in the efficient estimation of population 
parameters and studied the special case of Simple 
Random Sampling (SRS) in both the frames and 
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obtained the optimal dual frame design by minimizing 
the variance of the estimator for a given cost. In a DF 
survey, two sampling frames A and B, together cover 
the population of interest U. Independent probability 
samples are taken from frames A and B, and information 
from the two samples is combined to estimate 
quantities of interest. In DF surveys, the population 
can be divided into three non-overlapping domains, 
viz. ‘a’, ‘b’ and ‘ab’. Capital letter subscripts are used 
to indicate population sizes, sample sizes, sample 
values, sample means, population means, population 
totals, and costs when they refer to a sampling frame. 
Small letter subscripts are used for the same quantities 
when they apply to domains. Usually, independent 
probability samples are drawn from frames A and B 
and samples in each frame are, further, post-stratified 
into two domains. It is notable that all the domain sizes 
are random in nature. When domain sizes are known, 
Hartley (1962) proposed the post stratified estimator 
of the population total (Y) under dual frame survey as 
given by 

Ŷ = aN y a + 
abN (p y ab + q y ba) + 

bN y b� (1)

and the variance of the post stratified estimator of 
the population total was given by
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abσ  are the within the post-strata variances, p and q 

represent proportion of frame A and proportion of 
frame B attached to the sample estimate of the domain 
(ab) such that p + q = 1. The optimum value for p 
was obtained by minimizing the variance function as 
presented in Cochran (1965) is given by
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Following Hartley’s approach, many authors have 
considered the estimation of population parameters 
under MF surveys. See Cochran (1965), Lund (1968), 
Fuller and Burmeister (1972), Saxena et  al. (1984), 
Bankier (1986), Skinner (1991), Skinner et al. (1994), 
Skinner and Rao (1996), Rao and Skinner (1996), Lohr 

and Rao (2000, 2006), Singh and Wu (2003), Rao and 
Wu (2010).

A resampling method that is more promising, 
widely applicable and more dependable was introduced 
by Efron (1979) and named as Bootstrap Method. It 
correctly estimates the variance of the sample median 
and variances in the area of order statistics. The 
method is computationally intensive and provides the 
distribution of statistic and other important measures 
such as standard deviation of a statistic much more 
easily. The method proposed by Efron (1979) in the 
case of an independent and identically distribution 
(i.i.d.) sample where he suggested drawing SRS with 
replacement (SRSWR) sample of size n repeatedly 
from an original i.i.d. sample of size n. It is also known 
as the Naive Bootstrap method. Rao and Wu (1984) 
have shown that the bootstrap method of inference can 
easily be extended to stratified samples and proposed 
a method of bootstrapping known as “Rescaling 
bootstrap with replacement” in which a simple random 
sample of size hm  is drawn with replacement from an 
original sample of size hn  in stratum h, independently 
for each stratum. Ahmad (1997) proposed a “Rescaling 
Bootstrap Without Replacement (RSBWO)” technique 
of variance estimation for without replacement 
sampling designs that was more efficient than other 
bootstrap methods. Biswas et  al. (2013, 2018) 
proposed rescaling jackknife and bootstrap technique 
for variance estimation for ranked set sampling in a 
finite population. Based on the findings, Dasgupta 
et al. (2018) developed a new sampling theory under 
dual frame surveys using Ranked Set Sampling in each 
frame.

Hartley (1962) noted that a dual frame design 
can result in considerable cost savings over a single 
frame design with comparable precision. Major issues 
and problems with estimation under multiple frame 
sampling include frame membership identification 
for all sampled units. This is required to post-stratify 
samples from different frames into appropriate 
population domains, estimation of domain totals using 
multiple samples, lack of information on the domain 
population sizes, identifying and removing duplicated 
units from multiple-frame samples, handling the extra 
variation induced by the random sample sizes and use 
of auxiliary information for estimation. Furthermore, 
variance estimation can be more complicated for 
multiple-frame surveys than for a single-frame survey. 
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An unbiased variance estimator is very tedious to 
obtain for an estimator under dual frame surveys. 
Therefore, in the present paper, an attempt has been 
made to propose two rescaling bootstrap variance 
estimation techniques in multiple frame surveys viz. 
Stratified Rescaling Bootstrap Without Replacement 
(SRBWO) and Post-stratified Rescaling Bootstrap 
Without Replacement (PRBWO) methods. In Section 
2, we discuss the proposed two rescaling bootstrap 
variance estimation techniques in multiple frame 
surveys viz. SRBWO and PRBWO methods. In order 
to study the statistical performances of the proposed 
bootstrap methods, a simulation study was carried out. 
Details of the simulation study, simulation results, and 
discussions have been given in Section 3. Finally, the 
concluding remarks are given in Section 4.

2.	 PROPOSED RESCALING BOOTSTRAP 
VARIANCE ESTIMATION TECHNIQUES 
IN DUAL FRAME SURVEYS
In order to find the unbiased estimator of the 

variance of the estimator (Equation 2) of population 
total, two Rescaling Bootstrap methods are proposed in 
the following sub-sections.

2.1	 Stratified Rescaling Bootstrap Without 
Replacement (SRBWO) method
Under dual frame surveys, a sample ( )  of 

size An  is drawn from the Frame A of size AN . This 
selected sample ( )AS  is further divided into two post 
strata, i.e., aS  with size an  and abS  with size abn  by 
using post stratification technique. Under this proposed 
method, since the sample membership for each domain 
or post strata is already known, each domain or post 
strata are considered as strata with a known frame. 
Bootstrap technique is used in the selection of resample 
( )aS ∗  of size an∗  from the strata ( )aS  and the selection 
of resample ( )abS ∗  of size abn∗  from the strata ( )abS  . The 
whole process is similarly repeated for Frame B. Here, 
it is notable that the strata abS  with size abn  and baS  
with size ban  represent two different post-strata from 

AS  and BS  respectively Schematic diagram of sample 
and resample structures are presented in Fig. 1.

In order to unbiasedly estimate the variance of the 
estimator of population total under dual frame survey 
involving SRS in both the frames independently, the 
steps involved in the proposed Stratified Rescaling 

Bootstrap without replacement (SRBWO) technique 
are given below:

Step 1. Draw a simple random sample { }
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Similarly, draw independent resamples from the 
other three domains i.e. b, ab, and ba domain. Then, 
calculate the similar functions, independently for the 
other three domains.

( )* * * * *ˆ .a a ab ab ba b bY N y N py qy N y= + + +

     
Step 3. Then obtain the following term as 
Step 4. Replace the resample in the original sample 

and independently replicate Step 1 to Step 3. Do this 
process for a large number of times, say M times and 
obtain 1̂Y ∗ , 2̂Y ∗ , …, M̂Y ∗ .

Step 5. The bootstrap variance estimator of Ŷ ∗  is 
given by

( ) ( ) 2ˆ ˆ ˆ ˆ
bootV V Y E Y E Y∗ ∗ ∗

∗ ∗ ∗
 = = −  

  

 � (5)

where, *E  and *V  denotes the expectation and 
variance with respect to the bootstrap sampling from a 
given sample.

Fig. 1. Schematic diagram of the sample and resample structure under 
SRBWO method in Dual Frame surveys with two overlapping frames
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The Monte Carlo estimator of variance as an 
approximation to ˆ

bootV  is given by
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Now, it is important to prove that the proposed 
SRBWO technique provides an unbiased estimator of 
the variance of estimator of population total under dual 
frame survey. From Equation (5), we get 
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Now, using equation (4), we can write
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Similarly, we can obtain other bootstrap variance 

terms. Then, the b̂ootV  becomes
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Now, by taking expectation and considering for 
large N, i.e. 2 2

a aS σ≅ , we get 
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Similar expectations can be obtained for the post-
strata (ab), (b), and (ba) respectively. Then, by taking 
expectation on equation (9) and for large N considering 

2 2 i iS σ≅ , we get
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Hence, the proposed SRBWO technique results in 

an approximately unbiased estimator of the variance 
of the estimator of population total under a dual frame 
survey.

2.2	 Post-stratified Rescaling Bootstrap Without 
Replacement (PRBWO) method
Under dual frame surveys, Frame A is of size 

AN  from which a sample ( )AS  of size An  is drawn. 
Under the proposed Post-stratified Rescaling Bootstrap 
Without Replacement (PRBWO) method, at first, 
the resampling technique is used in the selection of 
resample ( )*

AS  of size *
An  from the sample ( ) . This 

selected resample ( )*
AS  can further be divided into the 

following post-strata, i.e., *
aS  with size *

an  and *
abS  

with size *
abn . It is notable that *

an  and *
abn  are random 

variables. The whole process is similarly repeated for 
Frame B. Schematic diagram of sample and resample 
structures are presented in Fig. 2.

Fig. 2. Schematic diagram for sample and resample structure under 
PRBWO method in Dual Frame surveys with two overlapping frames

In order to unbiasedly estimate the variance of 
estimator of population total under dual frame surveys 
involving SRS in both the frames independently, the 
steps involved in the proposed PRBWO technique are 
given below:

Step 1. Draw a simple random sample without 
replacement { } ∗

=
∗ An

iAiy 1 of size *
An  < An  from the observed 

sample ( )AS  of the Frame A. The resample { }*
Aiy  can be 
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where, ( )2
A a

a
a A A

N n
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−
.

Similarly, calculate the above functions for the 

other post-strata i.e. { }
*

*
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abi i
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.

Step 3. Repeat steps 1-2 for the other frame B and 
calculate similar rescaled functions using observed 
post-strata from the resample.

Step 4. Calculate, 

( )* * * * *ˆ
a a ab ab ba b bY N y N py qy N y= + + +

   

Step 5. Replace the resample in the original sample 
and independently replicate Step 1 to Step 4. Do this 
process for a large number of times, say M times and 
obtain 1̂Y ∗ , 2̂Y ∗ , …, M̂Y ∗ .

Step 6. The bootstrap variance estimator of Ŷ ∗  is 
given by
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where, *E  and *V  denotes the expectation and 
variance with respect to the bootstrap sampling from a 
given sample.

The Monte Carlo estimator of variance as an 
approximation to ˆ

bootV  is given by
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Now, it is important to prove that the proposed 
PRBWO technique provides an unbiased estimator of 
the variance of estimator of population total under a 
dual frame survey. From Equation (11), we get
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Following the approach of Cochran (1965) under 

the proposed PRBWO technique and using Equation 
(10), the first component of the above variance with 
respect to the bootstrap sampling can be written as
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and weight of post-strata (a) in the bootstrap resample 
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Similarly, we can obtain other bootstrap variance 
terms. Then, using all these bootstrap variance terms 
for all post-strata, the b̂ootV  becomes
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Similar expectations can be obtained for the 
post-strata (ab), (b), and (ba) respectively. Then, by 
taking expectation on equation (13) and for large N 
considering 2 2 i iS σ≅ , we get
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Therefore, the proposed PRBWO technique gives 
an approximately unbiased estimator of the variance 
of the estimator of population total under dual frame 
surveys.

3.	 SIMULATION STUDY
The performance of the proposed SRBWO and 

PRBWO variance estimation procedures in the case 
of dual frame surveys was examined by a simulation 
study. Under the simulation study, first, a univariate 
normal population was generated using R software 
of size 4000. The mean and variance of the generated 
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univariate normal population are 320 and 28.079 
respectively. The size of the population domains (a), 
(ab), and (b) were chosen as 1000, 2000, and 1000 
respectively, and accordingly, 4000 population units 
were randomly allocated to these domains. In this 
way, the size of each frame (A and B) becomes 3000. 
Further, 5000 different samples of several sample sizes 
were drawn from these simulated populations using 
dual frame sampling involving SRSWOR from both 
the frames. The estimates of post stratified estimator 
of population total under dual frame sampling were 
computed from these 5000 independent samples for 
each sample size separately. The theoretical variance 
of the dual frame estimator was computed based on 
Equation (2). Further, from each of these 5000 selected 
dual frame samples, 300 independent bootstrap 
resamples were drawn following both the proposed 
rescaling bootstrap variance estimation techniques in 
dual frame surveys i.e. Stratified Rescaling Bootstrap 
Without Replacement (SRBWO) and Post stratified 
Rescaling Bootstrap Without Replacement (PRBWO) 
methods. The Monte Carlo bootstrap estimates of the 
variance of the dual frame estimator of population total 
were obtained following the proposed SRBWO and 
PRBWO for different sample sizes using Equations (6) 
and (12) respectively. In order to compare the 
performance of these proposed rescaling bootstrap 

variance estimation techniques of the dual frame 
estimator of population total, percentage Relative Bias 
(% RB) and Relative Stability (RS) were obtained 
using the formulae given by

( ){ } ( )
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% 100

ˆ

s
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∗ −
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∑
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where, ( )*ˆ ˆ
sV Y  is the Monte Carlo estimates of the 

variance of post stratified estimator obtained through 
a particular rescaling bootstrap variance estimation 
technique and s denotes the number of resamples 
selected for bootstrap variance estimation

3.1	 Simulation results and discussion
The simulation results showing statistical properties 

of the proposed rescaling bootstrap variance estimation 
techniques in multiple frame surveys i.e. SRBWO and 
PRBWO methods are presented in this section. The 
Monte Carlo (MC) bootstrap estimate of the variance 
of post stratified estimator of population total under a 
dual frame survey, percentage Relative Bias (%RB), 

Table 1. Statistical properties of the proposed Stratified Rescaling Bootstrap Without Replacement (SRBWO)  
technique along with its Standard version without any rescaling factor

Sample 
Size

Bootstrap 
Sample Size 

Standard Bootstrap method
(without Rescaling factor)

Proposed SRBWO method
(with Rescaling factor)

Variance of 
estimator

Estimate of 
variance

% RB RS Variance of 
estimator

Estimate of 
variance

% RB RS

200 40 33617762 135470659 302.973 3.056 33617762 33618978 0.003 0.092

200 60 33617762 79000490 134.996 1.370 33617762 33609110 -0.025 0.092

200 80 33617762 50826198 51.188 0.534 33617762 33636664 0.056 0.093

300 60 22411841 89959057 301.391 3.033 22411841 22361566 -0.224 0.079

300 90 22411841 52570150 134.564 1.360 22411841 22419602 0.035 0.079

300 120 22411841 33816150 50.885 0.524 22411841 22448011 0.161 0.079

600 120 11205921 44891853 300.608 3.017 11205921 11199268 -0.059 0.060

600 180 11205921 26203658 133.838 1.347 11205921 11210444 0.04 0.063

600 240 11205921 16860581 50.461 0.513 11205921 11217796 0.106 0.061

900 180 7470614 29962998 301.078 3.019 7470614 7480380 0.131 0.054

900 270 7470614 17489857 134.115 1.348 7470614 7486249 0.209 0.054

900 360 7470614 11234532 50.383 0.511 7470614 7481760 0.149 0.054

1200 240 5602960 22429299 300.312 3.010 5602960 5602749 -0.004 0.051

1200 360 5602960 13085116 133.539 1.341 5602960 5603758 0.014 0.051

1200 480 5602960 8420579 50.288 0.509 5602960 5609380 0.115 0.050
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and Relative Stability (RS) of the proposed variance 
estimation techniques were calculated for different 
sample sizes and the corresponding bootstrap resample 
sizes and presented in Table 1 and Table 2 respectively. 
Standard versions of both the bootstrap techniques 
without using any rescaling factors are also given. The 
theoretical variance of the post stratified estimator of 
population total under dual frame survey for different 
sample sizes based Equation (2) is given in both the 
tables.

The following results can be observed in Table 1 
and Table 2:
•	 The variance of the post stratified estimator of 

population total under dual frame survey decreases 
with the increase of sample size. It shows that this 
estimator is design consistent. .

•	 It can be observed that both the Standard Bootstrap 
version (without any rescaling factors) of the 
proposed SRBWO and PRBWO methods give a 
very large amount of %RB and RS for estimation 
of the variance of the post stratified estimator of 
population total under dual frame surveys. On the 
contrary, when proposed rescaling factors are used, 
both the SRBWO and PRBWO methods show a 
very less amount of %RB and RS in the estimates 
of the variance of the post stratified estimator. Thus, 

proposed rescaling factors were quite effective in 
reducing %RB and RS considerably as compared 
to the Standard Bootstrap version of SRBWO and 
PRBWO methods for variance estimation of the 
dual frame estimator. 

•	 The %RB is very less for the proposed rescaling 
bootstrap variance estimation techniques for 
estimation of the variance of the dual frame 
estimator of population total. Therefore, the 
proposed variance estimation procedures are 
almost unbiased for the variance of the dual 
frame estimator of population total as established 
theoretically. 

•	 RS of both methods are generally very less, close to 
zero, and decreases with the increase of sample size. 
Therefore, it can be concluded that the estimator of 
the variance of the dual frame estimator obtained 
following both the proposed rescaled bootstrap 
methods are stable in nature for different sample 
sizes. 

•	 While comparing the %RB of the proposed SRBWO 
and PRBWO methods, it can be seen that %RB of 
the SRBWO method is consistently lesser than the 
PRBWO method and in most sample size cases 
%RB is quite negligible for the SRBWO method. 
The absolute value of % RB ranges from 0.004 to 

Table 2. Statistical properties of the proposed Post-stratified Rescaling Bootstrap Without Replacement (PRBWO)  
method along with its Standard version without any rescaling factors

Sample 
Size

Bootstrap 
Sample Size

Standard Bootstrap method
(without Rescaling factor)

Proposed PRBWO method 
(with Rescaling factor)

Variance of 
estimator

Estimate of 
variance

% RB RS Variance of 
estimator

Estimate of 
variance

% RB RS

200 20 33617762 141263655 320.205 3.231 33617762 35057139 2.664 0.107

200 30 33617762 81172007 141.455 1.435 33617762 34513642 2.094 0.099

200 40 33617762 51868460 54.288 0.565 33617762 34321890 2.575 0.099

300 20 22411841 92477356 312.627 3.147 22411841 22989144 2.576 0.086

300 30 22411841 53554109 138.955 1.404 22411841 22841082 1.915 0.083

300 40 22411841 34178669 52.503 0.540 22411841 22686584 1.226 0.080

600 20 11205921 45506743 306.096 3.072 11205921 11352114 1.305 0.063

600 30 11205921 26412236 135.699 1.366 11205921 11300192 0.841 0.063

600 40 11205921 16953980 51.295 0.522 11205921 11279660 0.658 0.062

900 20 7470614 30182850 304.021 3.049 7470614 7535250 0.865 0.056

900 30 7470614 17570802 135.199 1.358 7470614 7521037 0.675 0.055

900 40 7470614 11267004 50.818 0.515 7470614 7503409 0.439 0.054

1200 20 5602960 22610327 303.543 3.043 5602960 5648049 0.805 0.052

1200 30 5602960 13162144 134.914 1.355 5602960 5636802 0.604 0.052

1200 40 5602960 8449207 50.799 0.514 5602960 5628542 0.457 0.052
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0.22 and 0.44 to 2.66 in the case of the proposed 
SRBWO and PRBWO method respectively. Thus, 
with respect to %RB, the proposed SRBWO is more 
efficient than the PRBWO method in the estimation 
of the variance of the dual frame estimator.

•	 It can also be observed that in case of the SRBWO 
and PRBWO method %RB decreases with the 
increase of sample size.

•	 While comparing the RS of the proposed SRBWO 
and PRBWO methods, it can be seen that the values 
of RS of the SRBWO procedure are consistently 
lesser than PRBWO methods for a different 
combination of sample sizes. Thus, the estimator of 
the variance of the dual frame estimator obtained 
by the SRBWO method is more stable than the 
PRBWO method. 

4.	 CONCLUSIONS
In this article, two different unbiased variance 

estimation procedures for the post stratified estimator 
of population total under dual frame surveys i.e. 
SRBWO and PRBWO method are proposed in order 
to unbiasedly estimate the sampling variance of the 
post stratified estimator of population total under dual 
frame surveys. Under these proposed procedures, 
resamples are taken domain-wise as well as frame-wise 
respectively and rescaling factors are obtained for each 
cases under a dual frame survey. It has been shown 
theoretically that the proposed estimators of variance 
in both the procedures become almost unbiased for the 
variance of the dual frame estimator of finite population 
total. Further, a statistical comparison of the proposed 
bootstrap variance estimation procedures was done 
through a simulation study. Due to the use of proposed 
rescaling factors, the %RB and RS of proposed 
SRBWO and PRBWO are reduced significantly 
from their standard versions without considering any 
rescaling factors. Simulation results suggest both the 
proposed procedures show very less amount of %RB 
and RS in the estimation of the variance of the dual 
frame estimator of population total. It was observed 
that the % RB in the PRBWO method is relatively more 
than the SRBWO method for all different combinations 
of sample sizes. Therefore, it can be concluded that the 
variance estimation procedure following the SRBWO 
method is more efficient and stable than the PRBWO 
method with respect to %RB and RS for different 
sample sizes. Thus, the SRBWO method is preferable 

over the PRBWO method. This resampling procedure 
can also be extended for MF surveys consisting of more 
than two frames. 
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